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𝐿∞-algebra and braided field theory M. Dimitrĳević Ćirić

1. Introduction

𝐿∞-algebras are generalizations of differential graded Lie algebras with infinitely-many graded
antisymmetric brackets, related to each other by higher homotopy versions of the Jacobi identity.
In [1] it was suggested that the complete data of any classical field theory with generalized gauge
symmetries fit into cyclic 𝐿∞-algebras with finitely-many non-vanishing brackets, encoding both
gauge transformations and dynamics. It was then showed that the existence of such an 𝐿∞-algebra
formulation is a consequence of the duality with the BV–BRST formalism for perturbative field
theories [2].

𝐿∞-algebras naturally appear in noncommutative gauge theory [3–6] and noncommutative gravity
[7] (see also the contribution [8] to these proceedings for a brief review). In [3] it was shown that
the semi-classical limit of a noncommutative and/or nonassociative gauge theory can be encoded
in an infinite dimensional 𝐿∞-algebra which is constructed order by order in the deformation pa-
rameter. Furthermore, it was shown in [5] that the Seiberg-Witten map relating noncommutative
gauge theory with the corresponding commutative gauge theory is a 𝐿∞ quasi-isomorphism. Using
the Drinfel’d twist deformation method in our recent work [7, 9] we constructed a deformation of
a 𝐿∞-algebra, the braided 𝐿∞-algebra. The corresponding field theory is then the braided gauge
theory. It is different compared to the usual noncommutative gauge theory, the★-gauge theory. The
braided gauge transformations close in the Lie algebra of the undeformed gauge symmetry and they
have a braided Leibniz rule.

In this paper we illustrate our construction of braided 𝐿∞-algebra and braided gauge theories on
the example of braided electrodynamics: braided 𝑈 (1) gauge theory coupled to a charged Dirac
spinor. We start by reviewing some basic facts about 𝐿∞-algebras and their relation with classical
field theories. Then we introduce the braided 𝐿∞-algebra and the corresponding braided gauge
theory. To illustrate our construction, we discuss in details the braided electrodynamics and its
properties. In particular, the theory remains abelian and there are no three and four photon vertices.
The quantization of field theories with braided symmetries is currently under development. To
gain some preliminary insight, here we calculate the standard Feynman integrals which appear in
the one-loop contribution to the vacuum polarization. We find UV/IR mixing, but no non-planar
diagrams. This unexpected result should be understood once the full quantum field theory of braided
(gauge) field theories is constructed. Some preliminary results on these problems can be found in
[10, 11].

2. 𝐿∞-algebras and classical field theory

In this section we briefly review the connection between classical field theories and 𝐿∞-algebras
established in [1, 2].

An 𝐿∞-algebra is a Z-graded vector space 𝑉 =
⊕

𝑘∈Z 𝑉𝑘 with graded antisymmetric multilinear
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maps called 𝑛-brackets

ℓ𝑛 : ⊗𝑛
𝑉 −→𝑉 , 𝑎1 ⊗ · · · ⊗ 𝑎𝑛 ↦−→ ℓ𝑛 (𝑎1, . . . , 𝑎𝑛)

ℓ𝑛 (. . . , 𝑎, 𝑎′, . . . ) = −(−1) |𝑎 | |𝑎′ | ℓ𝑛 (. . . , 𝑎′, 𝑎, . . . ) ,

where |𝑎 | is the degree of a homogeneous element 𝑎 ∈ 𝑉 . The 𝑛-brackets must also fulfil homotopy
relations. The first three relations are given by

𝑛 =1 : ℓ1
(
ℓ1(𝑎)

)
= 0,

𝑛 =2 : ℓ1
(
ℓ2(𝑎1, 𝑎2)

)
= ℓ2

(
ℓ1(𝑎1), 𝑎2

)
+ (−1) |𝑎1 | ℓ2

(
𝑎1, ℓ1(𝑎2)

)
, (1)

𝑛 =3 : ℓ1
(
ℓ3(𝑎1, 𝑎2, 𝑎3)

)
= −ℓ3

(
ℓ1(𝑎1), 𝑎2, 𝑎3

)
− (−1) |𝑎1 | ℓ3

(
𝑎1, ℓ1(𝑎2), 𝑎3

)
− (−1) |𝑎1 |+ |𝑎2 | ℓ3

(
𝑎1, 𝑎2, ℓ1(𝑎3)

)
− ℓ2

(
ℓ2(𝑎1, 𝑎2), 𝑎3

)
− (−1) ( |𝑎1 |+ |𝑎2 |) |𝑎3 | ℓ2

(
ℓ2(𝑎3, 𝑎1), 𝑎2

)
− (−1) ( |𝑎2 |+ |𝑎3 |) |𝑎1 | ℓ2

(
ℓ2(𝑎2, 𝑎3), 𝑎1

)
Cyclic 𝐿∞-algebras contain an additional structure called cyclic pairing that is a graded, symmetric,
and non-degenerate bilinear map 〈−,−〉 : 𝑉 ⊗ 𝑉 → R satisfying

〈𝑎0, ℓ𝑛 (𝑎1, 𝑎2, . . . , 𝑎𝑛)〉 = (−1)𝑛+( |𝑎0 |+ |𝑎𝑛 |) 𝑛+|𝑎𝑛 |
∑𝑛−1

𝑖=0 |𝑎𝑖 | 〈𝑎𝑛, ℓ𝑛 (𝑎0, 𝑎1, . . . , 𝑎𝑛−1)〉, 𝑛 ≥ 1. (2)

In order to relate this formalism to a (gauge) field theory, we first define the graded vector space
𝑉 = 𝑉0 ⊕𝑉1 ⊕𝑉2 ⊕𝑉3. This space contains gauge parameters 𝜌 ∈ 𝑉0, gauge fields 𝐴 ∈ 𝑉1, equations
of motion 𝐹𝐴 ∈ 𝑉2, and II Noether identities d𝐴𝐹𝐴 ∈ 𝑉3. The gauge transformations 𝛿𝜌𝐴, equations
of motion 𝐹𝐴 = 0, gauge invariant action functional 𝑆 and the second Noether identity d𝐴𝐹𝐴 = 0
are then formulated as follows:

𝛿𝜌𝐴 = ℓ1(𝜌) + ℓ2(𝜌, 𝐴) −
1
2
ℓ3(𝜌, 𝐴, 𝐴) + . . . , (3)

𝐹𝐴 = ℓ1(𝐴) −
1
2
ℓ2(𝐴, 𝐴) −

1
3!
ℓ3(𝐴, 𝐴, 𝐴) + . . . , (4)

𝑆(𝐴) = 1
2
〈𝐴, ℓ1(𝐴)〉 −

1
3!
〈𝐴, ℓ2(𝐴, 𝐴)〉 + . . . , (5)

d𝐴𝐹𝐴 = ℓ1(𝐹𝐴) + ℓ2(𝐹𝐴, 𝐴) + . . . (6)

In field theories the cyclic pairing of degree −3 is needed. Therefore, the only non-vanishing
pairings are

〈−,−〉 : 𝑉𝑘 ⊗ 𝑉3−𝑘 −→ R for 𝑘 ≤ 3 .

