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1. Introduction
In the first lecture, I first introduce the general life cycle of stars and the origin of compact
objects, followed by the history of neutron stars (NSs) discovery and their general macroscopic
features, together with the survey the latest astrophysical observation techniques.
The second lecture is devoted to exploration of the NS Equation of State (EoS) which is still
unknown and is a subject of extensive research. Among the variety of theoretical and empirical
models of the EoS currently in the literature, I describe in more detail the Quark-Meson-Coupling
(QMC) model, an effective relativistic mean-field model in which the forces between individual
2
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baryons are self-consistently mediated by exchange of virtual mesons between the valence quarks
in the baryons.
The neutron star merger (BNSM) and the related gravitational waves (GW) are the subject of
the final, third lecture. This topic is currently most actively explored, using novel frameworks of
multi-messenger techniques. Advantages and disadvantages of this trend will be discussed.
These lectures are based on my recent paper [1] where interested reader may find more details
of the material presented here.

In this lecture we discuss the history of NSs discovery, their general macroscopic features
together with the survey the latest astrophysical observation techniques.
2.1 Life cycle of stars and the origin of compact objects

Figure 1: Evolution of the observable part of our Universe from the Big Bang (left) to the present (right).
Taken from Wikimedia Commons, the free media repository.

The history of evolution of our Universe, as we understand it at present, is illustrated in Fig. 1.
The current hypothesis is that first stars developed from stellar clouds and their life cycle is governed
by their gravitational mass. Over 90% of stars in our Galaxy are of low or medium mass below 8
M (main-sequence stars).
Stars with mass lower than the Chandrasekhar limit of 1.4 M evolve through the sequence
illustrated in the top row of Fig. 2:
− Hydrogen (H) fusing into helium (He) and and the star expands to a red giant;
− Helium fusing to carbon (C) and oxygen (O) in the core by the triple alpha process;
3
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− If the temperature is too low to fuse carbon, C and O accumulate in the core and the outer
envelope sheds off to form planetary nebula, returning the light elements back to interstellar
medium and a white dwarf is born.
White dwarfs are supported against gravitational collapse by electron degeneracy pressure may have
a different composition in dependence on their mass and temperature, such as (CO), (ONeMg),
(ONe), (He) and different fate. For example, if a CO white dwarf mass exceeds 1.4 M it may
expode as type 1a supernova (carbon detonation).
Stars heavier than about 1.4 M proceed beyond the white dwarf stage and the gravitational
collapse continues until the nuclear density is reached and the nucleon degeneracy pressure starts to
hold the collapse. At this stage nuclear reactions are proceeding with cross sections enhanced by the
star increasing temperature. High-energy gamma-rays cause the endothermic photodisintegration
of nuclei into alpha particles, which decreases the kinetic energy of the electrons in the core, further
lowers the pressure and speeds up the collapse. The rate of electron capture on protons is enhanced
with increasing density and temperature, leading to neutronization of the matter and to production
of neutrinos. The decrease of the electron fraction contributes to further lowering of the pressure.
Neutrinos escape from the star core as their mean free path is much larger than the initial radius
of the core. They remove energy from the core and deplete the number of all leptons thus further
decreasing the core pressure.
When the collapse reaches the stage that nuclei start to touch, the core matter is transformed
into a nearly degenerate, highly incompressible Fermi gas of nucleons. At some density above the
saturation density (∼ 0.16 fm− 3) the core rebounces, forming a shock wave of material to the outer
4
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Figure 2: Evolution of stars in dependence of their gravitational mass. The figure has been adopted by
courtesy of Andrew Steiner.
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Table 1: Examples of supernova remnants observed in the Milky way and some nearby Galaxies. The
constellations in which they appear, apparent magnitude, distance in light years, host galaxies and the
associated pulsars (when observed) are given. Spectroscopic classification is explained in Fig. 3. Type IIb is
transitional between Type II (i.e. with H lines) to Type Ib (i.e., dominated by He lines). Ipec and IIpec stand for
peculiar, meaning that these supernovae may have different progenitors than red giants and are still under study.
For definition of apparent magnitude see https://en.wikipedia.org/wiki/Apparent_magnitude.

Type

Constellation

App. Mag.

Dist.(lY).

Host Galaxy

Pulsar

Vela 11000

II

Vela

+12.0

815±98

NGC 2736+

PSR J0835

SN 1054 (Crab)

II

Taurus

-6

6,500

Milky Way

PSR B0531+21

SN CasA 1680

IIb

Cassiopeia

+5

11,000

Milky Way

CXOU
J232327.8+584842

SN 1885A

Ipec

Andromeda

+7

2,500,000

M31

−

SN 1987A

IIpec

Dorado

+2.9

160,000

Lar.Mag.Cloud

See Ref. [3]

SN 2008D

Ibc

Lynx

88,000,000

NGC 2770

−

space in a core-collapse supernova (CCSN - Type II) event. If the core mass is less than about 20
M , it forms a proto-neutron star (middle row in Fig. 2), otherwise the core collapse continues,
eventually becoming a black hole (bottom row in Fig. 2) Some examples of the most studied CCSN

Figure 3: Supernova classification tree. Adopted from https://astronomy.swin.edu.au/cosmos/S/
Supernova+Classification.

