
P
o
S
(
I
C
H
E
P
2
0
2
2
)
7
8
6

Measurement of 𝒆+𝒆− → 𝝅+𝝅−𝝅0 with ISR events at
𝑩𝑨𝑩𝑨𝑹 and calculation of its contribution to the
(𝒈 − 2)𝝁

Fabio Anulli𝑎,1,∗
𝑎https://orcid.org/0000-0003-2734-130X

E-mail: fabio.anulli@roma1.infn.it

We present an analysis of the process 𝑒+𝑒− → 𝜋+𝜋−𝜋0 performed at BABAR using the initial-state
radiation (ISR) technique. The analysis is based on the full BABAR data set of 469 fb−1, recorded
at and near the Υ(4S) resonance. From the fit to the measured 3𝜋 mass spectrum we determine
the products Γ(𝑉 → 𝑒+𝑒−)B(𝑉 → 3𝜋), where 𝑉 is the 𝜔(780) or the 𝜙(1020) resonance,
and B(𝜌 → 3𝜋). The latter isospin-breaking decay is observed with 6𝜎 significance. The
𝑒+𝑒− → 𝜋+𝜋−𝜋0 cross section is measured from 0.62 to 3.5 GeV with unprecedented precision.
The measured cross section is used to calculate the leading-order hadronic contribution to the
muon magnetic anomaly from this exclusive final state with improved accuracy. We also present
preliminary results on a study, performed on the same data set, of the 𝐾+𝐾−𝜋0𝜋0𝜋0, 𝐾0
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Measurement of exclusive hadronic cross sections at 𝐵𝐴𝐵𝐴𝑅 Fabio Anulli

1. Introduction

The comparison between the experimental and the theory-predicted values of the anomalous
magnetic moment of the muon 𝑎` = (𝑔` − 2)/2 is a powerful test of the Standard Model validity.
To precisely calculate the value of 𝑎`, quantum fluctuation corrections at all orders, from all known
interactions, must be considered. The whole uncertainty is essentially produced by the small QCD
corrections, mainly vacuum polarization (VP) with hadrons, as low-energy hadronic processes
cannot be calculated in perturbation theory. The leading-order VP contribution to 𝑎` is however
reliably determined via dispersion relations connecting it to the cross section of 𝑒+𝑒− → hadrons:

𝑎𝐿𝑂,𝑉 𝑃
` =

(𝛼𝑚`

3𝜋

)2 ∫ 𝑅(𝑠) × �̂� (𝑠)
𝑠2

𝑑𝑠, (1)

where 𝑅(𝑠) is the bare hadronic cross section at the center-of-mass (CM) energy squared 𝑠, normal-
ized to the pointlike muon pair cross section, and �̂� (𝑠) is a known function that is of order unity.
Recent theoretical determinations of 𝑎` give similar results and have been summarized in Ref. [1],
where the common result 𝑎𝐿𝑂,𝑉 𝑃

` = (693.1 ± 4.0) × 10−10 have been proposed.
The present experimental world average value of 𝑎` [2] exceeds the theoretical one by more

than four standard deviations, possibly hinting at new physics. The experimental determination is
expected to improve significantly within a few years thanks to the new measurements at the running
Muon g-2 experiment at FermiLab and in the future at the J-PARC facility. Therefore, more precise
measurements of the hadronic cross sections would be desirable to have a similar improvement also
on the theoretical side.

We report in the following the most recent results obtained by the BABAR experiment [3] on the
measurement of exclusive 𝑒+𝑒− cross sections at low energies. These measurements make use of
the so-called initial-state radiation (ISR) method [4], with 𝑒+𝑒− collisions at a nominal CM energy
near the peak of the Υ(4𝑆) resonance, that is

√
𝑠 ∼ 10.6 GeV. In this experimental approach, the

𝑒+𝑒− → 𝑓 cross section is deduced from a measurement of the radiative process 𝑒+𝑒− → 𝑓 + 𝛾I𝑆𝑅,
where the photon is emitted by the 𝑒+or the 𝑒−with a CM energy 𝐸∗

𝛾 = 𝑥
√
𝑠/2, and 𝑓 can be any

final state produced at the reduced CM energy squared 𝐸2
𝐶𝑀

= 𝑠(1 − 𝑥):

𝑑𝜎𝑒+𝑒−→ 𝑓 𝛾I𝑆𝑅
𝑑𝑚

(𝑠, 𝑚) =
2𝑚
𝑠
𝑊 (𝑠, 𝑚)𝜎𝑒+𝑒−→ 𝑓 (𝑚) , (2)

where 𝑚 = 𝐸𝐶𝑀 is experimentally obtained from the reconstructed mass of the hadronic system.
The so-called radiator function𝑊 (𝑠, 𝑚), is the probability density to radiate a photon with a fraction
𝑥 of the beam energy and is known with a precision better than 1% [5, 6].