The variation principle is then written as

𝛿𝑆(𝐴) = 〈𝛿𝐴 , 𝐹𝐴〉 .

We will now illustrate this 𝐿∞-algebra encoding using two important examples.

3
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𝐿∞-algebra of 3D nonabelian Chern-Simons theory

Consider a Chern-Simons theory in three dimensions for a gauge group 𝐺 with the corresponding
(hermitian) Lie algebra generators 𝑇𝑎, 𝑎 = 1 . . . 𝑛, whose Lie algebra has an invariant quadratic
form Tr and commutation relations

[
𝐴𝑎, 𝐴𝑏

]
= 𝑖 𝑓 𝑎𝑏𝑐𝑇𝑐 . Let 𝐴 be a Lie algebra valued one-form,

𝐴 = 𝐴𝜇d𝑥𝜇, transforming under gauge transformations as 𝛿𝜌𝐴 = d𝜌 + 𝑖 [𝜌, 𝐴]. The curvature
tensor is 𝐹 = d𝐴 − 𝑖𝐴 ∧ 𝐴 = d𝐴 − 𝑖

2 [𝐴, 𝐴] . The action of this theory can be written as

𝑆 =
1
2

∫
Tr

(
𝐴 ∧ d𝐴 − 𝑖

3
𝐴 ∧ [𝐴, 𝐴]

)
,

which yields the equation of motion 𝐹 = 0.
This theory can be encoded into the 𝐿∞-algebra formalism by introducing 𝑉 = 𝑉0 ⊕ 𝑉1 ⊕ 𝑉2 ⊕ 𝑉3.
The corresponding nonvanishing ℓ-brackets are given by

ℓ1(𝜌) = d𝜌, ℓ2 (𝜌1, 𝜌2) = 𝑖 [𝜌1, 𝜌2] , ℓ2 (𝜌, 𝐴) = 𝑖 [𝜌, 𝐴] ,
ℓ1 (𝐴) = d𝐴, ℓ2 (𝐴1, 𝐴2) = 𝑖[𝐴1, 𝐴2],
ℓ1 (𝐹𝐴) = d𝐹𝐴, ℓ2 (𝐴, 𝐹𝐴) = 𝑖[𝐴, 𝐹𝐴] .

In addition, a cyclic pairing of degree −3 is defined as

〈𝛼, 𝛽〉 =
∫

Tr𝛼 ∧ 𝛽,

where 𝛼 and 𝛽 are Lie algebra valued differential forms. Since the cyclic pairing is a map of degree
−3, it is non-vanishing only on the homogeneous subspaces 𝑉0 ⊗ 𝑉3 and 𝑉1 ⊗ 𝑉2.
The theory is reproduced as

𝛿𝜌𝐴 = ℓ1 (𝜌) + ℓ2 (𝜌, 𝐴) = d𝜌 + 𝑖 [𝜌, 𝐴] ,

𝐹𝐴 = ℓ1(𝐴) −
1
2
ℓ2(𝐴, 𝐴) = d𝐴 − 𝑖𝐴 ∧ 𝐴,

d𝐴𝐹𝐴 = ℓ1 (𝐹𝐴) − ℓ2 (𝐹𝐴, 𝐴) = d𝐹𝐴 − 𝑖 [𝐴, 𝐹𝐴] ,

The action can be written with the help of cyclic pairing as

𝑆(𝐴) = 1
2
〈𝐴, ℓ1(𝐴)〉 −

1
3!
〈𝐴, ℓ2(𝐴, 𝐴)〉 =

1
2

∫
Tr

(
𝐴 ∧ d𝐴 − 𝑖

3
𝐴 ∧ [𝐴, 𝐴]

)
.

𝐿∞ algebra of 4D 𝜙4 theory

This theory is not a gauge theory and therefore 𝑉 = 𝑉1 ⊕ 𝑉2. The corresponding nonvanishing
brackets are given by

ℓ1 (𝜙) =
(
� − 𝑚2

)
𝜙, ℓ3 (𝜙1, 𝜙2, 𝜙3) = 𝜆𝜙1𝜙2𝜙3.

4
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The cyclic pairing can be taken to be

〈𝜙1, 𝜙2〉 =
∫

d4𝑥𝜙1(𝑥)𝜙2(𝑥)

where 𝜙1 ∈ 𝑉1 and 𝜙2 ∈ 𝑉2. This leads to the action functional

𝑆(𝜙) = 1
2
〈𝜙, ℓ1 (𝜙)〉 −

1
4!
〈𝜙, ℓ3 (𝜙, 𝜙, 𝜙)〉

=

∫
d4𝑥

(
1
2
𝜙

(
� − 𝑚2

)
𝜙 − 𝜆

4!
𝜙4

)
.

The equation of motion is

𝐹𝜙 = ℓ1(𝜙) −
1
2
ℓ2(𝜙, 𝜙) −

1
3!
ℓ3(𝜙, 𝜙, 𝜙) =

(
� − 𝑚2

)
𝜙 − 𝜆

3!
𝜙3 = 0

3. Braided gauge theory and its braided 𝐿∞-algebra

In this section we first briefly review the recently proposed description of the noncommutative gauge
theory: the braided gauge theory. Then we relate this theory with the notion of braided 𝐿∞-algebra.
More details can be found in [7, 9].

