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the AdS swampland conjecture. S-folds correspond to non-geometric backgrounds of type IIB
supergravity of the form AdS4 × S1 × M that involve a non-trivial SL(2, Z) (S-duality)
monodromy for the type IIB fields when moving around the S1. We present four such solutions
with M = S5 that preserve N = 4, 2, 1, 0 supersymmetries. Via the AdS/CFT correspondence,
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marginal deformations of the conjectured S-fold CFT’s. From a geometrical perspective, the flat
deformations induce a monodromy h on M and replace S1 × M by the so-called mapping torus
T (M)h . Interestingly, the flat deformations provide a controlled mechanism of supersymmetry
breaking for N ≥ 2 S-folds. We present a class of such non-supersymmetric S-folds obtained by
flat-deforming the N = 4 S-fold and discuss their (non-)perturbative stability.
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1. Introduction

String Theory can accommodate non-geometric vacuum configurations for which a generalised
notion of geometry, going well beyond the fundamentals of Riemannian geometry, is required in
order to understand how geometrical and gauge aspects get intertwined with one another. This
lies at the core of the so-called string dualities which establish the physical equivalence between
seemly different string backgrounds [1]. A distinctive feature of such generalised geometries is that
the tangent space of the internal manifold gets extended to include transition functions between
different patches that involve not only diffeomorphisms but also gauge transformations for the
various p-form fields in the low energy supergravity description of the stringy background [2, 3].
Even more strikingly, the set of available transition functions includes transformations in the duality
group (typically an exceptional Lie group in the case of maximally supersymmetric theories [4])
which in turn go well beyond internal diffeomorphisms and gauge transformation, thus generating
a so-called non-geometric background (see [5] for a recent review).

Among the non-geometric string backgrounds, a particular class of type IIB backgrounds,
dubbed S-folds in [6], have recently received special attention. These type IIB backgrounds
involve, as transition functions in the internal geometry, elements of the non-perturbative S-duality
group SL(2, Z) of type IIB string theory [6, 7]. In its simplest incarnation, an S-fold background
is described by a ten-dimensional geometry of the form AdS4 × S1 × S5 in which the type IIB
fields transforming non-trivially under S-duality undergo a non-trivial SL(2, Z) monodromy when
making a loop around the S1 [8]. As a consequence of the non-trivial SL(2, Z) monodromy,
the resulting type IIB background is locally well-defined but cannot be extended to a globally
well-defined one.

One of the most challenging goals of the S-fold program is to identify and characterise the
corresponding field theory duals in light of the AdS/CFT correspondence. Featuring an AdS4 factor
in the ten-dimensional geometry, the type IIB S-fold backgrounds are conjectured to be dual to a
new class of strongly-coupled three-dimensional CFT’s dubbed S-fold CFT’s [9]. In the gravity
side, a method to construct type IIB S-fold backgrounds was presented in [10]. More concretely,
S-folds can be systematically generated upon taking a special limit on Janus solutions in the effective
five-dimensional SO(6)-gauged supergravity description of type IIB compactified on S5. Due to the
holographic correspondence between (five-dimensional) Janus solutions and interfaces in N = 4
super-Yang–Mills (SYM) theory [11–13], it becomes natural to identify the S-fold CFT’s with new
strongly coupled three-dimensional CFT’s that are localised on an interface of SYM. For the
original N = 4 S-fold with SO(4) symmetry put forward in [8], a dual S-fold CFT was proposed
in [9]. Such an S-fold CFT would appear as the effective IR description of a three-dimensional
T[U(N)] theory [14] where the diagonal subgroup of the U(N )2 flavour group is gauged using an
N = 4 vector multiplet and where a Chern–Simons term at level k is also activated. It is precisely
the Chern–Simons level k the one responsible for the hyperbolic Jk ∈ SL(2, Z) monodromy along
the S1 characterising the type IIB S-fold background in the gravity side.

In this proceedingwe describe some recent progress in the S-fold program. More concretely, we
discuss various examples of S-fold backgrounds constructed in [15, 16] in addition to the original
N = 4 &SO(4) symmetric S-fold of [8]. In all the examples, the SL(2, Z) monodromy is of
hyperbolic type, namely, Jk = −ST k in terms of the standard inversion S and unit translation
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T matrices generating SL(2, Z). Instead of pushing further the five-dimensional approach that
uses Janus solutions as a seed to generate S-fold backgrounds, we will adopt an alternative four-
dimensional approach. One may wonder whether this is at all possible as the AdS4 × S1 piece of
the S-fold geometry, combined with the non-trivial dependence of the type IIB fields on the S1 due
to the SL(2, Z) monodromy, seem to render the problem intrinsically five-dimensional. However,
employing techniques of Exceptional Field Theory [17–19], it was shown in [8] that type IIB
supergravity admits a consistent generalised Scherk–Schwarz reduction on S1×S5 that implements
the S-duality twist responsible for the SL(2, Z) monodromy. The outcome of such a generalised
Scherk–Schwarz reduction is an effective four-dimensional maximal gauged supergravity with a
gauging [SO(1, 1) × SO(6)] n R12 of dyonic type [20].

One of the main advantages of working within the realm of four-dimensional supergravity
is that any complicated S-fold background in ten-dimensions simply corresponds to a maximally
symmetric AdS4 solution in the four-dimensional effective theory. This renders the problem purely
algebraic in four dimensions and finding S-fold solutions amounts to extremise the scalar potential
of the effective four-dimensional supergravity. Once an AdS4 vacuum is found in four dimensions,
its ten-dimensional type IIB uplift can be straightforwardly worked out using the generalised
Scherk–Schwarz Ansatz following the results in [8]. A second advantage of working within the
four-dimensional effective theory is that one gets a better control on the set of possible S-fold
deformations. Lastly, assessing the perturbative (in)stability of the S-fold backgrounds becomes
also easier from a four-dimensional perspective due to the Kaluza-Klein spectrometry techniques
recently developed in [21].

