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Theoretical analysis of n'") — 7°1*1~ and 5’ — nl*1~ decays, and new-physics signatures via CP violation
Emilio Royo

1. Introduction

The electromagnetic and strong interactions conserve parity (P) and charge conjugation (C)
within the well-established and well-tested Standard Model of particle physics (SM). In this frame-
work, the 7 and n” pseudoscalar mesons are specially suited for the study of rare decay processes,
for instance, in search of C, P and CP violations, as these mesons are C and P eigenstates of the
electromagnetic and strong interactions [1].

Specifically, the semileptonic decays ") — 7%I*I~ and 5’ — nl*1~ (I = e or y) are of special
interest given that they can be used as fine probes to assess if new physics beyond the Standard
Model (BSM) is at play. This is because these processes are induced at loop level in the SM via
the exchange of two photons, with tree-level electroweak-boson exchange forbidden on the basis of
C and P, and negligible Higgs contributions. As an example, the ) — 7°*/~ and 5’ — 5l*I~
decays could be mediated by a single intermediate virtual photon, but this would entail that the
electromagnetic interactions violate C-invariance (e.g. [2, 3]) and, therefore, would represent a
departure from the SM.

Early theoretical studies of semileptonic decays of pseudoscalar mesons date back to the late
1960s. A very significant contribution was made by Cheng in Ref. [4] where he analysed the
n — n’e*e” decay mediated by a C-conserving, two-photon intermediate state within the Vector
Meson Dominance (VMD) framework. By setting the electron mass to m, = 0 and neglecting in
the numerator of the amplitude terms that were second or higher order in the electron or positron
4-momenta, he found theoretical estimations for the decay width I'(y — n%*e™) = 1.3x 107> eV, the
relative branching ratio I'(y — n%e*e™) /T'(3 — n%yy) ~ 107, as well as the associated decay energy
spectrum. A different approach was followed by Smith [5] also in the late 1960s, whereby an S-
wave 177'yy coupling and unitary bounds were used for the calculation of the C-conserving modes
associated to both 7 — 7°1*1~ decay processes. By neglecting p-wave contributing terms to simplify
the calculations and noting that the unknown 77°yy coupling constant cancels out when calculating
relative branching ratios, Smith was able to find I'(y — n%*e™)/T'(y — n%y) = 3.6 x 1078 and
I'(n— n°u*u™) /T (n — 7%y) = 6.0 x 107>, after estimating the real part of the matrix element from
a single dispersion relation and employing a cut-off A =2m,,.

Ng et al. [6] also found in the early 1990s lower limits for the decay widths of the two
n — n°1*1~ processes by making use of unitary bounds and the decay chain n — n%yy — %%~
The transition form factors associated to the 7 — 7%y decay, which are required to perform
the above calculation, were obtained using the VMD model supplemented by the exchange of
an ag scalar meson. The lower bounds that they found are I'(y — 7%*e™) |ywp = 1.1’:%'2 ueV and
['(n — 2% ) lvwo = 0.5703 eV, making use of VMD only. By adding the aq exchange to the
latter process, they obtained I'( — 7°u* 117 |constr = 0.970:8 eV and I'(n — 7% 1™) |qesee = 03405 eV
for a constructive and destructive interference, respectively. The real parts of the amplitudes
were estimated by means of a cut-off dispersive relation and the authors argued that the expected
dispersive contribution should be no larger than 30% of the absorptive one. A few months later,
Ng and Peters provided in Ref. [7] new estimations for the unitary bounds of the 7 — 7%I*/~ decay
widths. This new contribution was two-fold; on one hand, they calculated the 7 — 7%y decay
width within a constituent quark model framework; on the other hand, they recalculated the VMD
transition form factors from Ref. [6] by performing a Taylor expansion and keeping terms linear in
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(a) t-channel Feynman diagram (b) u-channel Feynman diagram

Figure 1: Feynman diagrams contributing to the C-conserving semileptonic decays 7"’ — 7°I*I~ and
n’ —nl*l~ (I=eor ). Note that g = py +p_ and V = p°, w, ¢.

