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1. Introduction

Even though the formulation of quantum Chromodynamics (QCD) is known since half a cen-
tury ago, the first-principles determination of its low energy interactions remains a mystery. The
strong interaction grows as the energies involved become smaller. This prevents us from using
perturbation theory techniques. Actually, at low energies, the chiral symmetry is spontaneously
broken. Quarks are confined into hadrons at the 1 GeV scale. As a result, the well-known pseudo-
Goldstone boson octet emerges, of which pions and kaons are the two lightest particles. Not sur-
prisingly, the study of these meson-meson interactions is crucial for testing our understanding of
the QCD chiral symmetry breaking pattern. Furthermore, light mesons appear in the final states
of most hadronic interactions in experiments, which makes the understanding of their scattering
processes necessary. On top of that, there exists a myriad of mesons that appear as resonances in
these low-energy meson-meson scattering channels. For example, this is the case of the σ/ f0(500)
and κ/K∗0 (700) resonances. These have been subject to fierce debate for many decades [1], they
do not fit in the ordinary qq̄ picture, and could probably exhibit more exotic structures [2, 3].

Unfortunately, mesons are short-lived. They decay through electroweak processes. This ren-
ders their direct experimental detection very challenging, as no two-meson beam experiment could
be realistically run. We rely on indirect measurements instead, of which there exist several πK
scattering experiments [4, 5, 6, 7, 8] and the recent KLF proposal [9]. All the main data sets are ob-
tained by studying meson-nucleon to meson-meson-nucleon interactions. The desired pion-meson
scattering is then obtained by assuming one pion exchange dominance, which in practice intro-
duces a source of systematic uncertainty. This could produce a large systematic effect depending
on the precision and energy range for the determination of the transferred momentum. As a result,
the literature is plagued with many conflicting data sets (see [1, 10, 11]). Unfortunately, some of
the πK scattering measurements seem to be largely affected by these.

The determination of their low-energy interactions is crucial to testing our knowledge of QCD
in the non-perturbative regime. The effective field theory describing meson interactions, Chiral
Perturbation Theory (ChPT), is known for many decades now. Pions, kaons, and etas form what
is known as the SU(3) pseudoscalar meson octet. As a result, the scattering processes can be
described at a given perturbative order by making use of phenomenological lagrangians [12, 13,
14], fulfilling the basic symmetries of QCD. Then, the free parameters obtained can be fixed if one
has enough experimental data [15, 16, 17].

However, the perturbative nature of the ChPT expansion violates unitarity, which is a basic
principle of our amplitudes. This problem is aggravated when dealing with cross-section enhance-
ments, which is the situation involving resonances. In order to circumvent this problem, several
unitarization schemes were developed in the past [18, 19, 20, 21]. This methodology has been suc-
cessful when describing parts of the meson sector. Unfortunately, it is not fully model-independent,
and it is not well suited for high accuracy.

Of all the resonances appearing in πK scattering, the κ/K∗0 (700) is the most interesting one. It
appears close to the scalar πK threshold, hinting at a possible molecular nature, and it is too broad
to be determined with precision using simple approaches. In order to extract it with robustness,
one needs to rely on suitable techniques for performing a stable analytic continuation far from the
real axis, where the poles associated with such resonances are expected. Note that this problem is
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shared by lattice QCD determinations [22, 23, 24].
For all the reasons mentioned above, making use of the S-matrix principles has become an

interesting tool in modern amplitude analyses. When constraining our amplitudes by imposing
unitarity, analyticity, and crossing symmetry we obtain a system of integral equations, called dis-
persion relations. These allow us first to determine the systematic effects present in the data and
parameterizations. They can later be used to eliminate these unwanted effects if correctly imposed
over data. Because they are built through the Cauchy Theorem, these integral equations perform a
very stable continuation to the complex plane. Hence they enable us to robustly extract resonance
parameters. Actually, the low energy parameters can also be determined with precision up to high
orders of the expansion.

In this proceeding, we briefly summarize previous works [10, 25, 26, 27, 28] where the
πK → πK and ππ → KK̄ interactions are analyzed by means of a dispersive formulation. We
will first introduce the main tools and basic concepts, in order to perform the analysis. We then
explain how the constraints over experimental data are performed and present some of the final pa-
rameterizations. Finally, we provide the reader with an abundant amount of low-energy parameters
and compare them with previous analyses.