Braided gauge theory

Noncommutative deformation of gauge theories can be defined in different ways. One of the most
studied examples is that of ★-gauge theories [12, 13]. Let us again use the gauge group 𝐺 with
the corresponding hermitian Lie algebra generators 𝑇𝑎, 𝑎 = 1 . . . 𝑛, the invariant quadratic form
Trg and commutation relations

[
𝐴𝑎, 𝐴𝑏

]
= 𝑖 𝑓 𝑎𝑏𝑐𝑇𝑐 . Let the gauge field 𝐴 be a Lie algebra valued

one-form, 𝐴 = 𝐴𝑎
𝜇𝑇

𝑎d𝑥𝜇 1. An infinitesimal gauge transformation is defined as

𝛿★𝜌𝐴 = d𝜌 + 𝑖[𝜌 ★, 𝐴] = d𝜌 + 𝑖
(
𝜌 ★ 𝐴 − 𝐴 ★ 𝜌

)
with the undeformed Leibniz rule

4(𝛿★𝜌 ) = 𝛿★𝜌 ⊗ id + id ⊗ 𝛿★𝜌 .

However, it is easily checked that

[𝜌𝑎𝑇𝑎 ★, 𝐴𝑏𝑇𝑏] = 1
2
{𝜌𝑎 ★, 𝐴𝑏}[𝑇𝑎, 𝑇𝑏] + 1

2
[𝜌𝑎 ★, 𝐴𝑏]{𝑇𝑎, 𝑇𝑏}.

Therefore, in general these transformations do not close in the corresponding Lie algebra. To
circumvent this problem, one either works with the 𝑢(𝑛) algebra in its fundamental representation,
or enlarges the algebra to the universal enveloping algebra. Working with the universal enveloping
algebra results in infinitely many new degrees of freedom, and one might then use the Seiberg-
Witten map to express all of the new degrees of freedom in terms of the corresponding classical
(commutative) degrees of freedom [14].

1Note that we work with the matrix Lie algebra g.

5
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Let us now define a noncommutative gauge theory using the notion of a braided Lie algebra [15].
A short review of the twist formalism, 𝑅 matrix and the ★-products is presented in Appendix A.
For simplicity, we consider the example of braided Chern-Simons non-abelian gauge theory in 3𝐷.
The gauge field 𝐴 = 𝐴𝑎

𝜇𝑇
𝑎d𝑥𝜇 transforms as (𝜌 = 𝜌𝑎𝑇𝑎)

𝛿★𝜌𝐴 = d𝜌 + 𝑖[𝜌, 𝐴]★ = d𝜌 + 𝑖
(
𝜌 ★ 𝐴 − R𝑘 (𝐴) ★R𝑘 (𝜌)

)
. (7)

It is easily verified that the braided commutator closes in the Lie algebra

[𝜌1, 𝜌2]★ = 𝑖 𝑓 𝑎𝑏𝑐𝜌𝑏1 ★ 𝜌
𝑐
2𝑇

𝑎 .

Transformations (7) have the braided Leibniz rule

4F (𝛿★𝜌 ) = 𝛿★𝜌 ⊗ id + R𝑘 ⊗ 𝛿★R𝑘 (𝜌) ,
(8)

and close the braided algebra[
𝛿★𝜌1
, 𝛿★𝜌2

]★
◦ =𝛿★𝜌1

◦ 𝛿★𝜌2
− 𝛿★R𝑘 (𝜌2) ◦ 𝛿

★

R𝑘 (𝜌1)
= 𝛿★−𝑖 [𝜌1,𝜌2 ]★ .

Note that in this setting we can define left and right gauge transformations

𝛿★L
𝜌 𝐴 = d𝜌 + 𝑖[𝜌, 𝐴]★ and 𝛿★R

𝜌 𝐴 = d𝜌 − 𝑖[𝐴, 𝜌]★.

They are different. We will work only with left gauge transformations, analogous conclusions also
hold for the right gauge transformations, see [7] for more details.
The braided curvature of the gauge field 𝐴 is given by

𝐹★
𝐴 = d𝐴 − 𝑖1

2
[𝐴, 𝐴]★ =

(
d𝐴𝑎 + 1

2
𝑓 𝑎𝑏𝑐𝐴𝑏 ∧★ 𝐴

𝑐
)
𝑇𝑎 ,

and transforms covariantly
𝛿★𝜌𝐹

★
𝐴 = 𝑖[𝜌, 𝐹★

𝐴]★ .

The gauge invariant action is defined as

𝑆★(𝐴) =
1
2

∫
𝑀

Trg
(
𝐴 ∧★ d𝐴 − 𝑖

3
𝐴 ∧★ [𝐴, 𝐴]★

)
.

Unlike in the commutative case, the braided second Noether identity is not linear in field equations

d★𝐴𝐹
★
𝐴 = d𝐹★

𝐴 − 𝑖

2
[𝐴, 𝐹★

𝐴]★ − 𝑖

2
[𝐹★

𝐴, 𝐴]★ + 1
4 [R𝑘 (𝐴), [R𝑘 (𝐴), 𝐴]★]★ = 0.

There is an additional term on the right-hand side that depends only on the gauge field.

Braided 𝐿∞-algebra

Starting with a suitable classical 𝐿∞-algebra, L , a braided 𝐿∞-algebra, L ★, can be constructed us-
ing Drinfel’d twist deformation techniques as in [7]. More details on the Drinfel’d twist deformation
formalism can be found in [15] and [16].

6
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Following the prescription outlined in Appendix A, we set the first bracket ℓ★1 := ℓ1 and

ℓ★𝑛 (𝑎1, . . . , 𝑎𝑛) := ℓ𝑛 (𝑎1 ⊗★ · · · ⊗★ 𝑎𝑛) (9)

for 𝑛 ≥ 2, where 𝑎 ⊗★ 𝑎
′ := F −1(𝑎 ⊗ 𝑎′) = f̄𝑘 (𝑎) ⊗ f̄𝑘 (𝑎′) for 𝑎, 𝑎′ ∈ 𝑉 . These define multilinear

maps ℓ★𝑛 : 𝑉 ⊗𝑛 → 𝑉 which are braided graded antisymmetric:

ℓ★𝑛 (. . . , 𝑎, 𝑎′, . . . ) = −(−1) |𝑎 | |𝑎′ | ℓ★𝑛
(
. . . ,R𝑘 (𝑎′),R𝑘 (𝑎), . . .

)
.