Moving to the field theory side, S-fold CFT’s are expected to feature a conformal manifold
of marginal deformations including, at least, those marginal deformations inherited from their
interface counterparts [13]. Such marginal deformations in the field theory side should appear
as flat directions of the supergravity scalar potential by virtue of the AdS4/CFT3 correspondence.
In this proceeding we focus on a particular class of such flat deformations of the supergravity
scalar potential and provide an interpretation thereof in five and ten dimensions. When oxidised to
five dimensions, this class of flat deformations corresponds to turning on one-form (Wilson lines)
deformations in a putative five-dimensional background [22]. From a ten-dimensional perspective,
the flat deformations generically cause a global breaking of isometries in the internal manifold
from the original isometry group of the undeformed solution down to its Cartan subgroup. More
concretely, as shown in [22] (see also [23]), the flat deformations induce a geometrical monodromy
h on the internal S5 when moving around the S1. This geometrical monodromy h – to be
distinguished from the SL(2, Z) S-duality monodromy Jk – induces various patterns of symmetry
breaking as classified by the mapping torus Th (S5) [22].

As a particular example of the above story, we concentrate on the original N = 4 &SO(4)
symmetric S-fold of [8] and establish the existence of two such flat deformations. Turning on the
deformations generically breaks the original SO(4) symmetry down to its U(1)2 Cartan subgroup.
In addition, it also breaks all of the original supersymmetries. However, as shown recently in [23],
this does not trigger any perturbative instability in the ten-dimensional S-fold background so it
remains perturbatively stable. We will conclude this proceeding by briefly commenting on further
implications of our results in light of the AdS swampland conjecture [24].
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2. S-fold solutions of type IIB supergravity

S-folds are solutions of the source-less equations of motion and Bianchi identities of type IIB
supergravity in which the geometry is of the form AdS4 × S1 ×M (we will focus on M = S5 ).
Their main distinctive feature is that the non-trivial dependence on the coordinate η along S1 is
totally encoded in an SL(2,R) S-duality twist

Aαβ (η) = *
,

e−η 0
0 eη

+
-
. (1)

The ten-dimensional metric is given by

ds2
10 = ∆

−1
[

1
2 ds2

AdS4
+ ds2

6

]
, (2)

with ∆ being the warping factor. A shift along η must be an isometry of the metric (2) as
the Einstein-frame metric field is a singlet under S-duality. By the same token, the four-form
potential C4 cannot depend on η either. However, the two-form potentials Bα = (B2,C2) and the
axion-dilaton matrix

mαβ = *
,

e−Φ + eΦC2
0 −eΦC0

−eΦC0 eΦ
+
-
, (3)

have a non-trivial dependence on η as they transform under S-duality. The entire dependence of
these type IIB fields on η is encoded in the S-duality twist matrix (1). More concretely one has

Bα = Aαβ bβ and mαβ = (A−t )αγ mγδ (A−1)δβ , (4)

with A−t ≡ (A−1)t .
The coordinate η can be taken to be periodic with period T . However, due to the SL(2, R)

twist in (1), there is a non-trivial monodromy

MS1 = A−1(η) A(η + T ) = *
,

e−T 0
0 eT

+
-
, (5)

of hyperbolic type when making a loop around the S1 . This renders the S-fold backgrounds
locally geometric but globally non-geometric. The monodromy in (5) can be brought into a generic
hyperbolic monodromy Jk ∈ SL(2, Z) of the form

Jk = *
,

k 1
−1 0

+
-
= −S T k with k ∈ N and k ≥ 3 , (6)

provided the period T becomes k-dependent and given by

T (k) = log(k +
√

k2 − 4) − log(2) . (7)

The quotient by the above type of dualities prevents the S-fold solutions from entering the non-
perturbative regime [9]. Since the string coupling is given by gs = eΦ ∝ e−2η m22 , there always
exists a frame in which gs � 1. This ensures that one can safely work in a perturbative regime of
type IIB string theory.
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2.1 N = 4 and SO(4) symmetric S-fold

This S-fold solution appeared originally in [8] and has later been reinterpreted in [25]. Taking
advantage of the SO(4) ∼ SO(3)1 × SO(3)2 symmetry of the solution, which is identified with the
R-symmetry group of the dual N = 4 S-fold CFT, it proves convenient to describe the five-sphere
S5 as a product of two two-spheres S2

i=1,2 fibered over an interval I. Each of these two-spheres
displays an SO(3) symmetry. We choose coordinates such that the two-spheres are parameterised
by standard polar and azimutal angles (θi, ϕi) with θi ∈ [0, π] and ϕi ∈ [0, 2π], and the interval
is parameterised by an angle α ∈ [0, π2 ]. Then, the internal S1 × S5 metric in (2) is given by

ds2
6 = dη2 + dα2 +

cos2 α

2 + cos(2α)
ds2

S2
1
+

sin2 α

2 − cos(2α)
ds2

S2
2
, (8)

with
ds2

S2
i

= dθ2
i + sin2 θi dϕi2 , voli = sin θi dθi ∧ dϕi , (9)

and the non-singular warping factor reads

∆
−4 = 4 − cos2(2α) . (10)

The η-independent two-form potentials in (4) read

b1 = −2
√

2
cos3 α

2 + cos(2α)
vol1 , b2 = −2

√
2

sin3 α

2 − cos(2α)
vol2 , (11)

whereas the axion-dilaton matrix is

mαβ =
*..
,

√
2+cos(2α)
2−cos(2α) 0

0
√

2−cos(2α)
2+cos(2α)

+//
-
. (12)

The self-dual five-form is given by

F̃5 = ∆
4 sin2(2α) (1 +?)

[
− 3

2 vol5 + sin(2α) dη ∧ vol1 ∧ vol2
]
, (13)

where vol5 = dα ∧ vol1 ∧ vol2. Lastly, the AdS4 radius in the external part of the metric (2) is set
to L2 = 1.