2. Dispersive analysis

Let us briefly recall the derivation of a dispersion relation. Starting from a meson-meson
amplitude F(s, t,u), which depends just on two Mandelstam variables, since s+ t + u = ∑i m2

i .
Dispersion relations are nothing but the implementation of the S-matrix principles of analyticity, a
consequence of causality, and crossing symmetry. In particular, they make use of the Mandelstam
Hypothesis, which estates the analyticity of these amplitudes in the complex s, t plane. Of all
the possible ways of building a dispersion relation, the simplest one is obtained by fixing the t
variable. It yields two main singularity structures, a right-hand cut (RHC) coming from unitarity
in the physical region and a left-hand cut (LHC), created by crossed channel interactions. Once the
analytic structure is known, one can invoke the Cauchy theorem and produce a dispersion relation

F(s, t) =
1
π

∫
∞

sth

ds′
ImF(s′, t)

s′− s
+

1
π

∫ −∞

uth

ds′
ImF(s′, t)

s′− s
, (2.1)

where the first and second integrals correspond to the RHC and LHC, respectively. For example,
the cross channel contribtuion to πK scattering is ππ → KK̄. It is worth noting that subtractions
may be needed depending on the behavior of the amplitude at high-energy.

If one has to determine each one of the relevant partial waves, then the expansion and posterior
projection of all the amplitudes into partial waves inside the dispersion relations is required. For
πK interactions it means that we must obtain the description of both channels (πK → πK and
ππ → KK̄) at the same time. If utmost accuracy is not the main goal, one could get rid of part of
these LHC contributions to perform a simpler analysis. One could for example make use of the
Inverse Amplitude Method [18, 29], which correctly implements the RHC physics into a dispersive
formulation. There are also some works where the unphysical LHC cuts have been approximated,
but the unitarity cut is described from the data using dispersion relations [30, 31, 32].
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Perhaps one of the most salient features of the dispersion relations is that they produce a stable
extrapolation to the complex plane. In practice, this means that we can achieve both a precise and
robust determination of the κ/K∗0 (700) pole position.

The simplest dispersive set is called Forward Dispersion Relations. They are obtained by
setting t = 0 for the amplitude F(s, t). Apart from the main advantage of its simplicity, they can
also be applied up to arbitrarily high energies, thus constraining the amplitudes in the inelastic
region. Such a set was proven to be very useful in previous analyses [25, 33].

As for the implementation of partial wave dispersion relations, the best known are the fixed-t
Roy-Steiner dispersion relations [34, 35], . Which, in the particular case of πK scattering read

f I
l (s) =

m+a+0
2

+
1
π

∑
`

∫
∞

m2
+

ds′LI
l,`(s,s

′)Im f I
` (s
′)+

1
π

∑
`≥0

∫
∞

4m2
π

dt ′L0
l,2`(s, t

′)Img0
2`(t
′), (2.2)

where f I
` , gI

` stand for the πK→ πK and ππ → KK̄ partial waves, respectively.

For πK interactions, fixed-t dispersion relations cannot be applied far from the real axis, and
they do not reach the physical regions of the ππ → KK̄ channel. A different set, called hyperbolic
dispersion relations [36] must be used. They are defined through the hyperbolic relation (s−
a)(u−a) = b, where a can be chosen to optimize the region where the dispersion relations can be
applied, both in the real axis and in the complex plane. Both of these sets have produced sound
determinations in the recent past ( for ππ [37, 38, 39, 40, 41, 42, 43, 44, 45], for πN [46, 47], for
e+e−→ π+π− [48], for γ(∗)γ(∗)→ ππ [49, 50, 51, 52], and for πK [53, 54, 55, 56, 57]).

There are two different approaches towards implementing dispersion relations in the literature.
The first one solves the dispersion relations below a matching point sm [37, 38, 56], above which
the partial waves are just mere input coming from a fit to the data, together with theoretical input
for the low energy parameters. In this sense, one does not include data close to threshold. The
solution is a prediction coming from the dispersion relations. The second approach is to constrain
the initial fits to the data together with the dispersion relations [40, 41, 10]. The result is a set of fits
that describe both the data and the S-matrix requirements. The number of subtractions will depend
on the asymptotic region, and on the preferred approach.