The first and second homotopy relations are unchanged with respect to the corresponding classical
homotopy relations, that is, the braided 𝐿∞-algebra L ★ still has underlying cochain complex (𝑉, ℓ1)
and ℓ★2 is again a cochain map. The third homotopy relation is given by

ℓ★2
(
ℓ★2 (𝑎1, 𝑎2), 𝑎3

)
− (−1) |𝑎2 | |𝑎3 | ℓ★2

(
ℓ★2 (𝑎1,R𝑘 (𝑎3)),R𝑘 (𝑎2)

)
+ (−1) ( |𝑎2 |+ |𝑎3 |) |𝑎1 | ℓ★2

(
ℓ★2 (R𝑘 (𝑎2),R𝑙 (𝑎3)),R𝑙 R𝑘 (𝑎1)

)
= −ℓ★3

(
ℓ1(𝑎1), 𝑎2, 𝑎3

)
− (−1) |𝑎1 | ℓ★3

(
𝑎1, ℓ1(𝑎2), 𝑎3

)
− (−1) |𝑎1 |+ |𝑎2 | ℓ★3

(
𝑎1, 𝑎2, ℓ1(𝑎3)

)
− ℓ1

(
ℓ★3 (𝑎1, 𝑎2, 𝑎3)

)
.

(10)

We see that the non-trivial braiding now appears in this relation, which indicates that the braided
graded Jacobi identity for ℓ★2 is violated by the cochain homotopy ℓ★3 . Nontrivial braiding also
appears in the higher homotopy relations [7].
The graded symmetry of the cyclic pairing 〈−,−〉 implies that the twisted pairing 〈−,−〉★ is naturally
braided graded symmetric

〈𝑎1, 𝑎2〉★ = 〈f̄𝑘 (𝑎1), f̄𝑘 (𝑎2)〉 = (−1) |𝑎1 | |𝑎2 | 〈R𝑘 (𝑎2),R𝑘 (𝑎1)〉★ . (11)

However, for applications to field theory, we have to restrict to compatible Drinfel’d twists [7] that
result in a strictly graded symmetric pairing

〈𝑎1, 𝑎2〉★ = (−1) |𝑎1 | |𝑎2 | 〈𝑎2, 𝑎1〉★

for all homogeneous 𝑎1, 𝑎2 ∈ 𝑉 . In this case, L ★ becomes a strictly cyclic braided 𝐿∞-algebra.
Let L ★ = (𝑉, {ℓ★𝑛 }) be a 4-term braided 𝐿∞-algebra, obtained by twist deformation of an 𝐿∞-
algebra L = (𝑉, {ℓ𝑛}), which organizes the symmetries and dynamics of a classical field theory.
For a gauge parameter 𝜌 ∈ 𝑉0, we define the braided gauge variation of a field 𝐴 ∈ 𝑉1 by

𝛿★𝜌𝐴 = ℓ1(𝜌) + ℓ★2 (𝜌, 𝐴) − 1
2 ℓ

★
3 (𝜌, 𝐴, 𝐴) + · · · . (12)

Braided covariant dynamics are described by the equations of motion 𝐹★
𝐴
= 0

𝐹★
𝐴 = ℓ1(𝐴) − 1

2 ℓ
★
2 (𝐴, 𝐴) − 1

6 ℓ
★
3 (𝐴, 𝐴, 𝐴) + · · · (13)

that transform covariantly as

𝛿★𝜌𝐹
★
𝐴 = ℓ★2 (𝜌, 𝐹

★
𝐴) + 1

2
(
ℓ★3 (𝜌, 𝐹

★
𝐴, 𝐴) − ℓ

★
3 (𝜌, 𝐴, 𝐹

★
𝐴)
)
+ · · · , (14)

7
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for all gauge parameters 𝜌 ∈ 𝑉0.
For the field theories considered in this paper, the braided gauge transformations obey the off-shell
closure relation in terms of the braided commutator:[

𝛿★𝜌1
, 𝛿★𝜌2

]★
◦ := 𝛿★𝜌1

◦ 𝛿★𝜌2
− 𝛿★R𝑘 (𝜌2) ◦ 𝛿

★

R𝑘 (𝜌1)
= 𝛿★−ℓ★2 (𝜌1,𝜌2) . (15)

Corresponding to the braided gauge symmetry, a suitable combination of the braided homotopy
relations leads to an identity

d★𝐴𝐹
★
𝐴 := ℓ1(𝐹★

𝐴) + 1
2
(
ℓ★2 (𝐹

★
𝐴, 𝐴) − ℓ

★
2 (𝐴, 𝐹

★
𝐴)
)
+ 1

6 ℓ1
(
ℓ★3 (𝐴, 𝐴, 𝐴)

)
+ · · ·

+ 1
8
(
ℓ★2 (ℓ

★
2 (𝐴, 𝐴), 𝐴) − ℓ

★
2 (𝐴, ℓ

★
2 (𝐴, 𝐴))

)
+ 1

12
(
ℓ★2 (ℓ

★
3 (𝐴, 𝐴, 𝐴), 𝐴) − ℓ

★
2 (𝐴, ℓ

★
3 (𝐴, 𝐴, 𝐴))

)
+ · · · = 0 . (16)

We have already seen in the example of the braided Chern-Simons theory that, unlike the classical
Noether identity (6), the braided Noether identity (16) is no longer linear in the equations of motion
𝐹★
𝐴

and contains inhomogeneous terms involving brackets of the fields 𝐴 themselves. This is related
to the violations of the Bianchi identities in braided gauge theories [7]. In the classical limit 𝑠 = 0,
where R = 1 ⊗ 1, the braided Noether identity (16) reduces to the classical formula (6).
For a Lagrangian field theory, using the (strictly) cyclic inner product one can define an analogue
of the action functional for the braided field theory as

𝑆★(𝐴) := 1
2 〈𝐴, ℓ1(𝐴)〉★ − 1

6 〈𝐴, ℓ★2 (𝐴, 𝐴)〉★ − 1
24 〈𝐴, ℓ★3 (𝐴, 𝐴, 𝐴)〉★ + · · · , (17)

whose variational principle yields the braided equations of motion 𝐹★
𝐴
= 0. This action functional

is invariant under braided gauge transformations:

𝛿★𝜌𝑆★(𝐴) = 0 , (18)

for all 𝜌 ∈ 𝑉0 and 𝐴 ∈ 𝑉1. Note that the free fields of braided field theory are unchanged from
the classical field theory. Only the interaction vertices, corresponding to the higher brackets ℓ★𝑛 for
𝑛 ≥ 2, are modified by the braided noncommutative deformation.

4. Braided electrodynamics

In this section we first rewrite the classical electrodynamics as an 𝐿∞-algebra. More examples
of 𝐿∞-algebra description of classical gauge theories coupled to matter are discussed in [17].
Following the steps from Section 3 we formulate a noncommutative generalization and obtain a
braided 𝐿∞-algebra of noncommutative electrodynamics. For simplicity we will work with the
Moyal-Weyl deformation and do all calculations in the coordinate basis. For a more general result
we refer to [18].

