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1. Introduction

To study interactions of hadrons perturbatively in the low-energy region, we cannot directly
employ Quantum Chromodynamics (QCD), the fundamental theory of strong interactions. This
is due to confinement, stemming from the underlying non-abelian structure of QCD. Instead, we
are left with using alternative approaches, for instance, Chiral Perturbation Theory (ChPT) [1, 2].
Many observables have been calculated applying this very successful effective field theory to a high
loop order. However, this is not the case for the six-pion amplitude, which has been until now only
known at tree level [3–5]. Since it has been recently estimated using lattice QCD [6–13], it seems
interesting and complementary to provide a consistent NLO calculation of the six-pion amplitude
at one-loop level in ChPT [14].

2. Theoretical setting

For the calculation which follows, we used a simple generalization of two(-quark)-flavor ChPT
— the massive O(𝑁 + 1)/O(𝑁) nonlinear sigma model extended to the next-to-leading order (NLO)
in the chiral counting, taking thus into account 𝑁 meson (pion) flavors — the results of which it
reproduces for 𝑁 = 3:

L =
𝐹2

2
𝜕`Φ

T𝜕`Φ + 𝐹2𝜒TΦ

+ 𝑙1
(
𝜕`Φ

T𝜕`Φ
) (
𝜕aΦ

T𝜕aΦ
)
+ 𝑙2

(
𝜕`Φ

T𝜕aΦ
) (
𝜕`ΦT𝜕aΦ

)
+ 𝑙3

(
𝜒TΦ

)2 + 𝑙4𝜕`𝜒
T𝜕`Φ .

(1)

Above, Φ is a real vector of 𝑁 + 1 components which satisfies ΦTΦ = 1, and 𝜒T =

(
𝑀2, ®0

)
. At

the leading order (LO), we have two parameters: pion decay constant 𝐹 and mass 𝑀; at NLO,
four additional monomials relevant for our applications show up, accompanied with low-energy
constants 𝑙𝑖 . These carry both ultraviolet (UV)-divergent and convergent parts, the latter of which
are free parameters in the theory and need to be extracted from experiment or lattice QCD. We write

𝑙𝑖 = −^ 𝛾𝑖

2
1
𝜖
+ 𝑙r𝑖 , ^ ≡ 1

16𝜋2 ,

1
𝜖
≡ 1

𝜖
− 𝛾E + log 4𝜋 − log `2 + 1 , 𝜖 = 2 − 𝑑/2 .

(2)

The divergent parts are uniquely fixed from studying the pion mass, decay constant and four-pion
amplitude at NLO. We find

𝛾1 =
𝑁

2
− 7

6
, 𝛾3 = 1 − 𝑁

2
, (3)

𝛾2 =
2
3
, 𝛾4 = 𝑁 − 1 . (4)

To work with the Lagrangian (1), one needs to expand it in terms of pion fields 𝜙𝑖 . This can
be done with the use of a particular parameterization for fields Φ, the whole class of which can be
written in general as

Φ =

(√︃
1 − 𝜑 𝑓 2(𝜑), 𝑓 (𝜑) 𝜙𝜙𝜙

T

𝐹

)T

. (5)
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Above, 𝜑 ≡ 𝜙𝜙𝜙T𝜙𝜙𝜙
𝐹2 , with 𝜙𝜙𝜙T = (𝜙1, . . . , 𝜙𝑁 ) being a real vector of 𝑁 components (flavors), and

𝑓 (𝑥) is any analytical function satisfying 𝑓 (0) = 1. For a practical calculation, it is convenient to
employ more than one parameterization, utilizing, as a neat cross-check, the fact that the physical
amplitudes should be parameterization-independent.