2.2 N = 2 and SU(2) × U(1) symmetric S-fold

This S-fold was put forward in [16]. The SU(2) × U(1) symmetry of the solution becomes
manifest when describing the five-sphere S5 as a three-sphere S3 fibered over a two-sphere S2.
We choose standard polar θ ∈ [0, π] and azimutal φ ∈ [0, 2π] angles to describe the two-sphere,
as well as three angular coordinates α ∈ [0, 2π], β ∈ [0, π] and γ ∈ [0, 4π] to describe the
three-sphere. The latter is better described using a set σ1,2,3 of SU(2) left-invariant one-forms

σ1 = 1
2 (− sin α dβ + cos α sin β dγ) ,

σ2 = 1
2 (cos α dβ + sin α sin β dγ) ,

σ3 = 1
2 (dα + cos β dγ) .

(14)

5
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In terms of the above one-forms, the internal S1 × S5 metric in (2) is given by

ds2
6 =

1
2

(
dη2 + ds2

S2 + cos2 θ
[
8∆4

(
σ2

1 + σ
2
2

)
+ σ2

3

] )
, (15)

with ds2
S2 = dθ2 + sin2 θ dφ2, and the warping factor reads

∆
−4 = 6 − 2 cos(2θ) . (16)

The U(1) factor of the S-fold symmetry group is then realised as rotations in the (σ1, σ2)-plane
generated by translations along the coordinate α. This is identified with the R-symmetry group in
the dual N = 2 S-fold CFT.

The η-independent two-form potentials in (4) are given by

b1 + i b2 =
cos θ
√

2
ei

π
4 −iφ

[
(dθ − i

2 sin(2θ) dφ) ∧ σ3 − 4∆4 sin(2θ) σ1 ∧ σ2
]
, (17)

and the axion-dilaton matrix reads

mαβ =
1
2 ∆

2 *
,

5 − cos(2θ) + 2 sin2 θ sin(2φ) 2 sin2 θ cos(2φ)
2 sin2 θ cos(2φ) 5 − cos(2θ) − 2 sin2 θ sin(2φ)

+
-
. (18)

The self-dual five-form flux takes the form

F̃5 = 4∆4 cos3 θ (1 +?)
[
−3 vol5 + sin θ dη ∧ Re

[
e−2iφ (dθ − i

2 sin(2θ) dφ)
]
∧ vol3

]
, (19)

where vol5 = vol2 ∧ vol3 with vol2 = sin θ dθ ∧ dφ and vol3 = −σ1 ∧ σ2 ∧ σ3. The radius of
the external AdS4 space-time turns out to be L2 = 1 thus coinciding with the one of the N = 4
S-fold. In fact, using an effective four-dimensional supergravity description, the N = 2 and N = 4
S-folds were shown to be connected by a continuous parameter, denoted ϕ in [26], leaving the
AdS4 radius L unaffected and being compatible with N = 2 supersymmetry. In this manner,
the ϕ parameter was identified with a marginal deformation specifying a direction in a conformal
manifold of N = 2 S-fold CFT’s [26, 27]. The apparent non-compactness of the parameter ϕ, at
least in the four-dimensional effective description, has been the subject of recent studies and puzzles
[26, 28]. Working out its uplift to ten dimensions could shed some new light on this question.

2.3 N = 1 and SU(3) symmetric S-fold

The N = 1 and SU(3) symmetric S-fold with internal geometry M = S5 was presented in
[15]. Its generalisation to Sasaki–Einstein internal manifolds was discussed in [29] (see also [30]
for a local characterisation of this type of solutions). We will take advantage of the SU(2)-structure
of S5 when viewed as a Sasaki–Einstein manifold, and discuss S5 as a circle S1 fibered over CP2.
The coordinate on the S1 is denoted φ ∈ [0, 2π] and those on CP2 are

θ ∈ [0, π] , α ∈ [0, 2π] , β ∈ [0, π] , γ ∈ [0, 4π] . (20)

Introducing a basis of one-forms on S5 of the form

τ0 = dθ , τ1 = sin θ σ1 , τ2 = sin θ σ2 , τ3 =
1
2 sin(2θ) σ3 , η = dφ + sin2 θ σ3 , (21)

6
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with σ1,2,3 given in (14) and η being the real one-form of the SU(2)-structure, the internal part
of the metric in (2) reads

ds2
6 =

5
√

5
18

(
2
3

dη2 + ds2
CP2 +

6
5
η2

)
with ds2

CP2 =

3∑
a=0

τa
2 , (22)

and the warping factor takes the constant value

∆ =
5

3
√

6
. (23)

The η-independent two-form potentials and axion-dilaton matrix in (4) are given by

b1 − i b2 =
1
√

6
ei

π
4 Ω and mαβ = Iαβ , (24)

with Ω = e3iφ (τ0 + i τ3) ∧ (τ1 + i τ2) being the complex (2, 0)-form of the SU(2)-structure. The
two-form Ω is charged under the U(1)φ isometry of the fibration S5 ∼ CP2 o S1. Therefore, the
complex two-form potential in (24) breaks this U(1)φ isometry of the metric (22). The self-dual
five-form reads

F̃5 = −3 (1 +?) vol5 , (25)

with vol5 = volCP2 ∧ η and volCP2 = −τ0 ∧ τ1 ∧ τ2 ∧ τ3. Lastly, the AdS4 radius takes the value
L2 = 5 5

2 · 3−3 · 2−1.

2.4 N = 0 and SO(6) symmetric S-fold

This S-fold first discussed in [15] is the simplest one. The internal S5 is round and features its
largest possible SO(6) symmetry, although no supersymmetry is preserved by the solution. The
internal metric, constant warping factor and self-dual five-form flux are given by

ds2
6 =

1
2
√

2
dη2 + 1√

2
ds2

S5 , ∆ =
1
√

2
, F̃5 = ∓ 4 (1 +?) vol5 , (26)

with vol5 being the volume form of the round S5 of unit radius. The η-independent two-forms
and axion-dilaton matrix in (4) read

bi = 0 and mαβ = Iαβ . (27)

Finally, the AdS4 radius takes the value L2 = 3 · 2− 3
2 . The analysis of scalar fluctuations performed

in [15, 16] at the four-dimensional supergravity level showed that this non-supersymmetric S-fold
features perturbatively instabilities: various scalar modes have a tachyonic mass m2L2 = −3 lying
below the Breitenlohner–Freedman (BF) bound [31] for stability in AdS4.