M ,27 /M 2 x;and xp (x; = Py -qy,/ M%), which had been neglected in their previous work. Their
new findings were: (i) ['(7 — 7% e )|y = 1.2£0.2 peV and T'(n — 2%t 1) |ooe = 4.3 £0.7 pueV
for a constituent quark mass m = 330 MeV/c?; and (ii) I'(y — n%*e ™) |ywp > 3.5+ 0.8 peV and
I'(n— 2% ) v = 2.4 +£0.8 peV. Tt is important to highlight that their estimations using the
quark-box mechanism were strongly dependent on the specific constituent quark mass selected,
especially for the electron mode.

On the experimental front, new upper limits have recently been established by the WASA-
at-COSY collaboration for the n — nlete” decay width [8]. This is a useful contribution, as
the previous available empirical measurements date back to the 1970s. In particular, Adlarson
et al. [8] found from the analysis of a total of 3 x 107 events of the reaction pd — 3He +1, with
a recorded excess energy of Q = 59.8 MeV, that the results are consistent with no C-violating
single-photon intermediate state event being recorded. Based on their analysis, the new upper
limits I'(y — n%*e™) /T (y » nta~2%) < 3.28x 107> and I'(y > n%e*e™) /T'(y — all) < 7.5x 1076 (CL

Oe*e™ decay. The experimental

= 90%) have been established for the C-violating n — 7n%y* — «
state of play is expected to be further improved in the near future with the advent of new experiments
such as REDTOP, which will focus on rare decays of the  and ” mesons, providing increased
sensitivity in the search for violations of SM symmetries by several orders of magnitude beyond the

current experimental state of the art [9].

2. ) > 701*I~ and 5’ — nl*I~ semileptonic decays

In this work, the SM calculations assume that the ) — 7°I*1~ and 5’ — nl*I~ processes are
dominated by the exchange of vector resonances; that is, they proceed through the C-conserving
virtual transition n() — Vy* (with V = p°, w or ¢), followed by V — 7%* (or V — ny*) and
2y* — I*]~ (see Fig. 1 for details).

We start by selecting an effective vertex that contains the appropriate interacting terms. The
V Py interaction amplitude consistent with Lorentz, P, C and electromagnetic gauge invariance can
be written as [10]

MV = PY) = gv py €uvapely, Py € d" Fvpy (47 | (1)
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where gy p, is the coupling constant for the V Py transition involving on-shell photons, €, s is
the totally antisymmetric Levi-Civita tensor, €) and py are the polarisation and 4-momentum
vectors of the initial V, ezky) and ¢ are the corresponding ones for the final y, and Fy P),(qz) =
Fy py(qZ) /Fv py(0) is a normalised form factor to account for off-shell photons mediating the
transition®. In addition to this, the usual QED vertex is used to describe the subsequent 2y* — [*]~
transition. Accordingly, there are six diagrams (two per vector meson) contributing to each one of
the six semileptonic decay processes and the corresponding Feynman diagrams are shown in Fig. 1.
The invariant decay amplitude in momentum space can be written as

Mo id? Z d*k 1 1 kH(P—k)*(k—q)°(P—-k)°
=ie 8V y8val(n)y 170 5 €uvap —
Ve, (2m)* k*+ie (k—q)* +ie (P—k)z—mv+ze
B—( ) o k_¢++ml v+ v ?__k‘}'ml o ( ) (2)
€ u(p- v ’
p0'5 p y (k—p+)2—m12+i6y y (k_p_)2_mlz+i€7 p+

where g = p++ p_ is the sum of lepton-antilepton pair 4-momenta, e is the electron charge, and
8v 5 and gy ro(,, are the corresponding VMD coupling constants. After calculating the loop
integral, one arrives at the following expression for the unpolarised squared amplitude

IMP = 4{2(P- po)(P-p-) =2, [(pe p-)+mf] | x Abs(Q)?