In our analyses on the πK system, we found that combining both hyperbolic (HPWDR) and
fixed-t (FTPWDR) dispersion relations with different numbers of substractions was beneficial. The
fixed-t are only used for analyzing πK→ πK on the real axis, but the hyperbolic ones are applied
for both πK → πK and ππ → KK̄. They are also used to extract the resonances on the complex
plane. On top of that, we will include Forward Dispersion Relations to constrain the data at higher
energies, including the contributions arising from the Regge exchanges. To summarize, we are
making use of 16 dispersion relations and 13 partial waves. We refer the reader to [10] for more
details.

The first stage is to obtain a simple yet flexible description of the partial waves from the data
sets. To do so, we combine the implementation of different functional forms, together with a
consistent way of pruning the data [58]. The result is a complete description of all relevant partial
waves in both channels up to roughly 1.8-2 GeV. Thereupon the dispersion relations are applied and
the consistency between the fit to the data and the dispersive output is tested. In order to “measure”
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Figure 1: Dispersive and direct results for UFD (left) versus CFD (right) real parts of the
f 1/2
0 (s), f 3/2

0 (s), f 1/2
1 (s) and f 3/2

1 (s) partial waves. The uncertainty bands correspond to the uncertainty
in the difference between the input and the respective dispersive representation. Each color corresponds to a
different dispersion relation.

the deviation, we define the following penalty function

d2 =
1
N

N

∑
i=1

(
di

∆di,

)2

, (2.3)

where di is the difference between the “input” and “output”, weighted by the relative uncertainty
between the two. These are evaluated at a uniform grid in the energy

√
si. This “distance” is now

included in the original χ2 to the data, and they are weighted by the degrees of freedom they are
roughly describing. As shown in Fig.1 there is a clear deviation when using the original fits to the
data (UFD). They exhibit systematic effects both in the data and the parameterizations. The last step
is to constrain these fits using dispersion relations. As shown in Figs. 1 and 2. The final constrained
result (CFD) is compatible with all dispersion relations and data. Actually, the deviations between
the UFD and CFD fit, albeit small, are crucial to improve the dispersive description.
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Figure 2: f 3/2
0 (s) (left) and f 1/2

0 (s) (right) CFD vs UFD partial waves.

3. Low energy parameters
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Figure 3: Comparison between various dispersive, lattice QCD, and ChPT determinations of the scalar
scattering lengths. Our “Final value” is shown as a blue ellipse and is listed in Table 1.

The dispersive formalism can also be applied to the threshold and sub-threshold regions. In
this sense, one matches the partial wave expansion

2√
s
Re f I

` (s)' q2` (aI
`+bI

`q
2 + cI

`q
4 + ...

)
, (3.1)

with the dispersive integral, by expanding the integrands in even powers of the center of mass
momentum q. For example the scattering length for F− = 1

3 F1/2− 1
3 F3/2 reads

a−0 =
mπmK

2π2m+

∫
∞

m2
+

ImF−(s′)
(s′−m2

−)(s′−m2
+)

ds′. (3.2)

At present, there is a great deal of interest in the values of the low energy parameters from
ChPT, dispersion theory, and lattice QCD, since tension exists between the determinations using
these different techniques. This is illustrated in Fig. 3 when comparing the S-wave scattering
lengths. We depict in the figure the I = 1/2, 3/2 values and include several references [56, 59, 60,
61, 62, 63, 64, 65, 25, 66] to be compared with our dispersive extraction in blue, listed in Table 1. It
is worth noting that all our dispersive results, CFD fits and sum rules converge to the same region,
showcasing the accuracy and robustness of our determination.
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This work sum rules with CFD input Sum rules [56] NNLO ChPT
FDR HDR Final Value Fixed-t [67] and [64]∗

mπ a1/2
0 0.226± 0.010 0.225± 0.012 0.225±0.008 0.224±0.022 0.224∗

mπ a3/2
0 × 10 −0.489±0.052 −0.485±0.066 −0.480±0.067 −0.448±0.077 −0.471∗

Table 1: Determination of the πK scalar scattering lengths using sum rules for a−0 with our CFD as input.