3. Four-pion amplitude

We start with the four-pion amplitude which turns out to be an important ingredient for the
six-pion amplitude. As is fairly well-known, the four-pion amplitude can be written, due to its
invariance under rotation in the isospin space and crossing symmetry, as (all pion four-momenta 𝑝𝑖

incoming, flavors 𝑓𝑖)

𝐴4𝜋 (𝑝1, 𝑓1, 𝑝2, 𝑓2, 𝑝3, 𝑓3, 𝑓4)
= 𝛿 𝑓1 𝑓2𝛿 𝑓3 𝑓4 𝐴(𝑝1, 𝑝2, 𝑝3) + 𝛿 𝑓1 𝑓3𝛿 𝑓2 𝑓4 𝐴(𝑝3, 𝑝1, 𝑝2) + 𝛿 𝑓2 𝑓3𝛿 𝑓1 𝑓4 𝐴(𝑝2, 𝑝3, 𝑝1) ,

(6)

separating thus the flavor structure from the momentum-dependent part given in terms of a single
(four-pion) sub-amplitude 𝐴(𝑠, 𝑡, 𝑢) = 𝐴(𝑝1, 𝑝2, 𝑝3). In the last expression, we introduced the
standard Mandelstam variables 𝑠 = (𝑝1 + 𝑝2)2, 𝑡 = (𝑝1 + 𝑝3)2, 𝑢 = (𝑝2 + 𝑝3)2, which satisfy the
on-shell relation 𝑠 + 𝑡 + 𝑢 = 4𝑀2.

At LO, the amplitude stems from a single tree-level Feynman diagram with the text-book result
𝐴(2) (𝑠, 𝑡, 𝑢) =

(
𝑠 − 𝑀2

𝜋

)
/𝐹2

𝜋 . At NLO, we have two topologies of in total four loop diagrams and
a counter-term. These, together with the wave-function renormalization and the NLO expressions
for the pion mass and decay constant,

𝑀2 = 𝑀2
𝜋 − 𝑀4

𝜋

𝐹2
𝜋

[
2𝑙r3 +

1
2
(𝑁 − 2)𝐿

]
,

1
𝐹2 =

1
𝐹2
𝜋

{
1 + 2

𝑀2
𝜋

𝐹2
𝜋

[
𝑙r4 −

1
2
(𝑁 − 1)𝐿

]}
,

(7)

give us the final expression for the parameterization-independent and UV-finite four-pion amplitude:

𝐹4
𝜋𝐴

(4) (𝑠, 𝑡, 𝑢) = (𝑡 − 𝑢)2
(
− 5

36
^ − 1

6
𝐿 + 1

2
𝑙r2

)
+ 𝑀2

𝜋𝑠

[(
𝑁 − 29

9

)
^ +

(
𝑁 − 11

3

)
𝐿 − 8𝑙r1 + 2𝑙r4

]
+ 𝑠2

[(
11
12

− 𝑁

2

)
^ +

(
1 − 𝑁

2

)
𝐿 + 2𝑙r1 +

1
2
𝑙r2

]
+ 𝑀4

𝜋

[(
20
9

− 𝑁

2

)
^ +

(
8
3
− 𝑁

2

)
𝐿 + 8 𝑙r1 + 2𝑙r3 − 2𝑙r4

]
+ 𝐽 (𝑠)

[(
𝑁

2
− 1

)
𝑠2 + (3 − 𝑁)𝑀2

𝜋𝑠 +
(
𝑁

2
− 2

)
𝑀4

𝜋

]
+

{
1
6
𝐽 (𝑡)

[
2𝑡2 − 10𝑀2

𝜋 𝑡 − 4𝑀2
𝜋𝑠 + 𝑠𝑡 + 14𝑀4

𝜋

]
+ (𝑡 ↔ 𝑢)

}
.

It depends explicitly on the number of meson flavors 𝑁 and it is consistent with the previous results
found in literature [2, 15–17]. This exact form will be used later on and it is a generalization of the
results shown in Refs. [18, 19] beyond 𝑁 = 3. Above, we have used

𝐿 ≡ ^ log
𝑀2

𝜋

`2 . (8)
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(a) 1× (b) 10×

Figure 1: Six-pion amplitude at the leading order. The multiplicities of the respective topologies based on
all the possible permutations of the external legs are quoted.