events are listed in Table 1. Analysis of electromagnetic signals, mostly radio and X-rays, reveal
information about dynamics and chemical composition of the remnants. In particular, the latter is
employed to learn about the status of the progenitor stars and to classify the remnants as illustrated
in Fig. 3. An interesting example of supernova observation is shown in Fig. 4, the only time when
a supernova event was detected in action by Soderberg et al. [2].
5
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2.2 Discovery of neutron stars
Although supernova remnants have been observed for a long time, the origin of neutrons stars
as a consequence of a supernova event was identified much later. Baade (1898-1974) and Zwicky
(1893-1960) coined a special class of novae (new stars) with extraordinary brightness super-novae
for the first time in Proc. Nat. Astr. Soc. Communicated in March 19, 1934 (announced 15-16
December 1933). Based on analysis of data on the remnant of SN 1885A, they suggested generation
of a compact object in the process. In their publication [4] they identified this object with a NS with
the comment We are fully aware that our suggestion carries with it grave implications regarding
the ordinary views about the constitution of stars and therefore will require further careful studies.
In the 1930’s, a NS was envisaged as an object made of about 1057 uniformly distributed neutrons
within a sphere with radius of about 10 km and mass 1.5 M . It is remarkable that the current notion
of the complex interior of a NS (see Fig. 5) is not very far from these early estimates. However,
direct observation of NSs has been difficult. They do not have a source of energy after formation
and use only energy inherited from the CCSN process. In addition, they have a small surface, their
initial cooling is rapid within (fraction of) seconds and their optical luminosity is low.
A new era in exploration of compact objects started with the discovery of pulsars in 1967 by
Jocelyn Bell Brunell and Anthony Hewish as a source of pulsed radio emission from outside of the
solar system (PSR J1921+2153 in the constellation of Velpecula ’The fox’) and later identification
of pulsars with highly magnetized NSs. Much later pulsars were recognized as sources of powering
the nebulae formed in CCSN events, with the Crab pulsar, discovered in 1968, being the first.
With fast development of observational techniques, electromagnetic signals from pulsars were
found across a wide range of wavelengths. For example, the emission from the Crab nebula was
originally observed in X-ray and visible light spectra (see Fig. 6) but more recently high-energy
6
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Figure 4: Image of the SN 2008D from the NASA Swift X-ray telescope. Top: galaxy NGC 2770 with SNR
2007uy before SN 2008D. Bottom: The same but after SN 2008D. Left (right) panels show X-ray (visible
light) images.
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gamma rays were also detected [5], making it the first known source of ultra-high-energy cosmic
rays.
The origin of pulsed emission of radiation has been usually ascribed to fast rotation of a
highly magnetized object with the uniform dipole magnetic field. The tilt between the rotation
and magnetic axes makes the pulsar behave as the cosmic lighthouse with the beam of radiation
sweeping around the space (see Fig. 7). It is assumed that the rotating magnetic star induces a
strong electric quadrupole field in its surroundings. This field pulls charges from the star surface
forming a dense plasma, the magnetosphere, which is forced by the magnetic field to co-rotate with
the star. The magnetosphere can extend only to a distance where the co-rotating velocity reaches
the speed of light. This distance defines the light cylinder which separates the magnetic field lines
into closed and open. The plasma inside the cylinder remains trapped but the plasma on the open
field lines can leave the magnetosphere and create a beam of particles, or electromagnetic waves,
at a distance tens to hundred km above the pulsar surface [6]. If the beam sweeps over the Earth, it
is perceived as being pulsed.
Observations show that the pulsar periods is increasing, i.e. the rotation is slowing down.
Investigation of isolated pulsars (not in a binary) suggests that the mechanism of this change in
rotation period is far from understood. The measure of changes of the rotation period, the braking
7
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Figure 5: Cartoon of interior structure of a cold neutron star. Courtesy of Dany Page, taken from researchgate.net.
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index, is not in agreement with a simple magnetic dipole radiation [9]. It is likely affected by a
more complicated structure of the pulsar magnetic field [10]. This research is still in progress.
2.3 Properties of NSs from observation
Observation of NSs provides two vital pieces of data, the gravitation mass and radius. As discussed later, these two quantities are not independent. The reason is that the Tolman-OppenheimerVolkoff (TOV) equation, which constraints the mass and radius of a spherically symmetric body of
isotropic material using general relativity (GR) and governs the NS physics, provides the gravitational mass of the body only as a function of its radius (see Sect. 3.1). While several reliable methods
have been developed for measurement of gravitational mass of NSs, independent determination of
both quantities on one object was reported only very recently (see below), with a rather large error
on the radius [11]. It is important to note that NS mass can be measured only in binary systems in
which at least one component is a pulsar ( but only 5-10% of known pulsars are in binaries).
In any binary system, there exist five orbital parameters (Keplerian parameters), which can
be precisely measured. The eccentricity of the orbit, the orbital period, the projection of the
8
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Figure 6: A composite image of the Crab nebula. The X-ray image (blue) and the optical image (red) are
superimpost. The pulsar is the red star in the center. Adopted from Chandra-crab.jpg, taken from Wikimedia
Commons, the free media repository. The size of the X-ray image is smaller because the higher energy X-ray
emitting electrons radiate away their energy more quickly than the lower energy optically emitting electrons
as they move. Source: https://hubblesite.org/contents/media/images/2002/24/1248-Image.
html. Authors:Optical: NASA/HST/ASU/J, Hester et al. X-Ray: NASA/CXC/ASU/J, Hester et al.
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pulsar’s semi-major axis on the line of sight and the time and longitude of the periastron. These
parameters can be related to the masses of the NS and its companion through a mass function f
[12]. Deviations from the Keplerian orbit due to GR effects are parametrized in terms of one or
more post-Keplerian parameters. The most significant ones include the advance of the periastron of
the orbit, the combined effect of variations in the transverse Doppler shift and gravitational redshift
around an elliptical orbit, the orbital decay due to the emission of quadrupole gravitational radiation,
and the range and shape parameters that characterize the Shapiro time delay of the pulsar signal
as it propagates through the gravitational field of its companion. The post-Keplerian parameters
can be written in terms of measured quantities and the masses of the star and its companion [13].
Measurement of any two of these post-Keplerian parameters together with the mass function f is
sufficient to determine uniquely the masses of the two components of the system [12].
The first binary system discovered was the Hulse-Taylor PSR B1913+16 pulsar, P=59 ms,
whose periodic changes in radio pulse frequency led to discovery of an unknown NS companion.
The mass of the pulsar, Mg = 1.4414±0.0002 M (M being the solar mass) is the most precisely
known NS mass to date, leading to adoption of this mass as ‘canonical’. However, both lighter and
heavier NS were observed later, such as, for example,
− PSR J0737-3039 the first double pulsar (A,B); P = 2.77s (B) Mg = 1.249±0.001 M
(Lyne et al. 2004, [14]);
− PSR J1903+0327 NS on an eccentric orbit around MS star; P = 59 ms Mg =1.667±0.021 M
(Freire et al. 2011 [15]);
9
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Figure 7: Schematic mechanism of a pulsar. Adopted from Refs. [6–8].
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− PSR J1614-2230 NS+WD P = 3.15 ms Mg = 1.97±0.04 M (Demorest et al. 2010 [16]),
1.928 ± 0.017 M (Fonseca et al. 2016 [17]), 1.908 ± 0.016 M (Arzoumanian et al. 2018
[18]);
− PSR J0348+0432 NS+WD P = 39 ms Mg = 2.03±0.03 M (Antoniadis et al. 2013 [19]);
− PSR J0740+6620 NS+WD P=2.89 ms Mg = 2.14±0.10 M (Cromartie et al. 2019 [20]),
Mg = 2.08±0.07 M (Fonseca et al. 2021 [21]).

Table 2: Selected methods and results of measuring NS radii. For mor details see text.

Authors

Method

Radius

Steiner et al. 2013 [22]

X-ray

10.4 - 12.9 km

Ozel and Freire 2016 [23]

X-ray

10 – 11.5 km

Annala et al. 2018 [24]

GW

13.6 km

Abbott et al. 2018 [25]

GW

11.9 ± 1.4 km

Burgio et al. 2019 [26]

GW+elmg

11.8 – 13.1 km (for 1.5 M )

Capano et al. 2020 [27]

GW

10.4 - 11.9 km

Al-Mamun et al. 2021 [28]

GW+elmg

9.8 – 13.95 km

With the advent of GW generated in merger of compact objects, several methods of extracting
NS radius have been developed (see more detail in Section 4.2). The detected pre-merger GW
signal (no post-merger data exist yet) is analysed assuming properties of the objects, namely their
gravitational masses and their EoSs, thus making the procedure model dependent. The main idea has
been to use constraints on the tidal effects of the coalescing objects, and translate them to constraints
on their radii. The usual assumption is that the mass of the cold, non-rotating objects is around
1.4 M (either equal or unequal) and their EoS, as well as description of dynamics merger process
vary [24, 25]. Multi-messenger approaches to inference of NS radii include the electromagnetic
counterparts, the kilonova AT2017gfo signal [26] and also the gamma-ray burst [27] to the analysis.
Ultimately, data from observation of quiescent low-mass X-ray binaries (QLMXBs), photospheric
radius expansion X-ray bursting sources, and X-ray timing observations of PSR J0030+0451 were
reported to have been included in the simulation. Illustrative example of such analysis has been
10
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We refer the reader to a very useful up-to-date list of pulsar masses and their relation to testing
GR at https://www3.mpifr-bonn.mpg.de/staff/pfreire/NS_masses.html.
Determination of NS radii is complicated by our limited knowledge distance, atmosphere, disk
area, medium composition between the star and the observer and some estimate of the NS mass
(usually taken as 1.4 M ).
One of the most frequent source of data for NS radii are low mass X-ray binaries. The X-rays
are produced by matter falling from one component, (normal star), to the other component, a neutron
star or a black hole. When the in-falling material reaches the surface of the NS and the ignition
temperature is high enough, an X-ray burst appears, which forms raw data for estimation the NS
radius.
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reported in a recent paper [28] and is illustrated in Fig. 8. The limit on the radius of the 1.4 M
NS is shown in Fig. 8. Miller et al. [11] obtained, for the first time, the equatorial circumferential