+8m7 [(P-ps) = (P p-)|Re(QE") +4m] [ (ps - p-) ~mj | Abs(2)” 3)
with Q and X defined as
Q = Z ay+oy, X = Z By +1v , @)
V=p'w.¢ V=" w,¢

where the parameters ay, Sy, oy and 7y are (see Ref. [11] for details)

8y 8y 70 [ 2A B —
av = 2 VnysVar ww/dxdydz 1. . 1. , (5)
1672 Aty —ie  (Ayy —i€)?
v 1058V 0 (1) / e D, |
26Vyy n)y
=e dxdyd - , 6
By 1672 Y Ay —ie (A —ie)? ©
8vny8Vval(n) / [ 2A, B>
26VpUy 7Y
= dxdyd - , 7
av=e 1672 TV Ay —ie (Agy —i€)? @
8vny8vao(s » 2C D
oy = 25V V”(m‘/dxdydz 2 _ 2 ' ®)
1672 Apy —ie  (Ayy —i€)?
In addition, the denominators in Egs. (5-8), i.e. Ajy and Ajy, can be expressed as
Ary =2y2(P-q) +2xy(p+-q) + (y = 1)yg* +2xz(P - p,) +x°m]
+z[(z- l)mf](,) +my (my —il'y)] ,
Ay = Ay with py & p_, )
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Decay I'n BRu BRexp
n— nlete” 2.7(1)(1)(2) x 1070 eV 2.0(1)(1)(1)x107° < 7.5%107% (CL=90%) [8]
n— noutu” 1.4(1)(1)(1)x 1070 eV 1.1(1)(1)(1)x 107 < 5x107° (CL=90%) [12]
7’ — nlete” 8.7(5)(6)(6) x 107 eV 4.5(3)(4)(4)x107° < 1.4x1073 (CL=90%) [12]
n - autuym  3.3(2)(4)(3)x1074 eV 1.7(1)(2)(2) x 107° < 6.0x 107 (CL=90%) [12]

n’ —nete”  8.3(0.5)(0.1)(3.5)x107 eV 4.3(0.3)(0.2)(1.8) x 10710 < 2.4x 1073 (CL=90%) [12]
n —putu” 3.0002)0.1)(1.1)x107 eV 1L.5(1)(1)(5) %1070 < 1.5%107 (CL=90%) [12]

Table 1: Decay widths and branching ratios for the six C-conserving decays ) — 7°I*1~ and ' — nl*I~
(I = e or p). First error is experimental, second is down to numerical integration and third is due to model
dependency.

where x, y and z are the Feynman integration parameters. Finally, the VMD coupling constants are
parametrised using the phenomenological model described in Ref. [13]. The associated numerical
values for the parameters of the model are obtained from an optimisation fittoV — Py and P — Vvy
radiative decays, where V = pO, w, ¢ and P = 7Y, 1, n’ (see Ref. [11] for further details).

We are now in a position to perform the computations required to obtain quantitative results for
the decay widths and branching ratios of the six C-conserving semileptonic decays. Our theoretical
predictions are summarised in Table 1, where the first error quoted is experimental, second is down
to numerical integration and third is due to model dependency. We also show in this table the
most up-to-date experimental upper bounds. Last but not least, theoretical results for the dilepton
energy spectra of the six semileptonic decays are presented in Fig. 2. The decay widths and dilepton
energy spectra for the two 7 — 7%I*1~ processes obtained using our approach appear to be in good
agreement with other results available in the published literature. To the best of our knowledge, the
theoretical predictions for the four n” — 7°I*1~ and ” — nl*I~ decays that we have presented in
this work are the first predictions from theory that have been published.

3. CP violation in n® — x%%u*y~ and ' — nu*y-

In Ref. [14], the possibility of observing new physics signatures via CP-violating effects at
REDTOP was assessed using muon polarisation observables in 7 leptonic decays. In particular, the
purely leptonic channels u*u~, u*u~y, and u*u=€*¢~ were studied, finding that CP violation in
the u*u~ final state could be observed at REDTOP, whilst evading neutron electric dipole moment
(nEDM) constraints.

