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We have investigated the many-body equations of 𝐷 and �̄� mesons in a thermal medium by
applying an effective field theory based on chiral and heavy-quark symmetries. Exploiting these
symmetries within kinetic theory, we have derived an off-shell Fokker-Planck equation which
incorporates information of the full spectral functions of these states.
In this contribution we present our latest results on heavy-flavor transport coefficients below the
chiral restoration temperature, in both charm and bottom sectors. The calculation incorporating
temperature-dependent spectral functions and interactions, together with off-shell effects, allows
for an improved matching to the state-of-the-art calculations above the chiral transition temperature.
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1. Introduction: effective field theory at finite temperature

Within the so-called hard probes, heavy-flavor observables play an important role to gain
knowledge of the initial stages of relativistic heavy-ion collisions [1]. Heavy quarks evolve in a
rapidly changing medium interacting with light partons in a similar manner to what a relativistic
Brownian particle does in a locally thermalized medium. These heavy particles eventually hadronize
into 𝐷 and �̄�mesons (among other heavy states), and interact with light hadrons, leaving the medium
at the kinetic freeze-out [2].

In previous works [3–5] we have developed an effective field theory to describe these heavy
mesons interacting with light mesons at low energies. Interactions, upon the unitarization of the
perturbative scattering amplitudes, provide valuable information about the bound and scattering
states which are generated by the nonperturbative 𝑇-matrix [6, 7]. In Ref. [3, 4] this effective theory
was extended to finite temperature by applying the imaginary-time formalism. The method allows
to quantify the medium modification of the ground states 𝐷, 𝐷∗, �̄�, �̄�∗. Notice that the formalism
considers the 𝐷∗, �̄�∗ as stable heavy-quark spin partners of the 𝐷, �̄� mesons, respectively.

At𝑇 ≠ 0 within the imaginary-time formalism the tree-level perturbative amplitude is the same
as in vacuum. It is derived analytically at next-to-leading order and can be found in Refs. [3, 4].
The key step to obtain a sensible description of the interactions, is to enforce the unitarity of the
scattering-matrix amplitudes. Applying the on-shell factorization into the Bethe-Salpeter equation
one can express the unitarized 𝑠−wave amplitude 𝑇 , in terms of the perturbative amplitude𝑉 [3–5],

𝑇𝑖 𝑗 (𝐸, 𝑷) = 𝑉𝑖 𝑗 (𝐸, 𝑷) +
∑︁
𝑘

𝑉𝑖𝑘 (𝐸, 𝑷) 𝐺𝑘 (𝐸, 𝑷) 𝑇𝑘 𝑗 (𝐸, 𝑷) , (1)

where 𝑖 and 𝑗 are the incoming and outgoing scattering channels, 𝐸 and 𝑷 are the total energy and
momentum in the center-of-mass frame, and the two-meson loop function reads,

𝐺 (𝐸, 𝑷 ;𝑇) =
∫

𝑑3𝑞

(2𝜋)3

∫ ∞

−∞
𝑑𝜔

∫ ∞

−∞
𝑑𝜔′ 𝑆1(𝜔, 𝒒 ;𝑇)𝑆2(𝜔′, 𝑷 − 𝒒 ;𝑇)

𝐸 − 𝜔 − 𝜔′ + 𝑖Y
[1 + 𝑓 (𝜔;𝑇) + 𝑓 (𝜔′;𝑇)] .

(2)

In Eq. (2) thermal modifications enter in the spectral functions, 𝑆𝑖 (𝜔, 𝒒;𝑇) = −Im[𝜔2 − 𝒒2 −𝑚2
𝑖
−

Π𝑖 (𝜔, 𝒒;𝑇]−1/𝜋, and in the Bose-Einstein distribution functions, 𝑓 (𝜔;𝑇). In our scheme the light
meson spectral function is approximated by the vacuum one, while the 𝐷-meson one (and �̄� meson)
needs to be self-consistently computed via the self-energy and the 𝑇-matrix,

Π𝐷 (𝜔, 𝒒;𝑇) = 1
𝜋

∫
𝑑3𝑞′

(2𝜋)3

∫
𝑑𝐸

𝜔

𝜔𝑙

𝑓 (𝐸 ;𝑇) − 𝑓 (𝜔𝑙;𝑇)
𝜔2 − (𝜔𝑙 − 𝐸)2 + 𝑖𝜖sgn(𝜔)