radius of PSR J0740+6620 (heaviest pulsar known at present) with the known mass using NICER
and XMM-Newton Data (see below) to be 13.7+2.6
km with 68% credibility. A combination of this
−1.5
result with a previous NICER mass and radius measurement of PSR J0030+0451, the masses of
two other ∼ 2 M , and the tidal deformability constraints from two GW events was used in a three
different frameworks of the EoS modelling. The results were consistent in a density range from
1.5 to 5 times nuclear saturation density and yielded full radii 12.45±0.65 km for a 1.4 M NS
and 12.35±0.75 km for a 2.08 M neutron star. It is broadly compatible with many other results
using similar methods (some referenced in the caption of Fig. 8), although it indicates preference
for larger radii as indicated with the blue dashed rectangle. It is obvious that the field is not there
yet and it may be that a precision of more than a few percent is needed to make impact on theory of
NS.
11
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Figure 8: Radius of a NS with a fixed gravitational mass 1.4 M as extracted from data on GW170817
alone, combined GW170817 and GW190425 events, and GW data in combination with electromagnetic
data from NICER, quiescent low mass X-ray binaries (QLMXB), and photo-spheric radius expansion X-ray
burst source (PRE) observations. The figure has been adopted from Ref. [1] (under the Creative Commons
Attribution License) where the references to individual models and other details can be found. The models
are labeled by numbers: (1) [25], (2) [24], (3) [29], (4) [30], (5,15) [31], (6,7,13,14) [28], (8) [32], (9) [33],
(10) [27], (11) [34], (12) [35], (16) [36], (17) [37], (18) [38, 39], (19,20) [40]. The results of individual
models are presented with the 90% credibility level except for models 6,7,13 and 14 quoting 95% credibility.
The dashed blue box shows the constraint on the radius reported by [11].
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Despite a lot of effort in this field, the currently extracted radii using different (combination
of) methods, including GW, span a rather wide range from about 10 to 14 km. Examples of some
results are given in Table 2.
2.4 Observational techniques
At the end of this lecture we wish to make a note about space observatories which are currently
used to study properties of compact objects (see Fig. 9):
− XMM Newton (X-ray Multi-Mirror Mission-Space telescope) was launched by European
Space Agency in 1999 and is still in orbit. It studied for the first time the influence of the
gravitational field of a pulsar on the light it emits. It is sensitive to X-rays from compact
objects atmospheres and mapped the growth of ∼ 12,000 supermassive black holes in the
cores of galaxies and galaxy clusters;
− NuSTAR (Nuclear Spectroscopic Telescope Array), launched by NASA in 2012, has deployed
the first orbiting telescopes to focus light in the high energy X-ray (3-79 keV). It consists of
two co-aligned grazing incidence telescopes with specially coated optics and newly developed
X-ray detectors;
− Chandra X-ray observatory, named by Subrahmanyan Chandrasekhar, launched by NASA in
1999 as being about 100 times more sensitive to X-rays than any previous X-ray telescope,
due to the high angular resolution of its mirrors. Chandra is an Earth satellite in a 64-hour
orbit, and its mission is ongoing as of 2022. It is NASA flagship mission of X-ray astronomy.
12
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Figure 9: X-ray telescopes and the electromagnetic spectrum sensitivity of XMM Newton, NuSTAR and
Chandra. Courtesy of NASA.
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It provided the first light image of the remnant SN CasA, showed the never-before-seen ring
around the central pulsar in the Crab nebula and the first data on X-ray emission from the
supermassive hole in the center of the Milky Way, among other valuable data, such as the
first observation of an exoplanet outside the Milky Way.

3. Lecture II: Neutron star interior and the Equation of State
The second lecture is devoted to exploration of the NS EoS, which is still unknown and Is
a subject of extensive research. Among the variety of theoretical and empirical models of the
EoS currently in the literature, we describe in more detail the Quark-Meson-Coupling (QMC)
Model, an effective relativistic mean-field model in which the forces between individual baryons
are self-consistently mediated by exchange of virtual mesons between the valence quarks in the
baryons.
We start with the ‘big’ picture, the QCD diagram of high density matter in a 3D space of
temperature and chemical potentials: baryon µ B =3/2(µu + µ d ) and isospin µ I =1/2(µu − µ d ) with
u and d stand for up and down quarks, respectively. The somewhat unusual representation of the
diagram is useful because it includes the location of NS (blue area), supernovae and NS mergers
13
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The two most recent X-ray telescopes, NICER (Neutron Star Interior Composition Explorer)
and IXPE (Imaging X-ray Polarization Explorer) represent a significant improvement in technology,
promising data never accessible before.
NICER was launched by NASA in 2017 and placed at the International Space Station. The
novelty of NICER is that it provides simultaneous fast timing and spectroscopy data with a high
signal to noise ratio within 0.2-12 keV X-ray band (has 56 X-ray concentrator optics and silicon
drift detector pairs). Timing-based techniques rely on the presence of surface inhomogeneities
(hot spots, see https://www.sciencedaily.com/releases/2018/04/180404093938.htm)
and [41]), leading to photon emission that varies periodically as the star rotates [42].
IXPE is designed to study X-ray production in NS and pulsar wind nebulae, as well as stellar
and supermassive black holes. It is different from all the other X-ray telescopes that it detects
polarization of the X-rays, i.e. the angle of rotation of a plane of polarized light which complements
the data already available. The energy range of sensitivity is 2-8 keV. It was launched in December
2021 by NASA and first data are expected to operate for about 2 years.
Finally we mention the two most famous telescopes which are sensitive to low-energy electromagnetic signals, the Hubble and James Webb space telescope (JWST). The Hubble observes in the
near ultraviolet, visible, and near infrared (wavelength 0.1–1.0 µm) range, and JWST is sensitive
to light with wavelength 0.6–28.3 µm (orange to mid-infrared). The objective of these telescopes
is to look as far as possible in space towards the early Universe. JWST will detect objects up to
100 times fainter than Hubble, and objects back to redshift z≈20 (about 180 million years cosmic
time after the Big Bang). For comparison, the earliest stars are thought to have formed between
z≈30 and z≈20 (100-180 million years cosmic time) and the first galaxies may have formed around
redshift z≈15 (about 270 million years cosmic time). Hubble has not been able to see further back
than the very early reionization at z≈11.1 (Galaxy GN-z11, 400 million years cosmic time) (see
https://en.wikipedia.org/wiki/James_Webb_Space_Telescope and refs. therein).
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(red area), as well as the region accessible to heavy-ion collisions (grey lines), as illustrated in
Fig. 10. The diagram also marks the area of pion condensates, the hadron-quark phase transition
and different phases of quark matter.

Extracting the expected composition of high density matter in NS from the general diagram,
i.e. for low T and high µ B , we find a wealth of species possibly present in NS cores, as demonstrated
in Fig. 11. Addressing all the features shown in this picture it goes beyond the scope of this lecture.
We concentrate only on the fermion hadronic sector of the core, leaving the quark matter and it
phases and the boson condensates for another occasion.
3.1 The Equation of State
The key property of high-density matter with uniform baryon number density ρ is the EoS, the
relation between pressure P, total energy density ε, and temperature T. In analogy with the ideal
gas, we write
!
X E
P = ε( ρ, T )
ε( ρ, T ) =
( ρ, T ) ρ
µ B = (P + ε)/ρ
(1)
A
f
f
where E/A stands for energy per particle of a fraction f in the matter. There are two key points to
make:
− The EoS is dependent on composition of the matter (summing over f );
− The energy per particle E/A of each component and its density and temperature dependence
must be determined by nuclear and particle models.
14
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Figure 10: QCD diagram of high density matter. Taken from the NuPECC Long Range Plan 2017 ‘Perspectives for Nuclear Physics’ https://www.esf.org/fileadmin/user_upload/esf/Nupecc-LRP2017.
pdf. For more explanation see also Refs. [43, 44].
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The EoS rules the macroscopic properties of NS. It forms input to the general relativistic
Tolman-Oppenheimer-Volkoff (TOV) equation for hydrostatic equilibrium of a spherical object
with isotropic mass distribution. The equation yields gravitational mass of the object as a function
of its radius. The TOV equation reads
dP
GM (r)ε (1 + P/εc2 )(1 + 4πr 3 P/M (r)c2 )
=−
dr
r2
1 − 2GM (r)/rc2
Z r
M (r) =
4πr 02 ε(r 02 )dr 02,

