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We examine the semileptonic 𝐵 → 𝐷 (∗)ℓ𝜈ℓ and 𝐵 → 𝜋ℓ𝜈ℓ decays adopting the unitarity-based
Dispersive Matrix (DM) method, which allows to determine the shape of the relevant hadronic
form factors (FFs) in their whole kinematical range, using only lattice QCD results available at
large values of the 4-momentum transfer without making any assumption on their momentum
dependence. Moreover, the experimental data are not used to constrain the shape of the FFs, but
only to obtain our final exclusive determination of |𝑉𝑐𝑏 | and |𝑉𝑢𝑏 |, namely: |𝑉𝑐𝑏 | ·103 = 41.1±1.0
and |𝑉𝑢𝑏 | · 103 = 3.88 ± 0.32, which are consistent with the latest inclusive determinations at the
1𝜎 level or better. Our calculation of the FFs allows to obtain pure theoretical estimates of the
𝜏/𝜇 ratios of differential decay rates, 𝑅(𝐷) = 0.296 ± 0.008 and 𝑅(𝐷∗) = 0.275 ± 0.008, which
turn out to be compatible with the experimental world averages within ≃ 1.4 standard deviations.
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1. Introduction

The exclusive semileptonic 𝐵 → 𝐷 (∗)ℓ𝜈ℓ decays are very intriguing processes from a phe-
nomenological point of view, mainly for two reasons. The first one is the |𝑉𝑐𝑏 | puzzle, 𝑖.𝑒. the
tension between the inclusive and exclusive determinations of the Cabibbo-Kobayashi-Maskawa
(CKM) matrix element |𝑉𝑐𝑏 |, which, according to the latest version of the FLAG review [1], is at
the level of ≃ 2.7 standard deviations. The second reason is the discrepancy between the Standard
Model (SM) predictions and the experiments in the determination of the 𝜏/𝜇 ratios of the branching
fractions, 𝑅(𝐷 (∗) ), which represent a fundamental test of Lepton Flavour Universality (LFU) in the
SM. According to the HFLAV Collaboration [16] the above discrepancy is at the level of ≃ 3.1𝜎.

In addition a long-standing tension has affected also the inclusive and the exclusive determina-
tions of the CKM matrix element |𝑉𝑢𝑏 | until a recent measurement of the inclusive value of |𝑉𝑢𝑏 |
made by Belle [3] has changed the picture. The last PDG review [4] quotes a discrepancy of ≃ 1.4𝜎.

In this contribution our aim is to examine the semileptonic 𝐵 → 𝐷 (∗)ℓ𝜈ℓ and 𝐵 → 𝜋ℓ𝜈ℓ decays
adopting the unitarity-based Dispersive Matrix (DM) method of Ref. [5], which can be applied to
any semileptonic decays once lattice QCD (LQCD) computations of the relevant susceptibilities and
of the form factors (FFs) are available. Only LQCD computations of the FFs at large values of the
4-momentum transfer will be used to determine the shape of the FFs in the whole kinematical range
without making any assumption on their momentum dependence. Moreover, the experimental data
are not used to constrain the shape of the FFs, but only to obtain the final exclusive determination of
|𝑉𝑐𝑏 | and |𝑉𝑢𝑏 |. In this way, our determination of the FFs allows to obtain pure theoretical estimates
of several quantities of phenomenological interest, namely the 𝜏/𝜇 ratios of differential decay rates,
various polarization observables and forward-backward asymmetries.

2. The DM method

We now briefly recall the main features of the DM method applied to the description of a generic
form factor 𝑓 (𝑞2) relevant in the decay between hadrons with mass 𝑚1 and 𝑚2 [5]. Given a set of
known values of the form factor, i.e. { 𝑓 𝑗 ≡ 𝑓 (𝑞2

𝑗
)} with 𝑗 = 1, 2, ..., 𝑁 , and of the corresponding

susceptibility 𝜒, the form factor at a generic value of 𝑞2 is bounded by unitarity, analyticity and
crossing symmetry to be in the range

𝛽(𝑧) −
√︁
𝛾(𝑧) ≤ 𝑓 (𝑧) ≤ 𝛽(𝑧) +

√︁
𝛾(𝑧) , (1)

where

𝛽(𝑧) ≡ 1
𝜙(𝑧)𝑑 (𝑧)

𝑁∑︁
𝑗=1

𝜙 𝑗 𝑓 𝑗𝑑 𝑗

1 − 𝑧2
𝑗

𝑧 − 𝑧 𝑗
, (2)

𝛾(𝑧) ≡ 1
1 − 𝑧2

1
𝜙2(𝑧)𝑑2(𝑧)