𝐿∞-algebra of classical electrodynamics

The classical electrodynamics on the 4D Minkowski space-time is a 𝑈 (1) gauge theory with the
massive spinor field 𝜓, and the𝑈 (1) gauge field 𝐴𝜇. The infinitesimal𝑈 (1) gauge transformations
are

𝛿𝜌𝜓 = 𝑖𝜌𝜓, 𝛿𝜌𝜓̄ = −𝑖𝜓̄𝜌, 𝛿𝜌𝐴𝜇 =
1
𝑒
𝜕𝜇𝜌,

8
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with the infinitesimal gauge parameter 𝜌(𝑥). To write the 𝐿∞-algebra of classical electrodynamics
in a more compact way we define a master field A ∈ 𝑉1 and the corresponding equations of motion
𝐹A ∈ 𝑉2 as

A =
©­­«
𝜓̄

𝜓

𝐴𝜇

ª®®¬ , 𝐹A =
©­­«

𝐹𝜓̄

𝐹𝜓

(𝐹𝐴)𝜇

ª®®¬ . (19)

The corresponding brackets are then

ℓ1(𝜌) =
©­­«

0
0

1
𝑒
𝜕𝜇𝜌

ª®®¬ , ℓ1(A) =
©­­«

𝑖𝛾𝜇𝜕𝜇𝜓 − 𝑚𝜓
−𝑖𝛾𝜇𝜕𝜇𝜓̄ − 𝑚𝜓̄

−𝜕𝜇𝜕𝜈𝐴𝜈 + 𝜕𝜈𝜕𝜈𝐴𝜇

ª®®¬ ,
ℓ1(𝐹A) = 𝜕𝜇 (𝐹𝐴)𝜇, ℓ2(A, 𝐹A) = −𝑖𝑒(𝜓̄𝐹𝜓̄ − 𝐹𝜓𝜓), (20)

ℓ2(𝜌,A) =
©­­«
−𝑖𝜓̄𝜌
𝑖𝜌𝜓

0

ª®®¬ , ℓ2(A1,A2) = −𝑒
2
©­­«
𝛾𝜇𝐴1 𝜇𝜓2 + 𝛾𝜇𝐴2 𝜇𝜓1

𝜓̄1𝛾
𝜇𝐴2 𝜇 + 𝜓̄2𝛾

𝜇𝐴1 𝜇

𝜓̄1𝛾
𝜇𝜓2 + 𝜓̄2𝛾

𝜇𝜓1

ª®®¬ .
The cyclic pairing can be defined as

〈𝜌, dA𝐹A〉 =
∫

d4𝑥 𝜌 · dA𝐹A , (21)

〈A, 𝐹A〉 =
∫

d4𝑥
(
𝐴𝜇𝐹

𝜇

𝐴
+ 𝐹𝜓𝜓 + 𝜓̄𝐹𝜓̄

)
.

It is easy to verify that the brackets (20) and the pairing (21) reproduce the classical theory:

Gauge transformations:

𝛿𝜌A =
©­­«
𝛿𝜌𝜓̄

𝛿𝜌𝜓

𝛿𝜌𝐴𝜇

ª®®¬ = ℓ1(𝜌) + ℓ2(𝜌,A) =
©­­«
−i 𝜓̄ 𝜌
i 𝜌 𝜓
1
𝑒
𝜕𝜇𝜌

ª®®¬ ,
Equations of motion:

𝐹A =
©­­«

𝐹𝜓̄

𝐹𝜓

(𝐹𝐴)𝜇

ª®®¬ = ℓ1(A) − 1
2
ℓ2(A,A) =

©­­«
𝑖𝛾𝜇 (𝜕𝜇𝜓 − 𝑖𝐴𝜇𝜓) − 𝑚𝜓
−𝑖(𝜕𝜇𝜓̄ + 𝑖𝜓̄𝐴𝜇)𝛾𝜇 − 𝑚𝜓̄

−𝜕𝜇𝜕𝜈𝐴𝜈 + 𝜕𝜈𝜕𝜈𝐴𝜇 + 𝑒𝜓̄𝛾𝜇𝜓

ª®®¬ ,
Action:

𝑆 =
1
2
〈A, ℓ1(A)〉 − 1

3!
〈A, ℓ2(A,A)〉

=

∫
d4𝑥

(
− 1

4
𝐹𝜇𝜈𝐹𝜇𝜈 + 𝜓̄

(
𝑖𝛾𝜇 (𝜕𝜇𝜓 − 𝑖𝑒𝐴𝜇𝜓) − 𝑚𝜓

) )
II Noether identity:

dA𝐹A = ℓ1(𝐹A) − ℓ2(A, 𝐹A) = 𝜕𝜇 (𝐹𝐴)𝜇 + i𝑒 𝜓̄ 𝐹𝜓̄ − i𝑒 𝐹𝜓 𝜓 = 0 .

𝐿∞-algebra of braided electrodynamics

Following the steps described in the previous section, we now deform the classical 𝐿∞-algebra
of electrodynamics to the braided 𝐿∞-algebra. The corresponding field theory is the braided

9
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electrodynamics and it represents a noncommutative deformation of the classical theory. The
deformation is introduced by the Moyal-Weyl twist (A.1) and the corresponding★-product between
functions is given by

𝑓 ★ 𝑔 = · ◦
(
𝑒

𝑖
2 𝜃

𝜇𝜈𝜕𝜇⊗𝜕𝜈 𝑓 ⊗ 𝑔
)
= 𝑓 · 𝑔 + 𝑖

2
𝜃𝜇𝜈𝜕𝜇 𝑓 · 𝜕𝜈𝑔 + . . . , (22)

where · represents the usual multiplication.
The braided brackets are given by:

ℓ★1 (𝜌) =
©­­«

0
0

1
𝑒
𝜕𝜇𝜌

ª®®¬ , ℓ★2 (𝜌,A) =
©­­«
−𝑖R𝑘 (𝜓̄) ★R𝑘 (𝜌)

𝑖𝜌 ★ 𝜓

𝑖[𝜌, 𝐴]★ = 0

ª®®¬ , (23)

ℓ★1 (𝐹
★
A) = 𝜕𝜇 (𝐹★

𝐴)
𝜇, ℓ★2 (A, 𝐹

★
A) = −𝑖𝑒

(
𝜓̄ ★ 𝐹𝜓̄ − R𝑘 (𝐹𝜓) ★R𝑘 (𝜓)