(2)

0

with P and ε are input at each particle number density ρ (note that P = ρ(∂ε/∂ ρ) − ε where ∂ε/∂ ρ
is the chemical potential µ). The result is illustrated in Fig. 12, showing the relation between the
EoS and the output from the TOV equation. Each point on the M(R) curve corresponds to one NS
model with a given P and ε in the EoS. Models on the left from the maximum mass are not stable
(for explanation see [46]).
There are two difficulties with the TOV solutions. First, the solution does not provide mass and
radius of a NS separately which is a fundamental problem. As discussed on Section 2, obtaining
both mass and radius of the same object has been achieved only very recently on one star with a large
uncertainty. The NICER mission has been designed to avoid this problem but it still faces the second
issue, the dependence on the EoS. There are many variants of microscopic and phenomenological
models of hadronic matter in the literature with various levels of complexity. In addition, a choice
of components of hadronic matter in different model vary from nucleon-only to the full baryon
octet and baryon resonances (p, n, Λ, Σ, Ξ, ∆), and mesons (pions, kaons, delta and H-dibaryon
condensates). A selection of mass radius curves, calculated using different EoS of NS with the
simplest cores containing only nucleons and lepton (electrons and muons) is shown in Fig. 13. With
the particle composition fixed, the various shapes reflect only the differences in nuclear models.
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Figure 11: Cold neutron star interior as modelled by Weber et al. [45].
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Figure 13: Selection of M-R curves of cold NSs containing only n, p, e and µ in the core. Adopted from
Ref. [47].

3.2 Nuclear physics input to the EoS
The main problem of all models in nuclear physics is that fundamental properties of the forces,
acting between baryons in free space and their modification by nuclear medium are unknown. The
latter is usually referred to as the nuclear many-body problem which is most challenging for all
computational techniques in use today. We will outline only a few major classes of models of high
density matter, based on different principles and, not surprisingly, yielding different results. The
16
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Figure 12: Correspondence between the solution of the TOV equation and the EoS. For more explanation
see text.
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focus will be on the way these models predict the energy per particle E/A of individual components
as a function of baryon number density, to obtain the total energy density of the system which is
then processed to determine NS properties.
3.2.1 Macroscopic phenomenological models

B( A, Z ) = avol A + asurf A2/3 + aC Z 2 A−1/3 + asym (N − Z ) 2 A−1

(3)

E/A ≡ B( A, Z )/A = avol + asurf A−1/3 + aC Z 2 A−4/3 + asym (N − Z ) 2 A−2,

(4)

where avol , asurf , aC and asym are coefficients of the volume, surface, Coulomb and symmetry
terms. These coefficient are determined by fitting the binding energy to experimental nuclear
masses, M ( A, Z ) = (Zm(1 H) + N mn − B( A, Z ))/c2 .
The mass number independence of the volume term in Eq. 4 led to introducing the concept
of infinite nuclear matter (INM) ([49, 50] and refs. therein), a hypothetical medium made up of
infinite number of uniformly distributed protons and neutrons, with a given proton/neutron ratio,
and no Coulomb force. INM has only two properties that can be calculated, the binding energy per
particle and the particle number density.
The binding energy per particle of INM with N = Z, the symmetric nuclear matter (SNM),
E0 /A, is given by the coefficient av in Eq. 4 because all the other terms tend to zero for A → ∞
and N = Z. To calculate the particle number density of the SNM ρ0 , an assumption has to be made
concerning nuclear radius. The standard expression for the mass number dependence of nuclear
radius R = r 0 A1/3 is used with the constant r 0 must be determined for experiment (more discussion
can be found in [1].
The constancy of the E0 /A and ρ0 in SNM has a fundamental meaning. The constant density
implies that there must be a balance between attractive and repulsive components of the nuclear force
which are equilibrated at that density - the saturation density. The number of surrounding nucleons
for each nucleon at saturation density must the same, independent of its position in space. Assuming
the nuclear force is of a short range, comparable with the inter-nucleon distance, each nucleon will
interact only with a few nucleons around it, resulting, on average, in the same contribution to the
total binding energy per particle, i.e. the saturation energy. The current most frequently adopted
values of ρ0 and E0 /A are 0.16 fm−3 and -16 MeV, respectively. These values are fundamental
calibration points for most of the low energy nuclear structure models.
Interest in calculation of nuclear masses led to development of the SMF to a series of liquid
drop models, which included more realistic features of atomic nuclei, such as arbitrary shapes,
surface diffuseness and shell corrections (see e.g. [51] and refs. therein). These models are purely
phenomenological and do not require knowledge of the nuclear force. A microscopic part in a
form of a schematic nuclear potential [52] was added later, to construct a microscopic-macroscopic
model, extensively used in calculation of nuclear masses at present.
17
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The most successful phenomenological model of the nucleus is based on the more than 80 years
old semi-empirical mass formula (SMF), developed in 1935 by von Weizsacker [48] and elaborated
in 1936 by Bethe and Bacher [49]. The nucleus was modelled as a spherical drop of incompressible
liquid. The binding energy of a nucleus with A=N+Z nucleons and the binding energy per particle
E/A is expressed as
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3.2.2 Microscopic “realistic” models based on free-space NN interactions
The main idea of these models is to extract nucleon-nucleon (NN) potentials from scattering
experiments in free space and to include the medium effect by mathematical techniques into
calculation of the total energy density (and derived quantities) of a system. The potentials typically
depend on 10-40 parameters perfectly fitted data on NN-scattering phase shifts and properties of the
deuteron. For example, soft-core Reid, non-relativistic family of Argonne and relativistic families
of Nijmegen and Bonn potentials have been frequently used.
There are two problems with this method. First, the bare NN interactions are not density
dependent and are not additive in many-body systems as, for example, the Coulomb interaction.
Second, all the potentials are phase-shift equivalent i.e. various forms of the NN interaction are
fitted to the same data set; it follows that it is not possible to single out the one which is closest to
reality.
Many methods have been developed to reproduce properties of the SNM, such as Brueckner–Hartree–Fock (BHF), Dirac–Brueckner–Hartree–Fock (DBHF), variational chain summation,
Vlowk , Fermi hypernetted chain/single-operator chain, Quantum Monte Carlo and auxiliary-field
diffusion Monte Carlo (AFDMC) formalism, as well other methods, including limitation of high
momentum components in the scattering amplitudes and renormalization schemes (see e.g. [59]
for a review). We show in Fig. 14 predictions for density dependence of E/A by 20 realistic NN
potentials (for details see [60] and refs. therein). The black curves represent potentials which
provide too strong binding on the BHF level. Including three-body forces (TBF) (Paris, V14, and
V18; red curves) adds considerable repulsion and yields results less repulsive than the DBHF ones
with the Bonn potentials (green curves). It is obvious the reproducing the saturation properties of
SNM is quite a challenge for these types of models.
Another system modelled with realistic potentials is PNM. Such system does not exit in nature
but all theories suggest that PNM is not bound, i.e. E/A is always positive. There has been a lively
activity in this field, exploring sub-saturation region of particle number density up to about 3 × ρ0
[61–64]. The uncertainty in the density dependence of E/A in PNM is illustrated in Figs. 15 and
18
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To study other bulk nuclear properties in nuclei and nuclear matter, different strategies for
parameterizations of the energy per particle were used, based on Taylor expansion around the SNM
values. In addition, other forms of nuclear matter were introduced, the asymmetric matter with N,Z
(ANM) and pure neutron matter (PNM) with Z=0. The symmetry energy S, being approximately
equal to the difference between E/A in SNM and PNM at ρ0 , its first derivative (slope) L and the
second derivative K (incompressibility) were defined.
There has been a consolidated effort to find experimental and theoretical constraints for the
S, L and K parameters and their density dependence without a general consensus being reached.
Analysis of relevant experiments is model dependent in most cases, and the data themselves often
suffer from large uncertainties (see e.g. [53–56]). The value of S is reasonably well constrained
between about 28 - 34 MeV, but the current (model dependent) limit on the range of L at ρ0 remains
between about 30 - 100 MeV, and its density dependence is not constrained. The incompressibility
K ranges between low values, around 220 - 240 MeV in non-relativistic models, mainly based on
experiments with giant resonances and Skyrme-type models), and above ∼ 260 MeV in relativistic
models of high density matter [57, 58].
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16. In Fig. 15 the E/A is obtained using the AV80 NN interaction alone (lower symbols and line)
and with the UIX 3N force. In Fig. 16 the top and bottom lines are the same as in Fig. 15 but using
various models for the 3N (three-neutron) force, computed for different values of the symmetry
energy (note that Esym in the figure is S in our notation). The band around each value of Esym
shows the effect of different spatial and spin structures of the 3N interaction. Note that the spread
in values of E/A at about 3 ρ0 between the models is more than a factor of two, although at about
ρ0 is very small. Again, selection of a preferred model is not possible.
3.2.3 Chiral effective field theory
A popular tool providing interactions for modeling high density matter up to about twice nuclear
saturation density is the chiral effective field theory χEFT, proposed in 1990’s by Weinberg [65, 66].
The χEFT model has been formulated in terms of nucleons, their excitations, and pions, instead
of quarks and gluons e.g.[67]. It provides a systematic low momentum expansion of long- and
19
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Figure 14: Density dependence of the energy per particle E/A in SNM as predicted by realistic models.
Adopted from Ref. [60]. The red arrow marks the SNM saturation point.
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Figure 16: The same as Fig. 15 but for various 3N forces computed for different values of the nuclear
symmetry energy (Esym ≡ S). For each value of Esym the corresponding band shows the effect of different
spatial and spin structures of the 3N interaction. The inset shows the linear correlation between Esym and its
density derivative, the slope, L. Taken from Ref. [63].