Table 2: Adler zero positions
√

sA (GeV), for the I = 1/2 and I = 3/2 S-waves from dispersion relations.

I LO ChPT √sAFT PWDR

√sAHPWDR
√sAHPWDRsub

1/2 0.486 0.466+0.006
−0.005 0.466+0.007

−0.005 0.470+0.010
−0.005

3/2 0.516 0.549+0.008
−0.0010 0.551+0.009

−0.0010 0.552+0.008
−0.010

The scattering lengths are highly correlated to the position of the S-waves Adler Zeroes, which
appear as a consequence of the QCD chiral symmetry breaking. We summarize in Table 2 our
dispersive values for these zeroes, for each dispersion relation. It is worth noting that they are
incompatible with the LO ChPT result, which is customarily used in the literature to implement
simple fits to data.

Finally, the fact that the low energy parameters can be obtained using an integral formula
ensures their stability. Whereas for fits to the data the higher orders of the expansion must be
obtained from derivatives, hence producing large spreads, the dispersion relations remain precise
and accurate. This can be seen in Table 3, where we provide our dispersive results for many
different low energy parameters. It can be noted that even for higher angular momentums the
parameters remain very precise and that the three dispersive solutions produce mostly identical
values. When comparing our results to the previous dispersive calculation by the Paris group [56]
we observe compatible values most of the time. The most striking deviation appears for the I = 1/2
P-wave values. Nonetheless, this tension is not surprising, as their dispersive prediction in that
partial wave deviates from data. The comparison with the ChPT values from [67, 64] shows larger
tensions, however.

4. Summary

Our recent analyses of low energy πK interactions are summarized in this work. We use a
combination of once subtracted and non-subtracted dispersion relations both for fixed-t and hyper-
bolic sets. A high degree of precision is then obtained when constraining the available data. As
a result, a set of powerful and simple parameterizations that fulfill all S-matrix principles is pro-
duced. These dispersion relations offer an advantageous way of extracting low energy parameters.
Whereas for simple fits low energy parameters are obtained by unstable derivatives, these appear
in the dispersive formalism as stable integral equations. We can thus extract many different ob-
servables with high precision and robustness. We summarize in this work our final determinations,
including all uncertainty sources, and compare them to other previous extractions.
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This work sum rules with CFD input Sum rules [56] NNLO ChPT
FTPWDR HPWDR HPWDRsub Final Value Fixed-t [67] and [64]∗

m3
π b1/2

0 × 10 1.05± 0.04 1.05±0.07 1.15± 0.04 1.09±0.07 0.85±0.04 1.278

m3
π b3/2

0 × 10 −0.43±0.02 −0.41±0.03 −0.45±0.02 −0.43±0.03 −0.37±0.03 −0.326

m3
π a1/2

1 × 10 0.228±0.010 0.218±0.008 0.222±0.006 0.222±0.009 0.19±0.01 0.152

m5
π b1/2

1 × 102 0.58±0.03 0.59±0.03 0.60±0.03 0.59±0.02 0.18±0.02 0.032

m3
π a3/2

1 × 102 0.15±0.05 0.19±0.05 0.17±0.04 0.17±0.05 0.065±0.044 0.293

m5
π b3/2

1 × 103 −0.94±0.09 −0.97±0.08 −1.03±0.07 −0.99±0.09 −0.92±0.17 0.544

m5
π a1/2

2 × 103 0.60±0.13 0.54±0.03 0.55±0.02 0.55±0.05 0.47±0.03 0.142

m7
π b1/2

2 × 104 −0.89±0.10 −0.96±0.09 −0.95±0.09 −0.94±0.09 −1.4±0.3 −1.98

m5
π a3/2

2 × 104 −0.05±0.60 −0.12±0.16 −0.19±0.15 −0.15±0.18 −0.11±0.27 −0.45

m7
π b3/2

2 × 104 −1.12±0.10 −1.14±0.09 −1.14±0.09 −1.13±0.06 −0.96±0.26 0.61

Table 3: Determination of the πK threshold parameters using our CFD as input for the sum rules calculated
from the partial-wave dispersion relations. We also provide for comparison previous results using sum
rules from Roy-Steiner equations by the Paris Group [56]. The last column lists NNLO ChPT results from
[67, 64]. Our “Final Value” combines our three sum-rule results.
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