)
,

ℓ★1 (A) =
©­­«

𝑖𝛾𝜇𝜕𝜇𝜓 − 𝑚𝜓
−𝑖𝜕𝜇𝜓̄𝛾𝜇 − 𝑚𝜓̄

−𝜕𝜇𝜕𝜈𝐴𝜈 + 𝜕𝜈𝜕𝜈𝐴𝜇

ª®®¬ , ℓ★2 (A1,A2) = −𝑒
2
©­­«
𝛾𝜇𝐴1 𝜇 ★𝜓2 + R𝑘𝛾

𝜇𝐴2 𝜇 ★R𝑘𝜓1

𝜓̄1 ★ 𝛾
𝜇𝐴2 𝜇 + R𝑘 𝜓̄2 ★ 𝛾

𝜇R𝑘𝐴1 𝜇

𝜓̄1𝛾
𝜇 ★𝜓2 + R 𝑗 𝜓̄2𝛾

𝜇 ★R 𝑗𝜓1

ª®®¬ ,
The braided electrodynamics is defined with:

Gauge transformations:

𝛿★𝜌A =
©­­«
𝛿★𝜌 𝜓̄

𝛿★𝜌𝜓

𝛿★𝜌𝐴𝜇

ª®®¬ = ℓ★1 (𝜌) + ℓ★2 (𝜌,A) =
©­­«
−i R𝑘 (𝜓̄) ★R𝑘 (𝜌)

i 𝜌 ★ 𝜓
1
𝑒
𝜕𝜇𝜌

ª®®¬ , (24)

Equations of motion:

𝐹★
A =

©­­«
𝐹★

𝜓̄

𝐹★
𝜓

(𝐹★
𝐴
)𝜇

ª®®¬ = ℓ★1 (A) − 1
2
ℓ★2 (A,A) =

©­­«
𝑖𝛾𝜇 (𝜕𝜇𝜓 − 𝑖𝑒(𝐴𝜇 ★𝜓 + R𝑘𝐴𝜇 ★R𝑘𝜓)) − 𝑚𝜓
−𝑖(𝜕𝜇𝜓̄ + 𝑖𝑒(𝜓̄𝐴𝜇 + R𝑘 𝜓̄ ★R𝑘𝐴𝜇))𝛾𝜇 − 𝑚𝜓̄

−𝜕𝜇𝜕𝜈𝐴𝜈 + 𝜕𝜈𝜕𝜈𝐴𝜇 + 𝑒
2
(
𝜓̄ ★ 𝛾𝜈𝜓 + R𝑘 𝜓̄ ★ 𝛾

𝜈R𝑘𝜓
) ª®®¬ ,

(25)

Action:

𝑆★ =
1
2
〈A, ℓ★1 (A)〉 − 1

3!
〈A, ℓ★2 (A,A)〉

=

∫
d4𝑥

(
− 1

4
𝐹𝜇𝜈 ★ 𝐹𝜇𝜈 + 𝜓̄ ★

(
𝑖𝛾𝜇 (𝜕𝜇𝜓 − 𝑖𝑒𝐴𝜇 ★𝜓 − 𝑖𝑒R𝑘𝐴𝜇 ★R𝑘𝜓) − 𝑚𝜓

) )
(26)

II Noether identity:

dA𝐹
★
A = ℓ★1 (𝐹

★
A) − ℓ★2 (A, 𝐹

★
A) = 𝜕𝜇 (𝐹★

𝐴)
𝜇 + 𝑒

2
𝜕𝜇

(
𝜓̄𝛾𝜇 ★𝜓 + R𝑘 (𝜓̄)𝛾𝜇 ★R𝑘 (𝜓)

)
= 0 . (27)

The second Noether identity, combined with the equations of motion can be used to derive the
conserved charge of the braided𝑈 (1) gauge theory. Setting 𝐹★

𝐴
= 0 in (27) leads to

𝑒

2
𝜕𝜇

(
𝜓̄𝛾𝜇 ★𝜓 + R𝑘 (𝜓̄)𝛾𝜇 ★R𝑘 (𝜓)

)
= 0,

that is the matter current is conserved. The corresponding conserved charge is then given by

𝑄★ =
𝑒

2

∫
𝐵

d3®𝑥
(
𝜓† ★𝜓 + R𝑘 (𝜓†) ★R𝑘 (𝜓)

)
. (28)
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Although the Moyal–Weyl ★-product is compatible with the cyclic inner product (11)∫
d4𝑥 R𝑘 ( 𝑓 ) ★R𝑘 (𝑔) =

∫
d4𝑥 𝑓 ★ 𝑔 ,

this cannot be applied to the integration in (28) which is only taken over the three-dimensional
spatial volume 𝐵. Hence the second term in (28) has a non-trivial contribution to the conserved
charge, and 𝑄★ generally differs from the electromagnetic charge not only in the classical theory
but also in the ★-deformed electrodynamics. Only when the time component of the twist vanishes,
that is 𝜃0𝑖 = 0, do we recover the usual electromagnetic charge.

A first look at quantization

The usual starting point for quantization of a field theory is the classical action. In the case of
braided electrodynamics, we can start from (26) and split it into three pieces

𝑆★ =

∫
d4𝑥

{
− 1

4
𝐹𝜇𝜈 ★ 𝐹𝜇𝜈 + 𝜓̄ ★ 𝑖𝛾𝜇𝜕𝜇𝜓 + 𝑒

2

(
𝜓̄ ★ 𝐴𝜇𝛾

𝜇 ★𝜓 + 𝜓̄ ★R𝑘 (𝐴𝜇)𝛾𝜇 ★R𝑘 (𝜓)
}

=

∫
d4𝑥

{
L𝐴 + L𝜓 + Lint

}
. (29)

Since the action (29) is invariant under the braided𝑈 (1) gauge symmetry, we have to perform gauge
fixing before the quantization. The ghost field that appears in this process completely decouples
from the gauge field 𝐴 due to the abelian nature of the braided 𝑈 (1) symmetry. The full action is
then given by

𝑆★ =

∫
d4𝑥

{
L𝐴 + L𝜓 + Lint + Lghost

}
, (30)

with Lghost = −𝑐 ★ 𝜕𝜇𝜕𝜇𝑐. The corresponding vertex is given in Figure 1.

Figure 1: Photon-fermion vertex in braided electrodynamics.