(𝜒 − 𝜒𝐷𝑀 ) , (3)

𝜒𝐷𝑀 ≡
𝑁∑︁

𝑖, 𝑗=1
𝜙𝑖 𝑓𝑖𝜙 𝑗 𝑓 𝑗𝑑𝑖𝑑 𝑗

(1 − 𝑧2
𝑖
) (1 − 𝑧2

𝑗
)

1 − 𝑧𝑖𝑧 𝑗
(4)

with 𝑑 (𝑧) ≡ ∏𝑁
𝑚=1(1 − 𝑧𝑧𝑚)/(𝑧 − 𝑧𝑚) and 𝑑 𝑗 ≡ ∏𝑁

𝑚≠ 𝑗=1(1 − 𝑧 𝑗 𝑧𝑚)/(𝑧 𝑗 − 𝑧𝑚). In Eqs. (1)-(4)
𝑧 = (

√︁
𝑡+ − 𝑞2 − √

𝑡+ − 𝑡−)/(
√︁
𝑡+ − 𝑞2 + √

𝑡+ − 𝑡−)) is the conformal variable, 𝑡± ≡ (𝑚1 ± 𝑚2)2 and
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the quantities 𝜙 𝑗 ≡ 𝜙(𝑧 𝑗) are the values of the kinematical function appropriate for the given form
factor [6] containing the contribution of the resonances below the pair production threshold 𝑡+.

Unitarity is satisfied only when 𝛾(𝑧) ≥ 0, which implies 𝜒 ≥ 𝜒𝐷𝑀 . Since 𝜒𝐷𝑀 does not
depend on 𝑧, the above condition is either never verified or always verified for any value of 𝑧. This
means that the unitarity filter 𝜒 ≥ 𝜒𝐷𝑀 represents a parameterization-independent test of unitarity
for a given set of input values 𝑓 𝑗 of the FF.

We remind an important feature of the DM approach. When 𝑧 coincides with one of the data
points, i.e. 𝑧 → 𝑧 𝑗 , one has 𝛽(𝑧) → 𝑓 𝑗 and 𝛾(𝑧) → 0. In other words the DM method reproduces
exactly the given set of data points. This is at variance with what may happen using truncated
parameterisations based on the 𝑧-expansion [6], since there is no guarantee that such truncated
parameterizations reproduce exactly the set of input data. Thus, it is worthwhile to highlight the
following important feature: the DM band given in Eq. (1) is equivalent to the results of all possible
fits which satisfy unitarity and at the same time reproduce exactly the input data.

3. Semileptonic 𝐵 → 𝐷 (∗)ℓ𝜈ℓ decays

The DM method has been applied to the study of the 𝐵 → 𝐷ℓ𝜈ℓ decays in Ref. [7] and of
the 𝐵 → 𝐷∗ℓ𝜈ℓ decays in Ref. [8]. The hadronic FFs are taken from the lattice results of the
FNAL/MILC Collaboration [9, 10], while for the susceptibilities we make use of their nonpertur-
bative computations made on the lattice in Ref. [11].

Using the experimental data from the Belle Collaboration [12–14] we perform a bin-per-bin
determination of |𝑉𝑐𝑏 | by dividing the experimental measurements with the theoretical predictions
based on the the parameterization-independent shape obtained with our DM method. Note that in
the case of the 𝐵 → 𝐷∗ℓ𝜈ℓ decays we develop an important, specific correction of the experimental
correlation matrix of the data of Ref. [13] (see Refs. [7, 8]). We get |𝑉𝑐𝑏 | · 103 = (41.0 ± 1.2) from
𝐵 → 𝐷ℓ𝜈ℓ decays and |𝑉𝑐𝑏 | · 103 = (41.3 ± 1.7) from 𝐵 → 𝐷∗ℓ𝜈ℓ decays. A simple average of
the two results reads

|𝑉𝑐𝑏 | · 103 = (41.1 ± 1.0) , (5)

which is compatible with the most recent inclusive result |𝑉𝑐𝑏 |incl · 103 = 42.16 ± 0.50 [15] at the
≃ 0.6𝜎 level. Our determination of the FFs in the whole kinematical range allows us to evaluate a
pure, theoretical estimate of the 𝜏/𝜇 ratios of the branching ratios, namely

𝑅(𝐷) = 0.296 ± 0.008 , 𝑅(𝐷∗) = 0.275 ± 0.008 , (6)

which are compatible with the experimental world averages 𝑅(𝐷) = 0.340 ± 0.027 ± 0.013 and
𝑅(𝐷∗) = 0.295 ± 0.011 ± 0.008 from HFLAV [16] at the ≃ 1.4𝜎 level.