3. Flat deformations of type IIB S-folds: four-dimensional picture

In the previous section we have presented four classes of S-fold solutions with N = 0 &SO(6) ,
N = 1 &SU(3) , N = 2 &SU(2) × U(1) and N = 4 &SO(4) (super) symmetries. The symme-
tries of these solutions nicely match with the largest symmetric SYM interfaces classified in [13].

7



P
o
S
(
C
O
R
F
U
2
0
2
1
)
1
6
3

Type IIB S-folds: flat deformations, holography and stability Adolfo Guarino

This is not so surprising as SYM interfaces are dual to Janus solutions and Janus solutions can be
connected to S-folds upon the limiting procedure presented in [10]. However, it was stated in [13]
that other interfaces with the same amount of supersymmetry but less internal symmetries may be
viewed as perturbations of the former by BPS operators that further break the internal symmetry.
This immediately poses the question of what are such marginal deformations from the gravity side
and, moreover, whether they survive the S-fold limit.

In order to search for such deformations of the S-fold backgrounds we will move to their
four-dimensional realisation as AdS4 vacua of the [SO(1, 1) ×SO(6)]nR12 maximal supergravity.
Within this context, searching for marginal deformations in the conjectured S-fold CFT’s amounts
to search for flat directions in the scalar potential of the gauged supergravity that leave the AdS4
radius L unaffected. We will generically refer to these as flat deformations. Such flat deformations
must correspond to specific directions in the scalar manifold of the gauged supergravity. Being
a maximal supergravity in four dimensions, the scalar geometry is fixed and identified with the
maximally non-compact coset space E7(7)/SU(8). Therefore, any point φ in the scalar field space
is identified with an element in the coset space, namely, V (φ) ∈ E7(7)/SU(8). In particular, each
of the AdS4 vacua representing the S-fold solutions in section 2 corresponds to some specific point
φ0 in field space and, therefore, has an associated coset element V (φ0) ∈ E7(7)/SU(8) .

We can now take advantage of the E7(7)/SU(8) coset structure of the scalar manifold in the
maximal D = 4 supergravities. Coset spaces are homogeneous spaces so any two points in the
scalar geometry are connected by a non-compact E7(7) transformation. Since we are searching for
flat deformations of the S-folds discussed above, we have to search for flat directions in the scalar
potential parameterised by some scalars that we collectively denote χ . Then the coset structure
of the scalar space allows us to parameterise a general flat deformation χ in terms of a minimal
replacement

V0 →VχV0 , (28)

where V0 denotes the coset element at the undeformed S-fold AdS4 vacuum and Vχ denotes the
non-compact E7(7) transformation induced by the constant flat deformation χ . We see from (28)
that the undeformed S-fold V0 can be thought of as a seed solution from which we can generate a
larger class of solutions upon acting with Vχ .

However, this is not the end of the story. The Lagrangian of a given gauged supergravity is
fully encoded into an object Θ called the embedding tensor which transforms in the 912 irrep of
E7(7) [32]. We will denote the embedding tensor of our theory Θ[SO(1,1)×SO(6)]nR12 . Then, due to
the formally E7(7) covariance of the maximal D = 4 supergravities [32], we can alternatively view
the flat-deformed vacuum at VχV0 in the theory Θ[SO(1,1)×SO(6)]nR12 as an undeformed vacuum at
V0 in a different theory specified by a new embedding tensor Θ̃ of the form

Θ̃ = Vχ ?Θ
[SO(1,1)×SO(6)]nR12

= Θ[SO(1,1)×SO(6)]nR12
+ δΘ , (29)

where ? denotes the action of the E7(7) element Vχ in (28) on the embedding tensor Θ ∈ 912 of
the original theory, in our case, the [SO(1, 1)×SO(6)]nR12 maximal supergravity. The new theory
encoded in the new embedding tensor Θ̃ will generically differ from the original one encoded in
the original embedding tensor Θ[SO(1,1)×SO(6)]nR12 . Adopting this viewpoint will facilitate the study
of flat deformations: studying them at the level of the embedding tensor is much simpler than doing
it at the level of the scalar sector.

8
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From the discussion above, one then arrives at the following necessary conditions for a flat
deformation to exist

V (Θ̃ , V0) = V (Θ , VχV0) = V (Θ , V0) . (30)

The first equality is just a consequence of the formally E7(7)-covariance of the maximal D = 4
supergravities previously discussed. The second equality implies that the deformation is flat, namely,
that the value of the scalar potential at the deformed and undeformed vacua in the original theory is
the same. An explicit computation of V (Θ̃ , V0) in (30) yields the scalar potential of the original
Θ[SO(1,1)×SO(6)]nR12 theory together with two additional contributions. The first one is the scalar
potential V (δΘ, V0) of the would-be δΘ theory. The second one corresponds with a mixed term
involving both Θ[SO(1,1)×SO(6)]nR12 and δΘ . It was then shown in [33] that a class of δΘ-theories
for which these two contributions vanish identically is given by the Cremmer–Scherk–Schwarz
(CSS) flat gaugings of [34]1. In ungauged four-dimensional supergravity, a flat gauging δΘCSS

is parameterised by a generic element χ of the maximally compact subalgebra usp(8) ⊂ e6(6)

of the five-dimensional duality group E6(6). In our case, due to the non-abelian SO(6) factor in
the [SO(1, 1) × SO(6)] n R12 gauged four-dimensional supergravity, only the Cartan subalgebra
of so(6) ⊂ usp(8) can be consistently implemented as a flat deformation. More concretely, there
always exists a Vχ such that

Θ̃ = Vχ ?Θ
[SO(1,1)×SO(6)]nR12

= Θ[SO(1,1)×SO(6)]nR12
+ δΘCSS( χ) , (31)

with χ ≡ χi
j being valued in the Cartan subalgebra of so(6). In summary, turning on a specific

element χ in the Cartan subalgebra of the residual symmetry group G0 and performing theminimal
replacement in (28) still extremises the scalar potential of the original theory and therefore can be
seen as a solution generating technique. However, this will break the G0 symmetry down to the
subgroup commuting with χ . Therefore, a generic choice of χ will fully break the G0 symmetry
of the undeformed S-fold down to its maximal Cartan subgroup U(1)Rank(G0). This construction is
schematically summarised in the bottom part of Figure 2.