The notation 𝑎 × 𝑏 = 𝑎𝜇𝑏𝜈𝜃
𝜇𝜈 is used. As expected, the propagators do not change compared with

the undeformed case, while the vertex has a nontrivial contribution due to the noncommutative
deformation. In the ★-deformed electrodynamics the noncommutative correction to the photon-
fermion vertex consists only of the phase factor; in the braided electrodynamics, due to the presence
of the R matrix in the action (29), the phases combine to the cosine factor. Note that unlike in the
★-deformed electrodynamics, here there are no three and four photon vertices and no photon-ghost
vertex.
As an illustration, let us calculate the photon self-energy at one loop order. The only contribution
comes from the fermion bubble in Figure 2.

11
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Figure 2: Photon self-energy.

The corresponding amplitude is

𝑖Π
𝜇𝜈

2 (𝑞) = (−1) (−𝑖𝑒)2
∫

d4𝑘

(2𝜋)4 Tr(𝛾𝜇 𝑖

/𝑘 − 𝑚𝛾
𝜈 𝑖

/𝑘 + /𝑞 − 𝑚
) cos2 ( 𝑘 × 𝑞

2
).

After a straightforward calculation2 following the appendix B, we obtain

𝑖Π
𝜇𝜈

2 (𝑞) = − 𝑖𝑒2

(2𝜋2)

∫ 1

0
d𝑥

(
4𝜋𝜇2

Δ

) 𝜖
2

(𝜂𝜇𝜈𝑞2 − 𝑞𝜇𝑞𝜈)𝑥(1 − 𝑥)Γ( 𝜖
2
)

− 𝑖𝑒2

(2𝜋2)

∫ 1

0
d𝑥

(
4𝜋𝜇2

Δ

) 𝜖
2

(31){
(𝜂𝜇𝜈𝑞2 − 𝑞𝜇𝑞𝜈)𝑥(1 − 𝑥)

( ( |𝜃 |√Δ
2

) 𝜖
2 𝐾 𝜖

2
( |𝜃 |

√
Δ) − 1

2
Γ( 𝜖

2
)
)

−Δ𝜃
𝜇𝜃𝜈

𝜃2

(
(1 − 𝐷

2
)
( |𝜃 |√Δ

2
)1−𝐷

2 𝐾1−𝐷
2
( |𝜃 |

√
Δ) −

( |𝜃 |√Δ
2

) 𝜖
2 𝐾 𝜖

2
( |𝜃 |

√
Δ)

)}
.

Here we introduced 𝜃𝜇 = 𝜃𝜇𝜈𝑞𝜈 , |𝜃 | =
√︃
−𝜃𝜇𝜃𝜇 and Δ = 𝑚2 − 𝑥(1 − 𝑥)𝑞2. The parameter 𝜇 has

mass dimension 1 and is introduced for dimensional reasons.
The first line of (31) is the usual commutative result. Expanding Γ( 𝜖2 ) as Γ( 𝜖2 ) ≈

2
𝜖
− 𝛾 + O(𝜖) and(

4𝜋𝜇2

Δ

) 𝜖
2

≈ 1 + 𝜖
2

ln
4𝜋𝜇2

Δ

we find the usual divergence in the commutative contribution

𝑖Π
𝜇𝜈

2 (𝑞)
���
𝜃=0

≈ − 𝑖𝑒2

(2𝜋2)
(𝜂𝜇𝜈𝑞2−𝑞𝜇𝑞𝜈)

( 1
3𝜖

− 𝛾
6
+
∫ 1

0
d𝑥 𝑥(1−𝑥) ln

4𝜋𝜇2

𝑚2 − 𝑞2𝑥(1 − 𝑥)
+O(𝜖)

)
. (32)

The noncommutative part of the result (31) is convergent [19]. However, in the limit |𝜃 | → 0
(𝜃𝜇𝜈 = 0 or 𝑞 → 0) it becomes UV divergent [19]. We conclude that in this way we recover
the UV/IR mixing, despite the facts that there are no nonplanar diagrams. This unexpected result
simply reflects our current lack of understanding of the proper quantization of field theories with
braided symmetry, which is currently under development [18]. Some examples [10, 11] suggest
that a proper quantization of braided (gauge) field theories results in the absence of non-planar
diagrams and at the same time the absence of UV/IR mixing.

2We use dimensional regularization and set 𝐷 = 4 − 𝜖 .
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Analyzing further the noncommutative contribution (31) we find that it does not spoil the transver-
sality of the photon. The second line of (31) is obviously transversal. To see that the third line is
also transversal we multiply it with 𝑞𝜇 and find

𝑞𝜇
𝜃𝜇𝜃𝜈

𝜃2

(
. . .

)
= 𝑞𝜇

𝜃𝜇𝜆𝑞𝜆𝜃
𝜈𝜎𝑞𝜎

𝜃2

(
. . .

)
= 0

since 𝜃𝜇𝜆𝑞𝜆𝑞𝜇 = 0 due to the antisymmetry of 𝜃𝜇𝜆.
As a comparison, we mention that in the★-deformed electrodynamics there are three more diagrams
contributing to the Π

𝜇𝜈

2 (𝑞): the photon bubble, the photon tadpole and the ghost bubble (ghosts
do not decouple from the photon due to the nonabelian nature of the★-deformed electrodynamics).
These three diagrams give non-trivial corrections to the commutative result, while the fermion
bubble gives no noncommutative corrections. The UV/IR mixing is present [19, 20].

5. Outlook

In this paper we applied the recently developed formalism of braided 𝐿∞-algebras to construct a
noncommutative deformation of the classical electrodynamics. The obtained theory, the braided
electrodynamics is invariant under the braided 𝑈 (1) gauge symmetry, which is still abelian. As a
consequence, there are no three and four photon interaction vertices in the action 𝑆★ (26). Therefore,
the only interaction vertex is the fermion-photon vertex. This is different compared to the ★-gauge
deformation of the classical electrodynamics which is nonabelian and as a consequence the three
and four photon interaction vertices appear.

We calculated the Feynman integrals which appear in the one-loop contribution to the vacuum
polarization. Although there are no non-planar diagrams contributions, we find the UV/IR mixing.
This unexpected result is consistent with claims about equivalence of various combinations of
(non)commutative field theories and (un)braided statistics made in [11].