4. Six-pion amplitude

Compared to the four-pion amplitude, the combinatorics becomes significantly more involved
in the case of the six-pion amplitude. In the preceding section and considering four pions, we had
only three channels (permutations) or ways how to distribute four pions in two pairs. The six-pion
amplitude, already at LO (see Fig. 1), is represented by two topologies of Feynman diagrams, which
are related to two sets of permutations: There are ten ways how to distribute six pions in two groups
of three (𝑃10; relevant for one-particle-reducible (1PR) topologies) and fifteen ways to distribute
them in three pairs (𝑃15; relevant for the six-pion subamplitude discussed later). It becomes natural
that we write the complete six-pion amplitude as a sum of two pieces:

𝐴6𝜋 = 𝐴
(4𝜋 )
6𝜋 + 𝐴

(6𝜋 )
6𝜋 . (9)

The first piece can be written in terms of the four-pion amplitude, while the second part is the
remainder.

This pattern also holds at NLO (see Fig. 2). We have tadpole [Fig. 2(b)], bubble [Fig. 2(c)] and
triangle [Fig. 2(f)] diagrams contributing together with the counter-term contributions [Fig. 2(a)]
to the one-particle-irreducible (1PI) part, and then pole diagrams [Figs. 2(d, e, g–i)], which, when
studied in detail, combine together into two NLO four-pion amplitudes connected with an off-shell
leg (flavor 𝑓o):

𝐴
(4𝜋 )
6𝜋 ≡

∑︁
𝑃10, 𝑓o

𝐴4𝜋 (𝑝𝑖 , 𝑓𝑖 , 𝑝 𝑗 , 𝑓 𝑗 , 𝑝𝑘 , 𝑓𝑘 , 𝑓o)
(−1)

𝑝2
𝑖 𝑗𝑘

− 𝑀2
𝜋

𝐴4𝜋 (𝑝𝑙, 𝑓𝑙, 𝑝𝑚, 𝑓𝑚, 𝑝𝑛, 𝑓𝑛, 𝑓o) . (10)

The four-pion amplitude can be decomposed in the same way as before in terms of one
momentum-dependent subamplitude 𝐴(𝑠, 𝑡, 𝑢), where now the Mandelstam variables satisfy the
off-shell relation 𝑠 + 𝑡 + 𝑢 = 3𝑀2

𝜋 + 𝑝2
𝑖 𝑗𝑘

, with 𝑝𝑖 𝑗𝑘 ≡ 𝑝𝑖 + 𝑝 𝑗 + 𝑝𝑘 .
The residue of the expression in Eq. (10) is unique: When the propagator goes on-shell, the

four-pion amplitudes also become on-shell. And we already know that those are unique. We are then
left with freedom for the off-shell extrapolation, while the choice-dependent remainder is deferred
to the 1PI part of the six-pion amplitude. For our expressions, we chose to use the particular form
of the four-pion subamplitude given in Eq. (3).

The 1PI part of the six-pion amplitude can be written as

𝐴
(6𝜋 )
6𝜋 ≡

∑︁
𝑃15

𝛿 𝑓𝑖 𝑓 𝑗 𝛿 𝑓𝑘 𝑓𝑙𝛿 𝑓𝑚 𝑓𝑛𝐴(𝑝𝑖 , 𝑝 𝑗 , 𝑝𝑘 , 𝑝𝑙, 𝑝𝑚, 𝑝𝑛) , (11)
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(a) 1× (b) 1× (c) 15×

(d) 10× (e) 10× (f) 15×

(g) 20× (h) 20× (i) 60×

Figure 2: Six-pion-amplitude topologies at the next-to-leading order. We again quote the multiplicities of
the respective diagrams.

separating thus again the flavor structure from a single momentum-dependent subamplitude denoted
above as 𝐴(𝑝1, 𝑝2, 𝑝3, 𝑝4, 𝑝5, 𝑝6). Since the pole structure is already reproduced by the 1PR part,
the real part of the six-pion subamplitude does not contain any poles; however, the imaginary part
of the triangle one-loop integrals can contain poles. 𝐴(𝑝1, 𝑝2, 𝑝3, 𝑝4, 𝑝5, 𝑝6) is a function of three
pairs of momenta, being fully symmetric under the interchange of any of the pairs as well as of the
momenta within each pair.