Notice that the above arguments do not rely on G0 being identified with an R-symmetry or
a flavour symmetry group in the dual S-fold CFT (we will attach labels R and F to emphasise
this aspect). As a consequence, one can break either type of symmetries with the flat deformation
mechanism we just described. For example, when considering the N = 2 and SU(2)F × U(1)R
S-fold in section 2.2, there are two distinct flat deformations: one breaks the SU(2)F flavour group
down to its U(1)F Cartan and the other breaks supersymmetry as it is associated with the U(1)R
R-symmetry factor. In the case of the N = 4 and SO(4)R symmetric S-fold of section 2.1, the
entire symmetry group maps into the R-symmetry of the dual N = 4 S-fold CFT. We will discuss
this case in more detail below. Lastly, it is worth emphasising that flat deformations provide us with
a controlled mechanism of supersymmetry breaking in the context of type IIB S-folds.

3.1 Deforming the N = 4 and SO(4) symmetric S-fold

Let us consider the N = 4 and G0 = SO(4) symmetric S-fold solution of section 2.1. A
generic flat deformation χ in the Cartan subalgebra of so(4) will break the S-fold symmetry from

1For this class of CSS gauging, the necessary conditions in (30) to have a flat deformation become also sufficient.
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SO(4) to its maximal Cartan subgroup U(1)2. Let us choose, in the appropriate basis, the constant
flat deformation to be

χi
j =
√

6

*...........
,

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 χ1 χ2
0 0 0 0 χ2 χ1
0 0 −χ1 −χ2 0 0
0 0 −χ2 −χ1 0 0

+///////////
-

∈ so(2)2 ⊂ so(4) , (32)

so that two flat deformations χi = ( χ1, χ2) are allowed. Modding out by the discrete symmetries
of the system, namely, χi ↔ −χi and χ1 ↔ χ2 , one finds the patterns of (super) symmetry
breaking displayed in Figure 1.

An analysis of the scalar fluctuations about this AdS4 S-fold vacuum at generic values of the
flat deformations χi shows that there is no scalar mode violating the BF bound. The normalised
scalar spectrum was computed in [33] and is given (including Goldstone modes) by

m2L2 = 10 (×1) , 4 (×2) , −2 (×3) , 0 (×32) , χ2
i (×2) ,

( χ1 ± χ2)2 (×2) , 1
4 ( χ1 ± χ2)2 (×4) , 1 + χ2

i ±

√
9 + 4 χ2

i (×2) ,

1 + 1
4 ( χ1 + χ2)2 ±

√
9 + ( χ1 + χ2)2 (×2) ,

1 + 1
4 ( χ1 − χ2)2 ±

√
9 + ( χ1 − χ2)2 (×2) ,

(33)

in terms of the AdS4 radius L . Therefore, this two-parameter family of AdS4 S-fold vacua are
perturbatively stable at generic values of χi . It is also instructive to present the χ-dependence of
the gravitino masses

m2L2 = 5
2 +

1
4 χ

2
i ±

1
2

√
9 + χ2

i (×2) with i = 1, 2 . (34)

From (34) it is straightforward to see that the gravitinos become massive (m2L2 > 1) when turning
on the flat-deformations χi and that, generically, this breaks all the supersymmetries. Still some
supersymmetry is preserved when one of the flat deformations vanishes (see Figure 1).

Importantly, four-dimensional perturbative stability by no means implies higher-dimensional
perturbative stability. The reason is that higher Kaluza–Klein (KK) modes could become unstable
away from the supersymmetric limit χi = 0 . This would involve a realisation of the so-called
"space-invaders" scenario2. However this is not the case for this two-parameter family of vacua
as we will discuss in section 6. Finally, it is also worth mentioning that χi are non-compact
deformation parameters from a four-dimensional perspective. Surprisingly, they turn out to be
compact when understood in a higher-dimensional picture.

4. Flat deformations of type IIB S-folds: higher-dimensional picture

So far our discussion on flat deformations of type IIB S-folds has been restricted to their
four-dimensional realisation as AdS4 vacua in the maximal [SO(1, 1) × SO(6)] n R12 gauged

2This is a scenario where higher KK-modes become lighter than lower KK-modes and may produce perturbative
instabilities of the higher-dimensional vacuum.
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Figure 1: Patterns of (super) symmetry breaking induced by the flat deformations ( χ1, χ2) for the N = 4
and SO(4) symmetric S-fold.

supergravity. We will now comment on their physical interpretation in five- and ten-dimensional
supergravity.

4.1 Five-dimensional picture

When oxidising the AdS4 vacua describing S-folds to five dimensions, one runs into an
additional complication: in five dimensions, the S1 along which the type IIB fields undergo the
S-duality monodromy Jk is now part of the external five-dimensional space. This implies that
the profiles for the various fields in the five-dimensional SO(6)-gauged maximal supergravity must
acquire a dependence on the coordinate η along the S1 . Nicely, the five-dimensional SO(6)-gauged
supergravity still features the global SL(2) S-duality of type IIB string theory. The reason for this
is that the SL(2) commutes with the gauging of the SO(6) isometries of S5 within the E6(6)

duality group of the maximal D = 5 supergravities [35]. This opens up the possibility to perform
an S-duality twist combined with a geometric twist on the S5. This mechanism provides a five-
dimensional interpretation of the flat deformations χi

j as the parameters specifying the geometric
twist along the S5. This is the twist responsible for the geometric monodromy h discussed in
the introduction which causes the breaking of (super) symmetries in the S-fold backgrounds (see
section 4.2).