Im 𝑇𝐷𝑙 (𝐸, 𝒒 + 𝒒′;𝑇) , (3)

where 𝜔2
𝑙
= 𝑞′2 + 𝑚2

𝑙
, with 𝑙 denoting the light meson (e.g. pion). The self-consistent scheme

relating the 𝑇-matrix, 𝐷-meson propagator, and its self-energy is schematically shown in Fig. 1.
Once the system is solved one can read off the spectral function of the heavy meson. We obtain

that for all temperatures the decay width is very small compared to the thermal mass. Therefore,
the 𝐷-meson always behaves as a narrow quasiparticle. In particular, the thermal masses and decay
widths of the 𝐷, 𝐷𝑠, �̄�, �̄�𝑠 mesons are shown in the left and right panels of Fig. 2 (vector mesons
can be computed similarly). Thermal masses of 𝐷 and 𝐷𝑠 mesons computed in the lattice-QCD
calculation of [8] are also shown (a systematic shift in the lattice-QCD results should be expected
due to the heavier-than-physical pions used in [8]).
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Figure 1: Self-consistent set of diagrams to be computed at finite temperature. (a) 𝑇-matrix equation with
a medium-modified heavy-meson propagator, (b) 𝐷-meson propagator dressed by the 𝑇-matrix interaction
with particles of the bath (e.g. pions), (c) 𝐷-meson self-energy upon expansion of the 𝑇-matrix.
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Figure 2: Thermal masses (left) and decay widths (right) of the ground states of charm and bottom mesons.
Lattice-QCD results taken from Ref. [8] are also shown for the masses of 𝐷 and 𝐷𝑠 mesons in the left panel.

2. Kinetic theory: off-shell Fokker-Planck equation

More recently we have computed the transport coefficients of heavy mesons incorporating their
quasiparticle nature, i.e. their off-shell properties acquired by the presence of the thermal medium.
While the transport coefficients themselves are defined in equilibrium, it is necessary to detour and
construct the non equilibrium kinetic equation, in order to obtain their precise expressions [9].

In Ref. [10] we developed the Kadanoff-Baym equation for heavy mesons in the so-called
𝑇-matrix approximation [11], which is the natural extension of the diagrammatic resummation
performed at equilibrium when the scattering amplitudes were unitarized. The resulting transport
equation with off-shell effects is then expanded for collisions where the exchanged momentum is
small. The final kinetic equation is an off-shell Fokker-Planck equation [10],

𝜕

𝜕𝑡
𝐺<

𝐷 (𝑡, 𝑘) = 𝜕

𝜕𝑘 𝑖

{
�̂�(𝑘;𝑇)𝑘 𝑖𝐺<

𝐷 (𝑡, 𝑘) + 𝜕

𝜕𝑘 𝑗

[
�̂�0(𝑘;𝑇)Δ𝑖 𝑗 + �̂�1(𝑘;𝑇) 𝑘

𝑖𝑘 𝑗

𝒌2

]
𝐺<

𝐷 (𝑡, 𝑘)
}
, (4)
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where 𝐺<
𝐷
(𝑡, 𝑘0, 𝒌) is the Wigner function of the heavy meson in a spatially homogeneous and

isotropic medium. It is a function of time, and of energy 𝑘0 and momentum 𝒌 separately. The
projector Δ𝑖 𝑗 = 𝛿𝑖 𝑗 − 𝑘 𝑖𝑘 𝑗/𝒌2 and the (off-shell) transport coefficients read,

�̂�(𝑘0, 𝒌;𝑇) ≡
〈
1 − 𝒌 · 𝒌1

𝒌2

〉
, (5)

�̂�0(𝑘0, 𝒌;𝑇) ≡ 1
4

〈
𝒌2

1 −
(𝒌 · 𝒌1)2

𝒌2

〉
, (6)

�̂�1(𝑘0, 𝒌;𝑇) ≡ 1
2

〈
[𝒌 · (𝒌 − 𝒌1)]2

𝒌2

〉
, (7)

where the brackets define the following thermal average

⟨F (𝒌, 𝒌1)⟩ =
1

2𝑘0

∑︁
_,_′=±

__′
∫ ∞

−∞
𝑑𝑘0

1

∫ 3∏
𝑖=1

𝑑3𝑘𝑖

(2𝜋)3
1

2𝐸22𝐸3
𝑆𝐷 (𝑘0

1, 𝒌1)

× (2𝜋)4𝛿 (3) (𝒌 + 𝒌3 − 𝒌1 − 𝒌2)𝛿(𝑘0 + _′𝐸3 − _𝐸2 − 𝑘0
1) |𝑇 (𝑘

0 + _′𝐸3, 𝒌 + 𝒌3) |2

× 𝑓 (_′𝐸3;𝑇) [1 + 𝑓 (_𝐸2;𝑇)] [1 + 𝑓 (𝑘0
1;𝑇)] F (𝒌, 𝒌1) . (8)
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Figure 3: Left: Spectral function of a 𝐷 meson at rest as a function of its energy and temperature. Right:
Charm diffusion coefficient as a function of temperature computed for 𝐷 mesons in the low-temperature
phase, and at high temperatures by several other works. See Ref. [10] for details and references.