We investigate here the semileptonic " — 7%u*u~ and ” — nu*u~ decays using the SMEFT
as the general theoretical framework to capture new physics. Defining the following momenta
q=Pu+Pu=Py0 +Pr(y)s 4 =Pu+—Pu-> and k = p ) = pr(sy). the most general form factor
decomposition for (u* = [iT|n" 7%(n)) = i(27)*6 (P + p - =Py —Pr(m)Mis

M=m,(av)Fi + (@iy>v)Fr+ (afv) F3 +i(aky>v) Fy (10)

IFor simplicity of the calculation, we neglect the g% dependence of the transition form factor in Eq. (1).
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Figure 2: Dilepton energy spectra corresponding to the six C-conserving semileptonic decay processes
7" — 701*1~ and ’ — yl*1~ (I = e or y) as a function of the dilepton invariant mass ¢°.

where the F; = F;(¢?,G- k) form factors have been introduced. The connection to the n") — 7%u*u~
and n” — npu*u~ decays is obtained via crossing symmetry with k — Py *+Pr(y- General
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considerations on discrete symmetries can be used to show that electromagnetic interactions can
only contribute to F (g%, [g-k]*") and F3(g?%, [g-k]***"), withn=0,1,2..., and that they can, in
turn, be expressed in terms of the X and Q parameters from Eq. (4) as F| =X and F3 = %Q. Turning
to the BSM CP-violating contribution, one starts by assuming that the SMEFT provides a correct
description of Nature. Accordingly, new physics degrees of freedom are expected to lie above the
electroweak scale and, therefore, only the SM particle spectra are considered. New-physics effects
come from higher dimension operators starting with D = 6. The contribution from the different
operators is outlined in Ref. [14] where it is found that Fermi operators involving quarks and leptons
provide the most significant contribution and, therefore, the ones we focus on

OPst = (Bhe)(dugh) . O™ = (Fhe,) (e . an

where prst are family indices (i.e. p,r,s,t =1 or 2) [15]. These operators produce a non-vanishing
CP-odd F, form factor [16]

7 ’ - ’ 1)2211 — ’
Fy = [m Bl 01dd 1)) +1m 222 0151 7)) = Im (Lt Ol [y 7 ()| 2
12)
where v=2 = V2Gr and the corresponding hadronic matrix elements are obtained using LN, yPT

at NLO, which, after renormalising the fields and diagonalising the mass matrix (cf. Ref. [16]), can
be expressed as

2
Mg
2
MS—s

A

(0| itu/dd |nr°) = +By 3

m2, —m?%

(1 - 77]\4—§) (ch23 +€135¢23) — (C¢23 - sj};)
m2 +3m2 —4m> A ce €125¢ M
11 7 K _(l— . 23) > ’
( Ve )S¢23+3 V2 T Ve ) |\

(14)

) , (13)

(0155 |n7°) = =2Boers

where we have introduced the scale invariant parameter A = A| —2A,, ¢»3 is the -7” mixing angle
in the quark-flavour basis, €, and €3 are first order approximations to the corresponding ¢, and @3
isospin-breaking mixing angles in the 7°-57 and 7%-5’ sectors, respectively (cf. Ref. [13] for further
details), and My is the mass of a generic octet scalar resonance. Note in particular that Eq. (14)
vanishes in the absence of isospin breaking, largely suppressing the amplitude (e;3 ~ O(1%)). The
corresponding expressions for 7 — 1’ can be obtained by substituting c¢o3 — s@23, S23 = —c23
and m,, — m,y. For the n” — nu*u~ decay, the matrix elements read

- mZ, +m% —2m? 2 2 A Mg
Olaujddl'm = Bo |1 - n n n) (S (2;523 $61302¢23) 3 (6\7%23 +52¢23) —‘ ( S ) ,

M§ 3 Mg )
(15)
2 2 2 2 -
m-,+ms +2m- —4m A M2
(0|5s|n'n) = —Bo || 1 - —L—~ d B s2¢0:+ (‘562%3 - 52¢23) = 5 1.
M 3\ M-
(16)

In order to quantify the CP-violating effects, one constructs asymmetries that arise as a result
of the interference of the SM CP-even and the SMEFT CP-odd amplitudes. Accordingly, we define
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the longitudinal and transverse asymmetries as follows [16]