The correct quantization of theories with braided symmetries should be implemented with braided
homotopy algebraic techniques, and will be addressed in [18]. The results of [10, 11] suggest that
there is no UV/IR mixing, at least in the scalar field theories which do not possess gauge symmetries.
The results reported in this preliminary investigation suggest that there are still many new physical
features to be uncovered in braided quantum field theory.

A. Drinfel’d twist deformation

In this appendix we briefly introduce the basics of Drinfel’d deformation and the notation we use
on the example of the Moyal-Weyl deformation. More details can be found in [15, 16].
In the Drinfel’d twist formalism, a deformation is introduced by twist F ∈ 𝑈v ⊗ 𝑈v

F = 𝑒−
𝑖
2 𝜃

𝜇𝜈𝜕𝜇⊗𝜕𝜈 , (A.1)
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where 𝜃𝜇𝜈 is a constant antisymmetric matrix and its entries are considered to be small deformation
parameters3. Note that 𝜕𝜇 belong to the Lie algebra of vector fields v := Γ(𝑇𝑀) on a manifold
𝑀 . The corresponding enveloping algebra is 𝑈v. We use the following notation: F = fk ⊗ fk,
F −1 = f̄𝑘 ⊗ f̄𝑘 .
The invertible R-matrix R ∈ 𝑈v ⊗ 𝑈v encodes the braiding (deformation, noncommutativity) and
it is induced by the twist as

R = F21 F −1 =: R𝑘 ⊗ R𝑘 , (A.3)

where F21 = 𝜏(F ) = f𝑘 ⊗ f𝑘 is the twist with its legs swapped. It is easy to see that the R-matrix is
triangular, that is

R21 = R−1 = R𝑘 ⊗ R𝑘 . (A.4)

The twist (A.1) deforms the algebra of functions 𝐶∞(𝑀) to 𝐶∞(𝑀)★

𝑓 ★ 𝑔 = f̄𝑘 ( 𝑓 ) · f̄𝑘 (𝑔) = R𝑘 𝑔 ★R𝑘 𝑓 (A.5)

= 𝑓 · 𝑔 + 𝑖

2
𝜃𝜇𝜈𝜕𝜇 𝑓 · 𝜕𝜈𝑔 + . . . .

The exterior algebra of differential forms Ω♯ (𝑀) is deformed in a similar way to Ω♯ (𝑀)★ with

𝜔1 ∧★ 𝜔2 = f̄𝑘 (𝜔1) ∧ f̄𝑘 (𝜔2) = (−1)𝑑1𝑑2R𝑘 𝜔2 ∧★ R𝑘 𝜔1, (A.6)

d(𝜔1 ∧★ 𝜔2) = d𝜔1 ∧★ 𝜔2 + (−1)𝑑1 𝜔1 ∧★ d𝜔2 .

The exterior derivative d is undeformed and the degrees of forms 𝜔1, 𝜔2 we label with 𝑑1, 𝑑2

respectively.

B. Modified Bessel functions of the second kind

The differential equation
d2𝑢

d𝑧2
+ 1
𝑧

d𝑢
d𝑧

− (1 + 𝜈
2

𝑧2
)𝑢 = 0 (B.7)

has a solution
𝑢 = 𝐶1𝐼𝜈 (𝑧) + 𝐶2𝐾𝜈 (𝑧) (B.8)

where 𝐼𝜈 (𝑧) and 𝐾𝜈 (𝑧) are modified Bessel functions of the first and the second kind [21].
If 𝑛 + 1 is a natural number, then 𝐾𝑛 (𝑧) has the following series expansion

𝐾𝑛 (𝑧) =
1
2

𝑛−1∑︁
𝑘=0

(−1)𝑘 (𝑛 − 𝑘 − 1)!
𝑘!

(
𝑧
2
)𝑛−2𝑘

+(−1)𝑛+1
∞∑︁
𝑘=0

(
𝑧
2
)𝑛+2𝑘

𝑘!(𝑛 + 𝑘)!

(
log

𝑧

2
− 1

2
𝜓(𝑘 + 1) − 1

2
𝜓(𝑛 + 𝑘 + 1)

)
, (B.9)

3To be more precise, the twist (A.1) should be written as

𝑒−
𝑖
2𝑘̄ 𝜃

𝜇𝜈𝜕𝜇⊗𝜕𝜈 (A.2)

with the small deformation parameter𝑘 and arbitrary constant antisymmetric matrix elements 𝜃𝜇𝜈 . In the usual notation
𝑘 is absorbed in the matrix elements 𝜃𝜇𝜈 and these are called deformation parameters.
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where 𝜓(𝑘) is the Euler psi function

𝜓(𝑘) = −1
𝑘
− 𝛾 −

∞∑︁
𝑙=1

( 1
𝑥 + 𝑙 −

1
𝑙

)
and 𝛾 is the Euler constant.

lim
𝑧→0

𝑧𝜈𝐾𝜈 (𝑧) = 2𝜈−1Γ(𝜈). (B.10)

It was shown in [19] that

∫
d𝐷 𝑙E

𝑒𝑖𝑙E 𝜃

(𝑙2E + Δ)𝛼
=

(−1)𝛼2𝜋 𝐷
2

Δ𝛼−𝐷
2 Γ(𝛼)

( |𝜃 |
√
Δ

2
)𝛼−𝐷

2 𝐾𝛼−𝐷
2
( |𝜃 |

√
Δ), (B.11)∫

d𝐷 𝑙E
𝑙
𝜇
E 𝑙

𝜈
E 𝑒𝑖𝑙E 𝜃

(𝑙2E + Δ)𝛼
=

(−1)𝛼𝜋 𝐷
2

Δ𝛼−1−𝐷
2 Γ(𝛼)

[
( |𝜃 |

√
Δ

2
)𝛼−1−𝐷

2 𝐾𝛼−1−𝐷
2
( |𝜃 |

√
Δ)𝜂𝜇𝜈 (B.12)

+ 𝜃
𝜇𝜃𝜈

𝜃2

(
(2𝛼 − 2 − 𝐷) ( |𝜃 |

√
Δ

2
)𝛼−1−𝐷

2 𝐾𝛼−1−𝐷
2
( |𝜃 |

√
Δ) − 2( |𝜃 |

√
Δ

2
)𝛼−𝐷

2 𝐾𝛼−𝐷
2
( |𝜃 |

√
Δ)

)]
.

The integration is done in the Euclidean momentum space and 𝜃𝜇 = 𝜃𝜇𝜈𝑞𝜈 , |𝜃 | =
√︃
−𝜃𝜇𝜃𝜇.
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