At LO, we have a simple expression

𝐴(2) ≡ 𝐴(2) (𝑝1, 𝑝2, 𝑝3, 𝑝4, 𝑝5, 𝑝6) =
1
𝐹4
𝜋

(
2𝑝1 · 𝑝2 + 2𝑝3 · 𝑝4 + 2𝑝5 · 𝑝6 + 3𝑀2

𝜋

)
, (12)

the form of which, regarding the dependence on momenta, is the only one consistent with the sym-
metries stated above at the given order. Finally, our main result is the NLO six-pion subamplitude.
We write it in terms of many parts:

𝐹6
𝜋𝐴

(4) ≡ 𝐹6
𝜋𝐴

(4) (𝑝1, 𝑝2, 𝑝3, 𝑝4, 𝑝5, 𝑝6)

= 𝐴
(1)
𝐽

+ 𝐴
(2)
𝐽

+ 𝐴𝜋 + 𝐴𝐿 + 𝐴𝑙

+ 𝐴𝐶3 + 𝐴
(1)
𝐶21

+ 𝐴
(2)
𝐶21

+ 𝐴𝐶11 + 𝐴
(1)
𝐶

+ 𝐴
(2)
𝐶

+ 𝐴
(3)
𝐶

.

(13)

The pieces listed in the last row are related to tensor triangle one-loop integrals; the reduction to
the scalar one-loop integrals would lead to enormous expressions given the number of kinematic
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invariants that are present. We have instead chosen a specific redundant basis of integrals that have
good symmetry properties and allow us to present the results in a rather compact way. All the
subparts of the six-pion subamplitude from Eq. (13) then have the correct symmetry properties.
The expressions for these can be found in Ref. [14].

5. Results

To present numerical results, we need to adopt a particular kinematical setting to reduce the
number of relevant variables. We choose a symmetric 3 → 3 scattering configuration in which all the
pions have the same three-momentum (modulus 𝑝) and consequently the energy 𝐸𝑝 =

√︁
𝑀2

𝜋 + 𝑝2.
The suitable four-momenta are then

𝑝1 =

(
𝐸𝑝, 𝑝, 0, 0

)
, 𝑝4 =

(
−𝐸𝑝, 0, 0, 𝑝

)
,

𝑝2 =

(
𝐸𝑝,−

1
2
𝑝,

√
3

2
𝑝, 0

)
, 𝑝5 =

(
−𝐸𝑝,

√
3

2
𝑝, 0,−1

2
𝑝

)
, (14)

𝑝3 =

(
𝐸𝑝,−

1
2
𝑝,−

√
3

2
𝑝, 0

)
, 𝑝6 =

(
−𝐸𝑝,−

√
3

2
𝑝, 0,−1

2
𝑝

)
.

We use the following numerical inputs [20–22]: 𝑀𝜋 = 0.139570 GeV, 𝐹𝜋 = 0.0927 GeV, ` =

0.77 GeV, 𝑁 = 3, 𝑙1 = −0.4, 𝑙2 = 4.3, 𝑙3 = 3.41, 𝑙4 = 4.51.

-4

0

4

8

12

16

20

24

28

0 0.02 0.04 0.06 0.08 0.1

F
2 π
R
e
A

p [GeV]

A(2)(p1, . . . , p6)

A(4)(p1, . . . , p6)

Aπ +AL +Al

A
(1)
J +A

(2)
J

AC3

AC11 +
∑

i A
(i)
C

A
(1)
C21

+A
(2)
C21

Figure 3: The scattering of three pions in the kine-
matic configuration of Eq. (14). We plot the LO result
𝐴(2) (𝑝1, 𝑝2, . . . , 𝑝6) of Eq. (12) and the NLO result
𝐴(4) (𝑝1, 𝑝2, . . . , 𝑝6) of Eq. (13). Moreover, we show
several groups of the individual constituents of 𝐴(4) .