4. Semileptonic 𝐵 → 𝜋ℓ𝜈ℓ decays

In Ref. [17] the DM method has been applied to the study of the 𝐵 → 𝜋ℓ𝜈ℓ decays by
evaluating the relevant susceptibilities from suitable two-point correlation functions ad adopting for
the hadronic FFs the lattice results of RBC/UKQCD [18] and FNAL/MILC [19] Collaborations at
large values of the 4-momentum transfer.
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For the extraction of |𝑉𝑢𝑏 | we have analyzed the measurements of six experiments [20–23],
adopting a bin-per-bin determination in which the experimental data are not used to constrain the
shape of the hadronic FFs in order to avoid possible biases. We get the result

|𝑉𝑢𝑏 | · 103 = (3.62 ± 0.47) from 𝐵 → 𝜋ℓ𝜈ℓ decays [17] (7)

consistent with the latest inclusive determination |𝑉𝑢𝑏 |𝑖𝑛𝑐𝑙 ·103 = 4.13 (26) from PDG [4] at the≃ 1𝜎
level. It is also compatible with the latest exclusive determination |𝑉𝑢𝑏 |𝑒𝑥𝑐𝑙 · 103 = 3.70 (16) [4]
within our larger uncertainty related both to the long extrapolation from the high-𝑞2 region of the
input lattice data down to 𝑞2 = 0 and to the fact that we do not use the experimental data to constrain
the shape of the FFs.

In order to improve the precision we have tried a novel strategy, namely the unitarization of the
experimental data, which we now synthetically describe. In the limit of massless leptons the mea-
surements of the differential decay rate can be easily transformed into experimental determinations
of the product |𝑉𝑢𝑏 | 𝑓 𝐵𝜋

+ (𝑞2) in various distinct 𝑞2-bins, where 𝑓 𝐵𝜋
+ (𝑞2) is the semileptonic vector

FF of the 𝐵 → 𝜋 transition. To such data we can apply the unitarity filter of the DM method using
an initial guess for |𝑉𝑢𝑏 |. The filter select only the combinations of the data for the various 𝑞2-bins
which satisfy unitarity. Then, a new value of |𝑉𝑢𝑏 | is extracted using the hadronic FF 𝑓+(𝑞2) of the
DM method and the procedure is iterated until convergence for |𝑉𝑢𝑏 | is reached. The results of the
unitarization of the experimental data are shown in Fig. 1. The extracted value of |𝑉𝑢𝑏 | is

10−3

10−2

0 5 10 15 20 25

|V
u
b|
f +

(q
2
)

q2 (GeV2)

B → π experiments

unitarized data

Figure 1: The values of |𝑉𝑢𝑏 | 𝑓 𝐵𝜋
+ (𝑞2) for various 𝑞2-bins determined from the experimental measurements

of Refs. [20–23] and the results of the unitarization procedure (green band) described in the text.

|𝑉𝑢𝑏 | · 103 = (3.88 ± 0.32) , (8)

which is consistent with the previous finding (7), but it improves the uncertainty by ≃ 30%.
In conclusion, we have analyzed the semileptonic 𝐵 → 𝐷 (∗)ℓ𝜈ℓ and 𝐵 → 𝜋ℓ𝜈ℓ decays adopting

the unitarity-based DM method, which allows to determine the shape of the relevant hadronic FFs
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in their whole kinematical range using only LQCD results available at large values of the 4-
momentum transfer without making any assumption on their momentum dependence. Moreover,
the experimental data are not used to constrain the shape of the FFs, but only to obtain our final
exclusive determinations of |𝑉𝑐𝑏 | and |𝑉𝑢𝑏 |. This allows to obtain pure theoretical estimates of the
𝜏/𝜇 ratios of differential decay rates, 𝑅(𝐷) and 𝑅(𝐷∗). Our findings are collected in Fig. 2 and
clearly indicate a significative reduction of the tensions between the exclusive SM predictions with
the corresponding inclusive and experimental averages.
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Figure 2: Left panel: values of |𝑉𝑐𝑏 | and |𝑉𝑢𝑏 | obtained within the DM method from the analysis of the
exclusive 𝐵 → 𝐷 (∗)ℓ𝜈ℓ and 𝐵 → 𝜋ℓ𝜈ℓ decays compared with the corresponding results quoted in the last
FLAG report [1] and with the latest inclusive determinations from Refs. [4, 15]. Right panel: theoretical
estimates of the ratios 𝑅(𝐷 (∗) ) obtained with the DM method compared with the latest experimental averages
from HFLAV [16].
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