N(cOu> 0)-N(cl,s<0) 2 dsdcO L Bum, [ﬁ,,sImF1 F;+2412c0Tm F3F;]
AL= N(C06+ > 0)+N(C96+ < 0) - _§ 64(271’)3]11?7 /dF , (I7)
_ N[s(¢—¢)>0]-N[s(¢—¢)<0] = fdsdc@ﬂ}{/zﬂﬂm# [ﬁ”sReF1F2*+2/l}</2c6ReF3F;]
" N[s(¢—¢)>0]+N[s(¢—¢)<0] 18 642y [ dT ;
(18)

where the polar angles 6, refer to those of the e* in the u* rest frames, ¢($) correspond to the
azimuthal e* angles in the u* rest frames, and N is the number of n decays.

Making use of Egs. (13—-16) allows one to compute F,, which can then be plugged into Eqs. (17)
and (18), together with the theoretical expressions for F; and F3 from Eq. (4), to find [16]

AT 2 0.19(6) fmcpos'! =0.19(6) Imcj2y, —0.020(9) Im 72y, (19)
ATTTH 20,072 Ime 2 +0.07(2) Ime 22l +7(3) x 10 m 222, (20)
AT Z_0,04(8) Imepy 7' =0.04(8) Imcjzy, +10(3) x 107 Im 72 @1
AT 3(6)x 1070 et +3(6)x 107 Imcjo, = 7(2) x 1074 Im 727, (22)
AJTIR < 25(39) x 10 Imepl) 2! +5(46) x 107 Im 2L}, —0.08(1) Im 722 (23)

AT Z7(50) %107 Im Choma ' =6(65)x 10 Imcpoll +1(19) X 10 Ime 72y, (24)

where the error quoted accounts for both the numerical integration and the model-dependence
uncertainties, with the latter strongly dominating over the former.

To assess the sensitivity to new physics, we estimate the expected number of events at REDTOP,
which can be obtained from the projected statistics? of 5x 10'% 77/yr and 5x 10'° 5’ /yr, and the SM
branching ratios for the three muonic processes from Table 1. The REDTOP sensitivity to each of
the SMEFT CP-violating Wilson coefficients from Eq. (11) can be estimated by setting to zero two
out of the three coefficients in Egs. (19-24). The corresponding results are summarised in Table 2.
We also show in this table the REDTOP sensitivity to the same coefficients from n — u*u~ [14], as
well as the bounds set by the nEDM experiment using the most recent measurements from Ref. [19].

If one compares the sensitivities to the CP-violating Wilson coefficients obtained from the
") — 2%~ and 5’ — putp decays with the bounds extracted from nEDM experiments, one
must conclude that the projected REDTOP statistics are not competitive enough for the semileptonic
processes that we have studied, which can be attributed to the isospin-breaking suppression in the
hadronic matrix elements, subject to the assumption that new physics can be parametrised by
the SMEFT. Consequently, the leptonic n — u*u~ decay studied in Ref. [14] remains the most
promising channel to be studied at REDTOP.

2A total production of 2.5 % 1013/ yrand 2.5x 10! 5’ /yr is expected [17], with assumed reconstruction efficiencies
of approximately 20% [18].
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Table 2: Summary of REDTOP sensitivities to (the imaginary parts of) the Wilson coefficients associated to
the SMEFT CP-violating operators in Eq. (11) for the processes studied in this work, as well as the n — u*u~
decay analysed in Ref. [14]. In addition, the upper bounds from nEDM experiments are given in the last row
for comparison purposes.

Process Asymmetry  Im céi)qzjl ' Im 2 lllq Im c%ﬁ%}q
o AL 0.0695 0.0720  0.686
R
TR Ar 0.194 0.203 1.93
o AL 2.36 2.56 10.96
N
TR Ar 33.1 35.8 154
) . AL 67.5 78.5 4.46
_)
T Ar 5264 5549 328
n— AL 0.007 0.007 0.005
nEDM - <0.001 <0002 <0.02
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