medium-range forces between nucleons and pions, consistent with the spontaneously broken QCD
chiral symmetry. The short-range forces are parameterized by contact terms (solid symbols in the
diagrams in Fig. 17) constrained by parity, time-reversal and the usual conservation laws, but not
by chiral symmetry. These terms have to be fitted to experiment. The χEFT expansions have
to be regulated by a cut-off parameters, eliminating high momentum components, which must
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Figure 15: Density dependence of the energy per particle E/A in PNM, obtained using the Argonne AV80
NN interaction alone (lower symbols and line) and with the UIX 3N force. Taken from Ref. [63].
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be determined by comparison with data. The χEFT provides a systematic hierarchy of nuclear
interactions by including the three-body and higher order forces naturally on the same footing. This
is a positive aspect of the χEFT theory which, however, remains phenomenological and does not
offer a unique solution to the many-body problem.
There has been an increasing number of applications of NN forces derived from χEFT (for
reviews see [68–70]). We illustrate in Fig. 17 a schematic diagram of the hierarchy of chiral nuclear
forces up to N4LO (next-to-next-to-next-to-next-leading order). Not all the diagrams have been
worked out yet and some questions regarding convergence of the series are still being investigated.

Illustration of performance of χEFT interactions to predict binding energies per particle of
selected light oxygen, calcium and nickel even-even nuclei is shown Fig. 18. Chiral EMN potentials
[72] at NLO, N2LO and N3LO orders, with the three-body interaction at N2LO and N3LO level,
fitted to saturation properties of SNM and the binding energy of the triton, have been used [73]. We
observe that on the whole the nuclei are over-bound at the NLO level and converge to under-binding
with the increasing orders. The final total binding energy still differs from experiment by several
tens of MeV. The radii (not shown here) are systematically too large.
Typical EoS of PNM and SNM calculated with EMN chiral potentials are shown in the right
panel (b) of Fig. 18 [74] (right). Although the error bands are reduced in N3LO as compared to
N2LO, they diverge significantly above the saturation density. The main challenge is to extend
these models to higher densities relevant to interior of neutron stars which is currently outside their
capability.
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Figure 17: Chiral expansion of the nuclear forces. Solid and dashed lines are for nucleons and pions, respectively. Solid dots, filled circles, rectangles, diamonds and open rectangles illustrate vertices of dimension ∆i
= 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively. Taken from Ref. [71] where more details are given.
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3.2.4 Mean-field models with density-dependent effective NN interactions
Another approach to computation of properties of nuclear matter is to parameterize the density
dependence of the effective NN force directly. This approach is less fundamental but has a number
of advantages. The calculation is simpler, offering a better insight into properties of the force.
It offers a satisfactory description of binding energies, radii and level densities not only of stable
nuclei but also far from stability and superdeformed nuclei. The main disadvantage however, is
the necessity of introducing about 10-15 correlated parameters. These parameters are not well
constrained and, in principle, allow construction of an infinite number of a funcional form of the
force.
3.2.4.1 Non-relativistic Skyrme model We demonstrate the problem using one of the mostpopular non-relativistic density dependent forces, the Skyrme force [75–77]. The full Hamiltonian,
applicable for nuclear matter and finite nuclei reads [78]
H = T + H0 + H3 + He f f + H f in + Hso + Hsg,

(5)

where individual terms stand for the kinetic energy, the zero range (H0 ), three-body equivalent
density dependent term (H3 ) and the effective mass part (He f f ). These terms are not dependent on
derivatives of density (left column of the expressions below) and are used to calculate properties
of nuclear matter. The last three terms are needed for modelling of finite nuclei (right hand expressions) are a finite range term (H f in ), the spin-orbit term (Hso ) and a term due to the tensor coupling
with spin and gradient (Hsg ) . We included the Coulomb and pairing terms in the Hsg for brevity.
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Figure 18: Ground state binding energy per particle of oxygen, calcium and nickel closed-(sub)shell eveneven nuclei calculated with EMN potentials at the N3LO order and cutoffs Λ= 420, 450, and 500 MeV
indicated by the brown, orange, and green-solid lines and circles, respectively. Experimental data are shown
as short horizontal black bars. The results for the N2LO (NLO) order are marked with a dashed (dotted) line.
The figure was taken from Ref. [73].
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The symbols in red, t0 , t1 ,t2 ,t3 and x0 ,x1 ,x2 ,x3 are adjustable parameters. Dutra et al. [54]
collected 240 sets of the Skyrme force parameters of the nuclear matter part of the Hamiltonian
(left column), reported in the literature in 2012 and tested their performance in predicting an
extensive set experimental constraints on a variety of nuclear matter and neutron star properties.
They discovered that only 5 set satisfied all the constraints. It was not possible to justify success of
these 5 on a physical basis. These sets had nothing in common and were fitted to data in different
model frameworks.
3.2.4.2 Relativistic mean-field models Relativistic mean-field models (RMF) have been widely
used as they have of several important features not always present in nonrelativistic models. Intrinsic
Lorentz covariance, spin-orbit interaction, saturation mechanism in nuclear matter and causality
23
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Figure 19: Energy per particle E/A as a function of particle number density n calculated in N2LO (left
panel) and N3LO (right panels). The shaded areas represent theoretical uncertainties. The rectangles indicate
ranges of the empirical values of the saturation density and energy of SNM. The vertical dotted line is drawn
at ρ0 =0.16 fm−3 . The figure was adapted from Ref. [74]. The ranges of the symmetry energy S ≡Esym and
its slope L are displayed in the bottom panels. For more details see the original reference.
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are automatically included (for a recent review see [79]). RMF models are based on the notion that
baryons interact by exchange of σ, ω, ρ and δ mesons. The most general Lagrangian density for
hadronic matter in the RMF most frequently used variant, non-linear Walecka model, reads [79]

3.2.4.3 Quark-Meson-Coupling Model The Quark-Meson-Coupling model was developed by
Guichon and collaborators [80–83] as a special class of relativistic mean field models. The
fundamental difference between the traditional RMF and the QMC models is that in the QMC
model the forces between individual baryons are self-consistently mediated by exchange of virtual
σ, ω and ρ meson fields between the valence quarks in the baryons (see Fig. 20). The effect of
the medium surrounding the baryons in dense matter, such as in NS cores and nuclei, modifies
dynamics of the valence quarks in the individual baryons. In other words, in the nuclear medium
the quark-meson couplings acquire an effective density dependence which is determined by the
response of the quark structure of the baryons to the meson fields.
The total energy of a classical system of baryons, modeled as non-overlapping bags coupled
to meson fields σ, ω and ρ is expressed as [83]
X q
i
~i )) + gω
~i ) + gρ ~Ii . B(
~ R
~i ) + Eσ + Eω,ρ,
EQMC =
Pi2 + Mi2 (σ( R
ω( R
(6)
i=1,...