2. Measurement of the 𝑒+𝑒− → 𝜋+𝜋−𝜋0 cross section

The process 𝑒+𝑒− → 𝜋+𝜋−𝜋0 provides the second largest contribution to the hadronic cross
section in the energy region below 1.1 GeV, after 𝑒+𝑒− → 𝜋+𝜋−. Currently the accuracy of its
contribution to 𝑎` is about 3%.

The event selection makes use of the good solid angle coverage of the detector and the well
known beam energies. The event is fully reconstructed requiring exactly two good quality opposite-
sign tracks and at least three photons detected. The highest-energy photon is assumed to be the
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ISR photon and is required to have an energy of at least 3 GeV, while at least one pair of the
other photons must be compatible with being produced in a 𝜋0 decay. The candidate events are
subjected to a kinematic fit under the hypothesis 𝑒+𝑒− → 𝛾I𝑆𝑅𝜋

+𝜋−𝜋0, with requirement of energy
and momentum conservation and 𝜋0 mass constraint on the 𝜋0 candidate. The 𝜒2 of the fit is used
for selecting the signal events. The main backgrounds come from other ISR processes, in particular
𝑒+𝑒− → 𝛾I𝑆𝑅𝜋

+𝜋−, 𝛾I𝑆𝑅𝜋
+𝜋−𝜋0𝜋0, and the non-ISR processes 𝑒+𝑒− → 𝑞𝑞, where 𝑞 is a light

quark 𝑢, 𝑑, 𝑠, and 𝑒+𝑒− → 𝜏+𝜏−, whose estimate have been obtained with dedicated studies.
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Figure 1: (top row ) Relative difference between SND and CMD-2 data and BABAR 𝑒+𝑒− → 3𝜋 cross section
in the 𝜔 and 𝜙 regions. Only statistical uncertainties are shown. The systematic uncertainties amount to
3.4%, 1.3% and 1.3% for SND, CMD-2 and BABAR, respectively, in the 𝜔-meson region, and to 5%, 2.5% and
1.3% in the 𝜙-meson region. (bottom row) The BABAR 𝑒+𝑒− → 𝜋+𝜋−𝜋0 cross section (circles) in comparison
with the SND result [11] (triangles) for𝑚3𝜋 > 1.1 GeV/𝑐2. The contribution of the 𝐽/𝜓 meson is subtracted.
The error bars represent the statistical uncertainties for both data set, while the shaded box shows the BABAR
systematic uncertainty. The systematic uncertainty on SND data amount to 4.4%.

The 3𝜋 mass spectrum can be described as the sum of contributions of five resonances:
𝜌 = 𝜌(770), 𝜔 = 𝜔(780), 𝜙 = 𝜙(1020), 𝜔′ = 𝜔(1420) and 𝜔′′ = 𝜔(1650). In order to pre-
cisely measure the cross section, detector resolution effects need to be unfolded from the measured
3𝜋 invariant-mass spectrum in the energy region below 1.1 GeV, where the 𝜔 and 𝜙 resonances
dominate by several order of magnitude. The folding matrix is obtained from Monte Carlo sim-
ulation, corrected for Data-MC differences. The latter are determined taking advantage of the
well known values of the 𝜔 and 𝜙 resonance parameters. Additional Gaussian and Lorentzian
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smearing of the resolution is considered. Four different fitting models are tested, which include
or not the Lorentzian smearing, and allow or not for the rare 𝜌 → 3𝜋 decay. The results show
that the 𝜌 → 3𝜋 decay is necessary to describe the data. We measure a branching fraction
B(𝜌 → 𝜋+𝜋−𝜋0) = (0.88±0.23±0.30) ×10−4 with a significance greater than 6𝜎, consistent with
a previous result from SND [7].

From the unfolded mass spectrum, the cross section 𝜎𝜋+𝜋−𝜋0 (𝑚) is calculated for each mass
interval up to 1.1 GeV/𝑐2 as:

𝜎𝑒+𝑒−→𝜋+𝜋−𝜋0 (𝑚) =
(d𝑁/d𝑚)𝑢𝑛 𝑓 𝑜𝑙𝑑𝑒𝑑

Y𝑅 dL/d𝑚 ; (3)

where Y is the overall efficiency of the event selection process, 𝑅 is a radiative correction factor,
and dL/d𝑚 is the so-called ISR differential luminosity, obtained multiplying the total integrated
luminosity 𝐿 by the radiator function 𝑊 (𝑠, 𝑚). Figure 1(top row) show the relative difference
between SND [7, 8] and CMD-2 [9, 10] data and the BABAR cross section, around the 𝜔 and 𝜙

resonance peaks. Some significant difference is observed that is not fully covered by the systematic
uncertainties (not reported in the error bars). Above 1.1 GeV/𝑐2 no narrow structures are present
and resolution effects do not affect significantly the mass spectrum. Therefore, there is no need for
unfolding and the measured mass spectrum can be used to extract the cross section, which is shown
in Fig. 1, compared with the only previous measurement from SND [11]. Significant differences
between the two measurements are seen near 1.25 and 1.5 GeV/𝑐2.