The on-shell limit of the previous equations reduces to the well-known expressions used in
the past [5]. In the present case there exist several additions which improve the final results: 1)
The equilibrium spectral function is introduced at finite temperature, and it is not a Dirac delta
anymore, but a (narrow) distribution (see left panel of Fig. 3); 2) The scattering 𝑇-matrices also
contain finite-temperature corrections; 3) New kinematical processes appear at finite temperature
which are forbidden in vacuum [12]. These can be classified by analyzing the values of {_, _′} = ±1
in Eq. (8). When _ = −_′ the scattering is a 1 ↔ 3 process in which an off-shell heavy-meson
decays/generates due to the interaction with the medium. The case _ = _′ describes two binary
collision processes. One is the standard heavy-light meson scattering evaluated above the unitary
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threshold of the 𝑇-matrix (and the only contribution which survives at 𝑇 = 0). The other one is a
2 ↔ 2 process dominated by the 𝑇-matrix evaluated below threshold (specifically at the so-called
Landau cut of the 2-meson loop function 𝐺 (𝐸, 𝑷) [12]). This last scattering process is only present
at 𝑇 ≠ 0, and for moderate temperatures cannot be neglected. The kinematics and physical meaning
of each scattering process will be detailed in a future publication.

3. Results and conclusions: charm and bottom diffusion coefficients

In Ref. [10] we present the transport coefficients �̂�, �̂�0 and �̂�1 in the soft momentum (static)
limit, evaluated at the quasiparticle peak 𝑘0 = 𝐸𝑘 ≡

√︃
𝑘2 + 𝑚2

𝐷
(𝑇). In that reference we have shown

how at low temperatures the off-shell transport coefficients coincide with those computed without
any medium modification (since off-shell effects get largely suppressed). However, at moderate
temperatures these effects start contributing sizably, and at our highest temperature 𝑇 = 150 MeV
the new kinematic processes for the heavy-meson relaxation make the transport coefficients increase
a factor of 2-3 with respect to their values using vacuum interactions.

In this contribution we only show the spatial diffusion coefficient 𝐷𝑠 (𝑇). Within the classical
(non relativistic) picture it can be interpreted as the average diffusive speed of heavy particles, and
can be computed as 𝐷𝑠 (𝑇) = 𝑇2/𝐵0(𝑘0 = 𝐸𝑘 , 𝒌 → 0;𝑇). For the charm case (𝐷 mesons) it is
shown in the right panel of Fig. 3 together with several lattice-QCD calculations, and a Bayesian
analysis of real heavy-ion collisions at high energies (see Ref. [10] for details). Our result at low
temperatures denoted as “OffShell” contains all thermal and off-shell effects. It supersedes the
previous result (marked as “Vacuum” in the figure) computed with vacuum interactions. It can be
seen how our latest calculation makes a better job in matching the high-𝑇 predictions around the
crossover temperature 𝑇𝑐 ≃ 156 MeV.
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Figure 4: Spatial diffusion coefficient of charm and bottom flavors as computed in the low-temperature
phase by us, and in the high-temperature limit by the quasiparticle model of [13] for 𝑐 and 𝑏 quarks (left
panel), and using Bayesian analyses of high-energy heavy-ion collisions [14] (right panel).

We finally compare our results for charm and bottom by computing the spatial diffusion
coefficient of 𝐷 and �̄� mesons. We obtain a similar temperature behavior with a slightly smaller

5



P
o
S
(
I
C
H
E
P
2
0
2
2
)
4
9
7

Transport coefficients of heavy mesons in a thermal medium Juan M. Torres-Rincon

diffusion coefficient for �̄� mesons, see Fig. 4. This result is consistent with the quasiparticle model
of [13] in the high-temperature side (left panel of Fig. 4), but not with the Bayesian results [14]
which discriminate charm and bottom flavor coefficients (right panel of Fig. 4)—although the big
error band does not allow to get a solid conclusion on the flavor-ordering of the diffusion coefficient.
Notice that the non relativistic kinetic theory predicts that the dependence of 𝐷𝑠 on the heavy mass
at leading order in density goes like 𝐷𝑠 ∝

√︁
1 + 𝑚𝑙/𝑚𝐻 [9], which decreases with increasing 𝑚𝐻

(but it is finite for 𝑚𝐻 → ∞) like it happens in our case.
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