~i and P~i being the position and momentum of a baryon i and ~I is the isospin matrix. Eσ
with R
~ stands here for the
and Eω,ρ are static meson fields energies. Following the notation of Ref. [83], B
isovector ρ field to avoid a confusion with the baryon number density ρ [83].
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where L nm stands for the kinetic part of the nucleons plus interactions between them and the σ, ω, ρ
and δ mesons. The Li represent the free and self-interacting terms of the σ, ω, ρ and δ mesons.
The last term, Lσωρ , accounts for cross interactions between the meson fields. Looking at the
general Lagrangian L N L , the L nm depends only on four coupling constants g, but the other terms
bring in another seven parameters, making the total of eleven, of the same order as the Skyrme
model. In addition, there are many variants of RMF models in the literature. Dutra et al. [55] in
2014 examined 263 variants of the model and confronted them with two sets of bulk nuclear matter
properties, one more and one less restrictive. As a result, only 4 models satisfying the constraints
were identified.

Neutron stars: The journey from birth to death.

Jirina R Stone

The dynamical mass of a bag, representing a baryon i (short for b(i)) immersed in a constant
scalar field is obtained by solving the bag equations to be
Mi (σ) = Mi − wσi gσ N σ +

d
w̃σi (gσ N σ) 2 .
2

(7)

The quark-meson couplings are related to the nucleon couplings to σ, ω and ρ mesons in free space
as
Z
q
q
q
gσ N = 3gσ
d~r q̄q(~r )
gω N = 3gω
gρN = gρ ,
(8)
Bag

where q is the valence quark wave function for a free bag.
The effective coupling constants G σ , Gω , and G ρ are introduced for convenience
Gσ =

2
gσ
N
2
mσ

Gω =

2
gω
N
2
mω

Gρ =

2
gρN

mρ2

,

(9)

using the free σ, ω and ρ meson masses.
The coefficient d in the third term in Equation 7 is known as the “scalar polarizability” and is a
fundamental feature of QMC. It is a natural consequence of the quark structure of the nucleon and
is sufficient to lead to nuclear saturation. The scalar polarizability is related to the radius of the bag
RB as [83]
d = 0.0044 + 0.211RB − 0.0357R2B .
(10)
.
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Figure 20: Cartoon of the mechanism of interaction in the QMC model. Shown is the distribution of valence
quarks and gluon tubes as predicted by Lattice QCD (see http://www.physics.adelaide.edu.au/
theory/staff/leinweber/VisualQCD/Nobel/index.html) (top). The figure has been adapted from
Ref. [83]. Traditional image of interaction between baryons without considering their internal structure
(bottom).
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The weights wσi and w̃σi control the flavor dependence of the effective mass and in a naive first
approximation they are equal to 1+s(i)/3 (s being strangeness), since the σ meson is taken to couple
only to the non-strange light quarks. This simple relation is however broken by the difference in bag
radii of the hyperons as well as the hyperfine color interaction. The exact values are also dependent
on the bag radii and the experimental masses of the nucleon, ∆, and Λ, Σ and Ξ hyperons. RB is
constrained by the nucleon radius in free space and the weights summarized in Table 2 [83] (see
also the Appendix in the Ref. [84]).
The meson fields are time independent and can be eliminated through the equations of motion
(11)

Equation 6 is then quantized by replacement
~ i.
P~i → −i ∇

(12)

The heavy σ, ω and ρ mesons account for the exchange of correlated pions, but single pion
exchange must be added separately, however this does not involve any additional parameters. The
full Hamiltonian reads (for details see [83])
HQMC = Hσ + Hω + Hρ + Hso + Hπ .

(13)

For practical use, we use expansion of the mean field σ assuming that the field operator σ can be
written as
σ = hσi + δσ,
(14)
where the C-number hσi ≡ σ̄ denotes the ground state expectation value and the fluctuation δσ
is considered as a small quantity (the term C number is a nomenclature used by Paul Dirac which
refers to real and complex numbers. It is used to distinguish from operators [q-numbers or quantum
numbers] in quantum mechanics). Using this expansion, the σ part of the Hamiltonian becomes
hHQMC i and the full Hamiltonian reads [83]
hHQMC i = hHσ i + hHω i + hHρ i + hHso i + hHπ i.

(15)

This Hamiltonian significantly simplifies in infinite nuclear matter, a medium with uniform density
ρ without surface and spin-orbit effects. All gradient terms vanish and hHQMC i reduces to hH N M i.
The ground state of the system is specified by a set of Fermi levels and the σ exchange part of the
expression for the total energy density is calculated in the Hartree-Fock approximation [84]. The
ω and ρ exchange can be calculated exactly as they are purely 2-body. Finally the long-range pion
exchange is added and we write
hHσ i hVω i hVρ i hVπ i
+
+
+
.
V
V
V
V
The energy per particle is then calculated as
ε=

E( ρ, δ)/A =

26

ε
( ρ, δ).
ρ

(16)

(17)
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δEQMC
δEQMC
δEQMC
=
=
= 0.
δσ(~r )
δω(~r )
δBα (~r )
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4. Lecture III: Heavy ion collisions and binary neutron stars mergers
In this last lecture we address the relation between dense matter in NS and HIC and discuss the
impact of the multimessenger era on understanding of the NN interaction in nuclear medium, the
many-body problem.
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There are three variable parameters in the QMC model which need to be fitted to experimental
data, the coupling constants G σ , Gω and G σ . There are some other parameters in the QMC
model which are not varied. The bag radius RB is fixed to be 1 fm, while the σ meson mass,
mσ , which is not well determined experimentally, is chosen to be 700 MeV. We also set the σ
meson self-interaction parameter, λ 3 , to zero in nuclear matter. The self-interaction appears to be
important in the non-relativistic extension of QMC for finite nuclei [85, 86] but its effect in nuclear
matter is still a subject of investigation and will be reported in future work. The ω and ρ meson
masses and the isoscalar and isovector nucleon magnetic moments, which appear in the spin-orbit
interaction in finite nuclei [81, 83] are taken at their physical values. The role of all the parameters
is well determined and constrained. If a serious discrepancy between the QMC model prediction
and some new observational and/or experimental data would occur, physics missing in the model
would have to be sought, instead of further variation of existing parameters which would disturb
internal consistency of the model.
The relativistic QMC model has been used for the first time for NS in 2007 [77] and predicted
a heavy cold NS with Mg ∼ 1.97 M with a hyperonic core, three years before it was observed
[16]. Recently, the model was extended to model NS at finite temperature, QMC-A [87] and
formulated for use in modeling proto-neutron stars (PNSs), core-collapse supernovae (CCSN),
and, potentially, remnants of binary neutron star mergers (BNSM) https://compose.obspm.
fr/eos/205,https://compose.obspm.fr/eos/206). Non-relativistic extension of the QMC
model was successfully used for detailed modeling of even-even finite nuclei [85, 86, 88] and
superheavy isotopes [89].
There are some variants of the QMC model of dense matter in compact objects, using simplified
expressions for the bag representing the nucleon, the effective mass of the nucleon and the treatment
of meson fields (see e.g.. [90–99] and refs. therein). The authors of these QMC versions allow some
flexibility in their parameters not permitted in the fully self-consistent Saclay-Adelaide formulation
described here.
The unique concept of the QMC model has several important consequences. As shown in
Ref. [80], the model offers a natural explanation for the saturation of the nuclear force. Even more
importantly, the model automatically includes many-body forces in nuclear medium and there is no
need to change the number of parameters when the baryonic composition of the matter changes,
for example, when hyperons appear in dense matter. In other words, matter consisting only of
nucleons and matter containing the full baryon octet (nucleons and hyperons) is described by the
same set of parameters. All the hyperon-nucleon and hyperon-hyperon couplings are fixed by the
quark structure and calculated within the model. We emphasize that exchange (Fock) terms are
always included in the calculations and single-particle potentials of the constituents are calculated
within the model. This is in contrast with RMF models where the Fock terms are often omitted and
the single-particle potentials form a part of input data.
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4.1 Heavy ion collisions