Twisted reductions of five-dimensional supergravity theories down to four dimensions have
been extensively investigated starting from the seminal paper [36]. They take the general form [37]

φ(xµ, η) = eM η ? φ(xµ) , (35)

where η is the coordinate along the S1, M ∈ e6(6) is an element of the global duality algebra,
and φ is a generic field in the five-dimensional supergravity theory. Duality twists were originally
studied within the context of five-dimensional ungauged supergravity. Within this context, and
choosing M in the global duality group E6(6) of the five-dimensional supergravity theory, the

11
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entire dependence on the η coordinate factorises out in the reduction from five to four dimensions.
Importantly, further selecting M in the maximal compact subalgebra usp(8) ⊂ e6(6) yields a scalar
potential in the reduced four-dimensional theory admitting Minkowski vacua [34, 38]. However,
our five-dimensional theory is the SO(6)-gauged supergravity and, as a consequence of the gauging
procedure, the global duality group E6(6) is broken to a local SO(6) and the global SL(2) S-
duality group commuting with it within E6(6). Since the five-dimensional embedding tensor is a
singlet under SO(6) , identifying the flat deformations with elements M = χi

j ⊂ so(6) in (35)
leaves the gauging invariant. As a result, the flat deformations χi

j are expected to describe trivial
twists leaving the putative five-dimensional backgrounds locally invariant.

It is also interesting to keep track of the flat deformations χi
j generically belonging to the

Cartan subalgebra of so(6) when oxidising the four-dimensional theory to five dimensions. As
argued in [22, 33] (see also [39, 40]), the deformation parameters χi

j are identified (via a Kaluza–
Klein reduction) with the (Ai

j )η components along the S1 of the five-dimensional vectors spanning
the SO(6) factor in the gauge group. Following the classification of bosonic deformations of N = 4
super-Yang–Mills in terms of the auxiliary fields of the off-shell N = 4 conformal supergravity
[41], the flat deformations χi

j define non-trivial one-form deformations (Wilson loops) for the
five-dimensional vector fields along the S1. Such one-form deformations are usually discarded,
i.e., when investigating Janus solutions, by invoking a gauge-fixing argument without much regard
for large gauge transformations. In this respect, it would be interesting to oxidise the AdS4 S-fold
vacua with non-vanishing χi

j deformations to five dimensions.

4.2 Ten-dimensional picture

It was previously stated that the χi deformations turn out to be compact parameters in a
higher-dimensional picture. To illustrate this in an example, we present here the ten-dimensional
uplift of the ( χ1, χ2)-family of deformations of the N = 4 S-fold [25]. Choosing an appropriate
Cartan subalgebra of so(4) to parameterise the constant deformations ( χ1, χ2), one finds the
same ten-dimensional S-fold solution as in section 2.1 with one crucial difference: the one-forms
dϕi along the azimutal angles of the two-spheres S2

i in (8)-(9) get replaced by new one-forms
dϕi + χi dη. This change of one-form basis can be locally reabsorbed in a change of coordinates

ϕ′i = ϕi + χi η . (36)

Since all the type IIB fields in the S-fold solution of section 2.1 are independent of ϕi, the new
backgrounds with χi , 0 obtained by the minimal replacement dϕi → dϕ′i automatically solve
the equations of motion. At this stage, the reader might be tempted to conclude that the solutions
with χi = 0 and χi , 0 are simply the same solution but in different coordinate patches. However,
due to the periodicities ϕi ∼ ϕi + 2π and η ∼ η +T , there is no global diffeomorphism connecting
the two solutions unless χi = ni 2π

T with ni = Z. This can be understood also from the fact that
ϕ′i is not a globally well-defined coordinate on S5 × S1. Indeed, the variable ϕ′i gets shifted by the
quantity χi T when making a loop around S1. And this quantity becomes a multiple of 2π only
when χi = ni 2π

T with ni = Z. Only in this case, ϕ′i is a globally well-defined new azimutal angle.
There is a more general and systematic way of introducing flat deformations χ in a solution

of any diffeomorphism-invariant theory involving a factorised geometry of the form M × S1 [22].

12
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Let us denote such a seed solution Φ0 which encodes the metric and the various p-form fluxes
solving the equations of motion of the theory. Let us also assume that Φ0 is invariant under the
action of a Lie group G0 of rank r . Then, we claim that it is always possible to construct an
r-dimensional family of solutions generically breaking G0 down to its maximal Cartan subgroup
U(1)r . To do so, we first choose an element h ∈ G0 which, without loss of generality, can be
chosen in a Cartan subgroup of G0. From the element h , we build the so-called mapping torus

T (M)h =
M × [0, T]

(p, 0) ∼ (h · p, 2π)
, (37)

for all the points p ∈ M. The quotient introduced in (37) is just a way of encoding different
“boundary conditions” (periodicities) for the angular coordinates ϕi on M which are associated
with commuting isometries of the seed solution Φ0. This amounts to introduce a non-trivial SO(6)
monodromy h when moving around the S1 in the factorised geometry M × S1.

To construct the new solutions with non-zero flat deformations, χi , 0 , we first project the
seed solution Φ0 defined on M × S1 to a solution on the mapping torus T (M)h . This is done by
the canonical projection

π :M × S1 −→M × [0, T]
∼
−→ T (M)h . (38)

If h , I , this projection is not a diffeomorphism: while it is locally well-defined, it is not globally
well-defined. Still, the projection π(Φ0) is well-defined as the action of h ∈ G0 on Φ0 is trivial
by definition. Nonetheless, π(Φ0) continues being a solution of the theory as the equations of
motion are local. However the symmetry group of T (M)h gets reduced to those elements of G0
commuting with h . Otherwise, their action is not globally well-defined.