The calculation of the contribution to 𝑎` through Eq. (1) requires the bare cross section
𝜎0(𝑒+𝑒− → 3𝜋), which is obtained from the measured cross section removing the effects of
vacuum polarization: 𝜎0(𝑒+𝑒− → 3𝜋) (𝑠) = 𝜎3𝜋 (𝑠) |1 − Π(𝑠) |2. The values of 𝑎3𝜋

` calculated
in each mass interval are reported in Ref. [12]. In particular, for 𝑚3𝜋 < 2.0 GeV/𝑐2 it results
𝑎3𝜋
` = (45.86 ± 0.14 ± 0.58) × 10−10, which is in agreement with calculations based on previous
𝑒+𝑒− → 3𝜋 cross-section measurements (see [1] and references therein), but has better accuracy.

3. Study of the processes 𝑒+𝑒− → 2𝐾3𝜋

An analyses of the 𝐾+𝐾−𝜋0𝜋0𝜋0, 𝐾0
𝑆
𝐾±𝜋∓𝜋0𝜋0 and 𝐾0

𝑆
𝐾±𝜋∓𝜋+𝜋− final states produced in

𝑒+𝑒− collisions via ISR, has been recently performed by BABAR [13]. The only other information on
final states with two kaons and three pions comes from a BABAR study of 𝑒+𝑒− → 𝐾+𝐾−𝜋+𝜋−𝜋0 [14].
These reactions have sizable cross sections around 2 GeV, whose measurement could shed some
light on the deviation seen between the sum-of-exclusive cross section and the calculation in
perturbative QCD in that energy region. In addition, direct measurement of the final states reduces
the need of isospin relations to account for the missing channels in the 𝑎` calculation. Finally, the
study of the intermediate states allows to test QCD models and to search for new states.

With an analysis procedure similar to that of the three-pion final state, the total cross section
for each final state is measured and shown in Fig. 2 (top row). The systematic uncertainties amount
to about 10%. The contributions of the main intermediate states for each process are then extracted,
as described in detail in Ref. [13].

The cross sections show hints of possible peaks around 2.17 and 2.4 GeV/𝑐2, which have
been studied with refined binning. The bump at 2.4 GeV/𝑐2, particularly visible in 𝑒+𝑒− →
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Figure 2: The measured (a) 𝑒+𝑒− → 𝐾+𝐾−𝜋0𝜋0𝜋0, (b) 𝑒+𝑒− → 𝐾0
𝑆
𝐾±𝜋∓𝜋0𝜋0, and (c) 𝑒+𝑒− →

𝐾0
𝑆
𝐾±𝜋∓𝜋+𝜋− cross sections. The uncertainties are statistical only. (d) The sum of events from

𝑒+𝑒− → 𝐾0
𝑆
𝐾±𝜋∓𝜋+𝜋−, 𝐾+𝐾−𝜋+𝜋−𝜋0, and 𝜋+𝜋−𝜋+𝜋−𝜋0𝜋0𝜋0 processes around the bump at 2.4 GeV.

(e) The 𝑚(𝐾0
𝑆
𝐾3𝜋) invariant mass distribution around 2.17GeV/𝑐2. The result of the fits described in the

text are superimposed to the event distributions.

𝐾0
𝑆
𝐾±𝜋∓𝜋+𝜋−, was already seen in the 𝑒+𝑒− → 𝐾+𝐾−𝜋+𝜋−𝜋0 and 𝑒+𝑒− → 2(𝜋+𝜋−)3𝜋0 processes.

The events from all these reactions are summed in Fig. 2(d) and fitted with a Breit-Wigner plus a
polynomial function; the signal has a significance of 3.5𝜎, with parameters,𝑚 = 2.44±0.02 GeV/𝑐2

and Γ = 107 ± 49 MeV, consistent with the structure called 𝑋 (2400) [15]. This structure, can also
been explained as a threshold behaviour of the process 𝑒+𝑒− → 𝜙 𝑓0(1370).

The events in the mass region around 2.17 GeV/𝑐2, with the additional requirement𝑚(𝜋+𝜋−) <
0.7 GeV/𝑐2 to remove a possible contribution from the 𝜌(770), are shown in Fig. 2(e) together with
the result of the fit with a BW and a polynomial function. The signal has a significance of 3.9𝜎.
The resonance parameters result to be 𝑚 = 2.164± 0.006 GeV/𝑐2 and Γ = 41± 20 MeV, consistent
with a new decay channel for the 𝜙(2170) resonance.

4. Conclusions

We presented a recent BABAR measurement of the 𝑒+𝑒− → 𝜋+𝜋−𝜋0 cross section and the
corresponding contribution to 𝑎`, which is in agreement with calculations based on previous
measurements, but is more precise by about a factor of about two.

We also presented preliminary results on the measurement of the cross section for three
𝑒+𝑒− → 2𝐾3𝜋 processes, together with the study of the many intermediate states. In particular we
have shown hints for a new possible decay of the recently discovered 𝜙(2170) resonant state.
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