Figure 21: Zero-temperature EOS for symmetric nuclear matter as calculated in HIC transport models. The
shaded region corresponds to the region of pressures consistent with the experimental flow data. The various
curves and lines show predictions for different symmetric matter EOSs discussed in Ref. [100] from where
the figure was adopted.

These results were revisited in 2017 (Stone, Danielewicz and Iwata [101] ) who explored Ca
and Sn collisions at the beam energy below 800 MeV/nucleon and concluded that the highest total
particle number densities are of the order of 2.5 ρ0 , only weakly dependent on initial conditions,
far lower than suggested in the original work. The maximum proton-neutron asymmetry δ was
found ∼ 0.17 in all investigated systems and at all beam energies, scarcely above that in the
colliding nuclei. This study was extended including Pb collisions as a representation of the heaviest
system accesible in HIC experiments. The latest results revealed that (i) there is no increase in the
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Starting with heavy ion collisions (HIC), there are several facilities performing experiments in
the range of beam energy per nucleon between about 35 MeV to 5 TeV, at GSI, MSU, Texas A&M,
RHIC and LHC and two more are being built, FAIR in GSI and NICA in Dubna. Amongst many
objectives of these complex machines, properties of dense matter at the moment of a collision of
heavy projectile and target (e.g. Au,Sn,Ca) are studied through detection of the reaction products.
HIC with a low and medium beam energy (below about 10 GeV/nucleon) have been long seen
as the only terrestrial experiments which could provide constraints upon the EoS of dense matter.
In particular, density dependence of the symmetry energy and the incompressibility at saturation
density are reflected in the elliptic and transverse flows, in dependence of the projectile and target
nuclide combinations and the incident beam energy. Danielewicz et al. [100] constructed the EoS
of cold SNM and PNM in the range of baryon number density up to 4.6 ρ0 , using the BoltzmannUhlenbeck-Uehling (BUU) transport model. The EoS was consistent with experimental data on the
particle flow and in the range predicted some other models (see Fig. 21).
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Table 3: Physical properties of matter in HIC at beam energies considered in [100] and in the interior of a
cold NS. No phase transitions to quark matter are included. Taken from Ref. [1].

Property
Time scale
Interactions

HIC
10−24 s
strong

Gravity
Strangeness
Nucleons
Hyperons
Pions/Kaons
Leptons
p/n ratio

no
conserved
yes
no
yes
no
∼1

NS
10−13 s
strong
weak
yes
not conserved in weak
yes
yes
condensate possible
yes
∼0.1

Considering CCSN matter, it is closer to matter in HIC in one respect. The proton-neutron
ratio is close to one half at the birth of the PNS. However, leptons, not present in the HIC, play an
essential role in CCSN physics. Also, the existence (or not) of equilibrium in HIC, which would
allow estimation of the temperature reached in the collision and its comparison with temperatures
expected in CCSN events is still a subject of debate. Finally, light NS with mass around 1.4 M ,
have central density comparable with that reached in HIC. But the proton-neutron asymmetry in
both systems is far from comparable.
Therefore we conclude that the HIC EoS is not applicable as a constraint for the NS EoS.
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highest particle number density achieved in the collision above 2.5 to 3 ρ0 , and (ii) that there is
a significant contribution of the Coulomb interaction to both the maximum total density and the
isospin asymmetry at that density, which reduces the nuclear interaction induced asymmetry to
below ∼ 0.18 [102]. These new findings suggest that there is a serious doubt out about applicability
of the HIC EoS to NS where the density in the core of heavy stars is believed to reach about 6 ρ0
or more and the proton-neutron asymmetry is around 0.1.
However the main problem with seeking to use HIC data at low and medium beam energies to
constrain the NS and CCSN EoS is that the EoS of any system is dependent on its composition. We
compare the physical nature of matter created in the HIC and existing in cold NS cores in Table 3.
The main difference stems from the duration of the collision and of the formation of a NS. The
time-scale of HIC is that of the strong interaction, ∼10−24 s. It follows that only products of the
strong interaction can appear, nucleons in ground and excited states and free pions, possibly kaons.
NS star develops since its birth on time scales allowing not only the strong, but most importantly,
weak interactions to act, which fundamentally changes the high-density matter make-up in NS
cores. The time scale of weak interaction in free space is about 10−13 s but can be longer in dense
matter, up to ∼ 1 year [103, 104]. This allows appearance of weak interaction products throughout
the life of a NS. Furthermore the proton-neutron asymmetry in cold NS matter is very different
from that reached in HIC. Another important difference between HIC and NSs, of course, is the role
of gravity in the NS, which, together with the nuclear force, determines the pressure and density
distribution of the matter in the interior of the star.
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4.2 Binary NS mergers and gravitational waves
4.2.1 Observation

4.2.2 Statistical analysis in the multi-messenger era
The only observational data obtainable in detection of GW with current detectors are the
amplitude change of the signal, i.e. the strain h, (a measure of its effect, specifically the ratio by
which lengths are stretched or compressed, which is a dimensionless number) as shown in Fig. 22
and the electromagnetic counter parts. Fig. 22 is just a short demonstration of the challenges we
face in the GW data analysis. Here, 16384 samples were taken per second and the data set was
collected for 32 s, bringing 524287 data points into a database. Having collected the data, the
interpretation of GW events and their counterparts crucially rely on GR models of dynamics of the
mergers and assumptions on the fate and related properties of merger remnants.
The GR models based on numerical relativity simulations in 3 + 1 dimensions include physics
input for the nuclear matter properties, and electromagnetic and weak interactions. However, as
demonstrated in previous sections, most of this information is model dependent and not uniquely
known. This is particularly true about the EoS of dense matter, independent NS measurement of
gravitational mass and radius of the same object and, to certain extend, basic properties of SNM.
This situation has led to the increasingly popular utilization of statistical methods based on gathering
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Observation of GW and their counterparts from BNSM has added new dimension to the search
for constraints on the NS EoS. The dynamics of the BNSM has been modelled in the past to guide
observation [105–109]. Since the observation, new GR based simulations have been reported, e.g.
[110, 111] (for reviews see [112, 113]). Note that this subsection was mostly taken from [1].
There are three GW events involving NS reported to date. The first, GW170817 [114] is
compatible with a collisison of a binary NS system with chirp mass 1.186(1) M , mass ratio
q∈[1,1.34], and reduced tidal parameter Λ̃ '300 and smaller than ∼ 800. Two electromagnetic
counterparts were observed, a gamma ray burst GRB170817, 1.7 s after the coalescence, and an
optical signal AT2017gfo (kilonova) [115, 116], observed 0.47-18.5 days after the event.
The second, GW19025 [117] was, with 90% probability, the coalesce of two objects with
masses ranging from 1.12 to 2.52 M which is consistent with the individual binary components
being neutron stars. Both the chirp mass and the total mass of this system are larger than any
previously known binary NS system. Thus, a possibility that one or both components are light
black holes cannot be ruled out from GW observation. No confirmed electromagnetic or neutrino
emissions related to this event were identified.
The third, also possibly involving a NS, GW190814 [118], is compatible with a coalesce of a 2224.3 M black hole (primary) and a 2.50-2.67 M compact object (secondary). No electromagnetic
counterparts have been observed. This event represents a new class of binary coalescence sources
with highly unequal mass and low primary spin [118]. The secondary component is either the
lightest black hole or the heaviest NS ever discovered, however this is still a question of debate
[119–127].
The post-merger GW signal, which is expected to have the largest luminosity and is essential
for determination of the fate of the remnant, has not been observed in any of these events. It is most
likely emitted at frequencies above the main sensitivity band of current detectors [128].
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Figure 22: Gravitational wave strain for GW170817-R1 for the detector Hanford H1 (see http://losc.
ligo.org). This file has 16384 samples per second starting GPS 1187008867 duration 32 s. For more
information see text and https://www.gw-openscience.org/catalog/GWTC-1-confident/single/
GW170817/.