Let us illustrate the above construction when selecting the N = 4 and SO(4) symmetric
S-fold as the seed solution Φ0. In this case we choose h = exp(T χ) with χ ∈ u(1)2 ⊂ so(4). We
also introduce coordinates ϕ′i on the mapping torus T (M)h which get shifted by χi ∈ u(1) and
are subject to the identifications

(ϕ′i, η) ∼ (ϕ′i + χi T, η + T ) and (ϕ′i, η) ∼ (ϕ′i + 2π, η) . (39)

The projection from S5 ×S1 to the mapping torus T (S5)h is trivial: it is the replacement ϕi → ϕ′i.
Using the ϕ′i coordinates, the type IIB fields are χi-independent and the flat deformations are
totally encoded in the choice of periodicities in (39). However, there is an alternative coordinate
system in which the deformations are encoded in the type IIB fields and not in the monodromy h.
Let us consider a diffeomorphism of the form

mχ : T (M)h →M × S1 : (p, η) → (eχη · p, η) . (40)

It can be verified that (40) is indeed awell-defined diffeomorphism, even globally, due to the different
choice of coordinates identification when moving around the S1. This corresponds, locally, to a
change of coordinates of the form

(ϕ′i, η) → (ϕ′i + χi η, η) , (41)

where ϕi ∼ ϕi + 2π and η ∼ η + T . Since mχ in (40) is globally a well-defined diffeomorphism,
this implies that solutions depending explicitly on the χi deformations and involving an internal

13
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• Φ(𝜒𝑖 = 0)
undeformed solution

• No monodromy :
ℎ = 𝕀

• (𝜑𝑖 , 𝜂 ) ∼ (𝜑𝑖 , 𝜂 + 𝑇)

• Θ = Θ SO 6 ×SO 1,1 ×T12

• 𝒱0 seed solution 
• Symmetry : 𝐺

• Θ = Θ SO 6 ×SO 1,1 ×T12

• 𝒱𝜒𝒱0 solution 

• Symmetry : H ⊂ 𝐺

• Θ = Θ SO 6 ×SO 1,1 ×T12 + ΘCSS(𝜒)

• 𝒱0 seed solution 
• Symmetry : H ⊂ 𝐺

Deformation 
𝒱𝜒

𝐸7 7 -duality

Projection
Non-Diffeo

Diffeomorphism
𝑚𝜒

• Φ(𝜒𝑖 = 0)
undeformed solution

• Non-trivial 
monodromy :

ℎ ≠ 𝕀
• (𝜑𝑖 , 𝜂 ) ∼

(𝜑𝑖 + 𝜒𝑖𝑇, 𝜂 + 𝑇)

• Φ(𝜒𝑖 ≠ 0)
deformed solution

• Trivial 
monodromy :

ℎ = 𝕀
• (𝜑𝑖 , 𝜂 ) ∼ (𝜑𝑖 , 𝜂 + 𝑇)

Type IIB SUGRA

4D SUGRA Uplift Uplift Uplift

Figure 2: Schematic representation of the flat deformations from four- and ten-dimensional perspectives.

manifold with trivial monodromy h are equivalent to solutions with no explicit dependence on
the χi deformations but involving an internal manifold with non-trivial monodromy h. For the
confused reader (we were too), this is summarised in Figure 2.

Although a full proof of the bijection between four-dimensional flat deformations and the ten-
dimensional construction we just presented has not yet been formally established, we have verified
its validity in the various S-fold solutions presented in section 2 (see [22]). Whenever valid, it has
strong implications for the conjectured S-fold CFT’s. Recall that the flat deformations χi do not
change the AdS4 radius L of the S-fold solutions and therefore, at least in the large N limit, they
correspond to marginal deformations of the dual S-fold CFT’s. It is of relevance to understand what
are the global properties of the conformal manifold of S-fold CFT’s. For example, whether or not
such a conformal manifold is compact. A quick inspection of the scalar and gravitino normalised
masses in the four-dimensional spectra (33) and (34) is enough for us to conclude that these spectra
are not periodic under a shift χi → χi+

2π
T . However, the ten-dimensional geometric interpretation

we provided in terms of the mapping torus suggests that the physics of S-folds should be invariant
under such a shift.3 The resolution of this paradox comes from the study of Kaluza–Klein (KK)
modes in the S-fold backgrounds (see [23] for the KK spectrometry of the χ-deformed N = 2 and
U(1)2 symmetric S-folds of [16]). It is usually assumed that modes higher up in the KK tower come
along with a larger mass than the lower KK modes, and thus can be safely ignored. This intuition
is however not always correct. When χi-deforming the N = 4 and SO(4) symmetric S-fold, a
detailed mass spectrometry of the full tower of KK modes showed that, at χi = 2π

T , certain modes
at a higher KK level get the same masses as certain modes at χi = 0 belonging to a lower KK

3Recall also that the mapping torus was built upon the group element h = exp(T χ) ∈ G0 and not upon χ ∈ g0 so
that χi → χi +

2π
T was indeed a symmetry of the ten-dimensional backgrounds.
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level [25]. In other words, modes sitting at different KK levels get reshuffled amongst themselves
but the full (higher-dimensional) KK spectrum becomes periodic under the shift χi → χi +

2π
T .

Therefore, flat deformations χi manifest themselves as non-compact deformations only within the
realm of four-dimensional supergravity.

5. Flat deformations of type IIB S-folds: holographic picture

At the present time, it is fair to say that most of the holographic aspects of the various type
IIB S-folds discussed above are yet to be understood. An interesting proposal has been made in [9]
(see [42, 43] for previous studies of the same class of theories) for the N = 4 S-fold with SO(4)
symmetry originally presented in [8]. According to this proposal, the dual S-fold CFTwould appear
as the effective IR description of a three-dimensional T[U(N )] theory of the type constructed in
[14] where a diagonal subgroup of the U(N )2 flavour group is gauged using an N = 4 vector
multiplet. The hyperbolic monodromy Jk ∈ SL(2, Z) is then induced by a Chern–Simons term at
level k that is also turned on.