𝐹2
𝜋 × Re 𝐴

𝐴
(4𝜋 )
6𝜋 (LO) −319.00 𝐴(2) 15.99

𝐴
(4𝜋 )
6𝜋 (NLO) −28.54 𝐴(4) 11.16

𝐹2
𝜋 × Re 𝐴/𝐹6

𝜋

𝐴𝐶3 0.002 𝐴
(1)
𝐽

1.917
𝐴
(1)
𝐶21

−0.948 𝐴
(2)
𝐽

1.835
𝐴
(2)
𝐶21

0.682 𝐴𝜋 −2.488
𝐴𝐶11 0.090 𝐴𝐿 8.985
𝐴
(1)
𝐶

−0.026 𝐴𝑙 1.209
𝐴
(2)
𝐶

0.890
𝐴
(3)
𝐶

−0.984

Table 1: The 1PR and 1PI parts of the three-pion
scattering amplitude, using four-momenta from
Eq. (14), with 𝑝 = 0.1 GeV. The amplitudes are
all taken in the flavor-stripped form analogous to
Eq. (11). As in Eq. (13), 𝐴(4) is the sum of the
results we quote in the bottom part of the table.
To obtain dimensionless quantities, the amplitudes
are multiplied by a fitting power of 𝐹𝜋 .
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In Fig. 3, we show the subamplitudes 𝐴(2) and 𝐴(4) for the three-pion scattering with respect
to the momentum 𝑝. We can compare in size the leading-order and the next-to-leading-order
contributions together with the constituents of the latter put together in several groups. The
endpoints of the plotted lines (𝑝 = 0.1 GeV) are consistent with the values shown in Table 1. There
we can see that significant cancellations take place. In particular, some of the contributions related
to the triangle integrals are sizable but cancel against each other to a negligible total contribution to
the subamplitude. The dominant contribution then stems from the polynomial parts (𝐴𝜋 , 𝐴𝐿 , 𝐴𝑙)
and the pieces that can be expressed in terms of the one-loop two-point functions (𝐴(1)

𝐽
, 𝐴(2)

𝐽
). We

can also compare the 1PI part to the 1PR one. We see that, at least in this kinematical setting, the LO
of the six-pion subamplitude is roughly half the size of the NLO contribution of its pole counterpart.
On the other hand, the NLO contribution of the six-pion subamplitude is rather sizable compared
to LO. However, this is still acceptable in view of the whole six-pion amplitude, i.e. considering the
dominance of the 1PR part. Moreover, it is important to realize that at the three-pion threshold we
happen to be at the edge of the applicability of ChPT.

Finally, we can find very simple analytical expressions in the limit 𝑝 → 0:

𝐹2
𝜋𝐴

(2) ��
𝑝→0 = 5

𝑀2
𝜋

𝐹2
𝜋

, (15)

𝐹2
𝜋 Re 𝐴(4) ��

𝑝→0 =
𝑀4

𝜋

𝐹4
𝜋

{
(−33 + 22𝑁)^ − 1

9
^ − 1

6
(14 + 75𝑁)𝐿 + (16𝑙r1 + 56𝑙r2 + 6𝑙r3 + 20𝑙r4)

}
.

The contribution of the triangle integrals alone amounts to only ^
2 (9𝑁 − 26) and is thus negligible

for 𝑁 = 3.

6. Summary

We presented the NLO result for the four-pion and, most importantly, six-pion amplitudes,
calculated in the massive O(𝑁 + 1)/O(N) nonlinear sigma model, the relevant Lagrangian of which
shown in Eq. (1) leads to results consistent with two-flavor ChPT. Our main result is the six-pion
amplitude, which we split into 1PR and 1PI parts. The 1PR part in Eq. (10) employs the form for
the four-pion amplitude (3) generalizing (beyond 𝑁 = 3) the results given in Refs. [18, 19]. The 1PI
part (11) of the six-pion amplitude — represented by the six-pion subamplitude 𝐴(4) from Eq. (13)
— can be written in terms of a large number of subparts, each of which satisfies the expected
permutation symmetries. Due to a nontrivial but suitable choice of the symmetrical basis for the
tensor triangle one-loop integrals, the final expressions can be written fairly compactly and can
be found in Ref. [14]. Numerically, the NLO correction is sizable with respect to the LO of the
six-pion subamplitude, which is, however, suppressed compared to the 1PR part.
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