Figure 23: Definition of conditional probability based on the Bayesian theorem. Taken from
https://towardsdatascience.com/bayes-rule-with-a-simple-and-practical-example-2bce3d0f4ad0.

a large number of known and hypothetical data (such as, for example, tens of of possible cold and
warm EoSs) needed for construction of a prior in the Bayesian inference method (Thomas Bayes,
1763, see Fig. 23) to obtain a prediction, the posterior, for required quantities.
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Figure 24: I/M3 versus M (left panels) and M/R (right panels) for the 10+4 different nucleonic+hybrid EOSs
listed in Ref. [134]. Configurations of M = Mmax are indicated by markers. The grey curves show the fits
according to equations (13), (16), (18), (19) in Ref. [134]. In each panel, the upper part shows the results
for the different EOSs, and the lower part the fractional deviations from the grey fit curves. The figure is
adopted from Ref. [134].

To illustrate the universal relations, we show in Figs. 24 and 25 the relation between the
normalized moment of inertia as a function of gravitational NS mass (left panels) and the M/R
ratio (right panel). The bottom panels show the deviation from polynomials (denoted by equation
numbers in [134]) constructed to fit the data from 13 realistic EoS. The good quality fit puts the
universal relation on a sound ground but, again, the microscopy of the EoS is lost. An interesting
examination of the effect of choice of simplified EoS was reported by Miller et al. [137] who
performed Bayesian inference approach which included nuclear matter variables and the inferred
gravitational and baryonic masses, radii, tidal deformabilities, moments of inertia, and gravitational
binding energies of neutron stars. Both the spectral and the piecewise polytropic parameterization
of the EoS were used, giving similar, but not identical results. Miller et al. found that different
types of measurements will play distinct roles in constraining the EOS in different density ranges.
For example, better symmetry energy measurements will have a major influence somewhat below
nuclear saturation density but little influence at higher densities. On the other hand, precise radius
measurements or multiple tidal deformability measurements of the quality of those from GW170817
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To make these simulations computationally viable, two major diversions from state-of-the-art
NS modeling using realistic microscopic EoS are usually made. The EoS is greatly simplified to
allow a minimum number of parameters to be determined by sampling, if it is approximated by piecewise polytropes, parameterized, spectral or Gaussian-type functions are used [28, 31, 38, 39, 129].
In addition, quasi-universal relations between selected pairs of suitably normalized NS properties
are built into the simulations in the form of simple functions, e.g. polynomials, determined by
only a few parameters [87, 130–136]. As demonstrated in the selected examples below, the price to
pay for these simplifications and the whole statistical approach is the loss of all connection to the
microscopy of NS matter. Future improved and more complete GW observations are likely to offer
much enhanced sensitivity to a model content.

Neutron stars: The journey from birth to death.

Jirina R Stone

Figure 26: Various predictions of the low density EoS (below 1.5 ρ0 as yielded by the statistical analysis by
Miller et a [137] from where the figure was taken. The legend in each panel indicates which quantity was
used as a constraint in the simulation: S (symmetry energy), Mmax (maximum gravitational mass of NS), Λ
tidal deformation), (M,R) hypothetical (1.4 M ,12 km), I (moment of inertia) and E (baryonic mass). The
dotted lines show the 5% and 95% quantiles for each constraint. For more explanation see text.

or better will improve our knowledge of the EOS over a broader density range.
We demonstrate these finding in Fig. 26, demonstrating constraints on the EoS constructed as a
sequence of polytropes. The single quantity used as a constraint in each panel are S = 32 ± 2 MeV;
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Figure 25: The same as Fig. 24 but for I/MR2 .
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the Mmax masses of the three most massive neutron stars; the tidal deformability Λ of GW170817;
a hypothetical (M, R) = (1.4 M ,12 km) measurement to 5% precision; a hypothetical measurement
of the moment of inertia I of a 1.338 M M star to 10% precision; and hypothetical knowledge of
the baryonic rest mass E of a star to 0.005 M M precision. There are two things to notice. These
constraints apply only on NSs with central density up to 1.5 ρ0 and are still two large to single out
the most probable NS EoS even in this density region although the constraints are already at the
cutting edge of the current observational techniques.

All the currently available GW signals are coming from the pre-merger stage, as post-merger
signals are not yet accessible. Therefore, it seems that only cold low-mass NS and the merger
dynamics can be studied in more detail, subject to assumptions on the fate of the remnant. Some
models indicate that there is an approximate correlation between the predicted characteristic postmerger GW frequencies with properties of the binary and the non-rotating equilibria of NS (see
e.g. [138]), with the tidal deformability playing the most important role. As shown in Fig. 27, an
EoS-insensitive relation between the maximum post-merger GW signal and the pre-merger tidal
deformability can be constructed. Finally, It is interesting to show a very clear dependence of the GW
calculated waveform, which is in the heart of the raw GW signal analysis, on the expected fate of the
remnant. Representative evolution of amplitude, frequency and the real part of the (2,2) multipole
of the GW strain and luminosity in three different scenarios, prompt collapse (left panel), short-lived
heavy star (middle panel) and long lived star (right panel) [112, 139], calculated using selected
EoSs, is illustrated In Fig. 28. Although the waveforms may change in detail in dependence on the
choice of EoS and the pre-merger conditions (the data in Fig. 28 are for equal-mass NS merger),
they will be essential in interpretation of the post-merger signal when available.
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Figure 27: Phenomenological EOS-insensitive relation between the predicted GW’s main peak post-merger
mass scaled frequency fˆ2 = M f2 (y-axis) and the (modified) tidal parameter ξ (κT2 , ν) (x-axis). Both panels
show the same data. The round markers correspond to the simulations of the CoRe database. For those data
the EOS variation is highlighted in colors in the left panel and the mass ratio variation in the right panel.
The crosses correspond to the SACRA database that also refer to a large variation of EOS (although not
highlighted in the graphics). The fit is performed only on the CoRe data and the grey band represents the
90% confidence region. The caption and the figure were taken from Ref. [112] where more explanation and
references can be found.
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5. Summary
In these lectures I attempted to take the audience through some aspects of the life and death of
NS, from their discovery in the 1930’s to their final achievement - production of GW in BNSM in
the 2020’s. Many details were left out, such the physics of their outer layers and the components
and phase transitions in the interiors. The central focus has been on the main secret NSs have
not yet disclosed to us, their EoS. Hundreds and hundreds of papers were written on this subject
over the years but the final answer is not there yet. One of the reasons goes even deeper. Despite
admirable effort, the microscopy of the many-body baryon-baryon interaction in medium is not
understood, preventing construction of a truly realistic, unique NS EoS. The difficulty in solution
of this problem led the field in recent years towards EoS-insensitive statistical methods. This is
an understandable step under the circumstances. We wish to interpret data and provide guidance
to future observations at least on some level. But again, increasing number of Bayesian priors is
being constructed and processed in various ways, as model NS EoSs before. And the baryon-baryon
interaction in medium is still waiting to be discovered.
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