An effective N = 4 superpotential Weff = (2π/k) Tr(µH µC ), where µH and µC are
respectively complex scalars describing the Higgs and Coulomb branches of the T[U(N )] theory,
was proposed in [26] to be a marginal operator in the IR. Moreover, it was further argued that a
shift Weff → Weff + λ Tr(µH µC ) with λ ∈ C would represent an exactly marginal deformation
breaking N = 4 down to N = 2 [26]4. Building upon these ideas, it was subsequently suggested
in [25] that adding an additional χ-like flat deformation would also correspond to an exactly
marginal deformation of the three-dimensional Lagrangian of the form ∂αO ∂

αŌ with O ≡
Tr(µH µ̄C ) with ∂α denoting the partial derivatives with respect to (real) scalar fields. The
∂αO ∂

αŌ deformation is not a holomorphic deformation of the superpotential and therefore would
break all the supersymmetries. This was used as evidence for the existence of non-supersymmetric
conformal manifolds in [25].

Additional insights into the holographic aspects of the S-fold backgrounds discussed in this
proceeding have also come from the study of holographic RG-flows on the D3-brane [22, 44].
Using the effective four-dimensional [SO(1, 1) × SO(6)] n R12 gauged supergravity, all the S-fold
backgrounds were shown to be connected with a deformation of the D3-brane solution, namely,
a deformation of the AdS5 × S5 background, via a holographic RG-flow. In other words, all the
conjectured S-fold SCFT’s can be viewed as IR fixed points of a supersymmetric RG-flow that
starts from a deformation of N = 4 super Yang–Mills in the UV. This UV regime was further
characterised in [22] and found to correspond to an anisotropic deformation of N = 4 SYM. This
is in agreement with the five-dimensional supergravity fields developing a dependence on the η

coordinate along S1, which becomes a spatial coordinate at the deformed field theory living at the
boundary.

The above RG-flows were also analysed in [22] from a ten-dimensional perspective aiming
at shedding some new light on their holographic interpretation. In this manner, the anisotropic

4Only one of the real components of λ ∈ C corresponds to a χ-like flat deformation of the type discussed in this
proceeding. The remaining real component, denoted ϕ in [26], does not belong to the class of χ-like deformations
discussed here. A higher-dimensional interpretation of ϕ as well as other aspects like its compact versus non-compact
nature are currently under debate/investigation (see discussion below eq.(19)).
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deformation of SYM was interpreted in a purely geometric manner and connected to the locally
geometric SL(2) S-duality twist matrix A(η) in (1) generating the S-fold background. Moreover, a
set of five-dimensional one-form deformations (F(1)

α , F(1)αβ , F̃(1)) were identified as the sources
of anisotropy, thus coming in SL(2) representations. A more detailed characterisation of the
operators triggering such an anisotropy in an SL(2) covariant context is yet to be worked out.
Lastly, holographic RG-flows between S-fold CFT’s were also explicitly constructed in [22, 27].

6. Remarks on stability and future directions

Arrived at this point in our stroll through the physics of type IIB S-folds, there is the obvious
question of whether the flat deformations χi

j induce instabilities in the cases where they fully
break supersymmetry. This would cause the decay of the non-supersymmetric S-fold solutions as
predicted by the AdS swampland conjecture [24].

As anticipated in the main text, perturbative instabilities do not occur for the two-parameter
family of non-supersymmetric and U(1)2 symmetric S-folds obtained upon turning on flat defor-
mations in the original N = 4 and SO(4) symmetric S-fold of [8]. This was explicitly shown
in [23] by performing a fully detailed Kaluza-Klein spectrometry analysis of such a two-parameter
family of vacua. In [23], the full Kaluza-Klein spectrum of the undeformed N = 4 S-fold with
χi

j = 0 was shown to arrange itself into long graviton multiplets. The conformal dimension of the
spin 2 highest-weight state in each supermultiplet was found to be

∆ =
3
2
+

1
2

√√√
9 + 2`(` + 4) + 4

∑
i=1,2

`i (`i + 1) + 2
(

2nπ
T

)2
, (42)

where ` is the Kaluza-Klein level on the S5, n is the Kaluza-Klein level on the S1 and (`1, `2)
denote the SO(4) ∼ SU(2) × SU(2) spin representation of the highest-weight spin 2 state. It was
subsequently shown in [25] that turning on the flat deformation χi

j in (32) simply amounts to a
shift of the form

2nπ
T
−→

2nπ
T
+

∑
i=1,2

ji χi , (43)

in the conformal dimensions (42). The labels ( j1, j2) in (43) correspond to the charges of the
respective fields under the appropriate U(1) × U(1) Cartan subgroup of SO(4) . As a direct
consequence of (42)-(43), the conformal dimensions (and therefore the masses) of the various
fields in the Kaluza-Klein tower are bounded from below by the fields in the four-dimensional
supergravity. Since there were no scalars violating the BF bound in the four-dimensional spectrum
of (33), the non-supersymmetric and U(1)2 symmetric S-folds are perturbatively stable also in
higher-dimensions.

A more subtle issue is to assess the non-perturbative stability of the non-supersymmetric and
U(1)2 symmetric S-folds. Although some preliminary checks of non-perturbative stability against
decay through standard brane-jet instabilities [45] and nucleation of bubbles of nothing [46, 47]
were performed in [25], a final answer to the question of the non-perturbative stability remains
elusive. Also a full characterisation of the (possibly non-supersymmetric) conformal manifold of
S-fold CFT’s is still missing. Along these lines, an interesting puzzle regarding the compactness
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of the marginal deformation preserving N = 2 supersymmetry and connecting the N = 4 and
N = 2 S-folds has been stated in [26] (see discussion below eq.(19)) posing some challenges to the
CFT Distance Conjecture [48]. Finally, it would also be interesting to search for S-fold solutions in
less supersymmetric setups. These are certainly very interesting open questions and research lines
to be investigated in the near future.
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