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We discuss a strategy to study non-perturbatively QCD up to very high temperatures by Monte
Carlo simulations on the lattice. It allows not only the thermodynamic properties of the theory
but also other interesting thermal features to be investigated. As a first concrete application, we
compute the flavour non-singlet mesonic screening masses and we present the results of Monte
Carlo simulations at 12 temperatures covering the range from T ∼ 1 GeV up to ∼ 160 GeV in the
theory with three massless quarks. On the one side, chiral symmetry restoration manifests itself
in our results through the degeneracy of the vector and the axial vector channels and of the scalar
and the pseudoscalar ones, and, on the other side, we observe a clear splitting between the vector
and the pseudoscalar screening masses up to the highest investigated temperature. A comparison
with the high-temperature effective theory shows that the known one-loop order in the perturbative
expansion does not provide a satisfactory description of the non-perturbative data up to the highest
temperature considered.
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1. Introduction

When QCD is studied at finite temperature 𝑇 , a new energy scale influences the dynamics. In
the low temperature regime, we have hadrons while when we consider very high temperatures we
have a plasma of quarks and gluons that interact weakly. The understanding of high-temperature
QCD is based on the idea that, when 𝑇 is large, the dynamics is ruled by this energy scale and,
due to asymptotic freedom, the gauge coupling becomes small. In those conditions, QCD behaves
in practice as a 3-dimensional system. The gluon sector is given by a 3-dimensional Yang-Mills
theory with gauge coupling 𝑔2𝑇 involving the spatial components of the gauge field; the temporal
component becomes an adjoint scalar field with a mass of the order of 𝑔𝑇 . The quarks pick up
a mass proportional to 𝑇 and are very heavy fields. Hence, taking this effective approach, we
encounter three energy scales which, when the temperature is extremely high, are well separated,
𝑔2𝑇/𝜋 � 𝑔𝑇 � 𝜋𝑇 . In this setup the quarks are practically external sources and the main dynamics
is related to the 3-dimensional Yang-Mills theory: thus, although the gauge coupling is weak, there
are infrared non-perturbative effects that can be relevant [1–3].

First-principles non-perturbative information can be obtained studying QCD on the lattice
however this is numerically challenging in the regime of high temperatures. On the one side, the
state-of-the-art method to investigate QCD thermodynamics is based on the direct measurement
of the trace anomaly of the Energy-Momentum tensor from which one can then obtain the other
thermodynamics quantities. This method requires to consider always at the same time two different
energy scales and the maximal temperature that has been reached is about 2 GeV. A second problem
is related to the lack of knowledge of the parameters to use for the numerical simulations. For
example, mesonic screening masses have been measured only up to about 1 GeV in the continuum
limit [4–7]. Taking into account the inverse logarithmic behaviour of the gauge coupling with the
temperature, the range of the explored temperatures is quite limited.

The first problem has been solved by studying thermodynamics in a moving reference frame [8–
10]: this has the great advantage that one has to perform Monte Carlo simulations only at the physical
temperature of interest. Using this approach, the thermodynamic features of the 𝑆𝑈 (3) Yang-Mills
theory have been measured very accurately up to high temperatures [11, 12] and work is in progress
in QCD. For what concerns the lines of constant physics – namely, the parameter to consider in the
Monte Carlo simulations – renormalizing the theory with a hadronic scheme is not a convenient
choice since one has to consider a very fine lattice with a large size. A better choice is based on a
finite volume scheme [13, 14] where, by performing successive steps in which the energy is doubled
and the lattice spacing is halved, one can reach very high energies with a fine lattice spacing.
Exploiting this strategy, one can investigate QCD at high temperatures and, as a first application,
we have measured the mesonic screening masses [15].

2. Mesonic screening masses

Mesonic screening masses 𝑚O characterize the long distance behaviour of mesonic two-point
functions in the spatial direction

𝐶O (𝑥3) =
∫

𝑑𝑥0𝑑𝑥1 𝑑𝑥2 〈O𝑎 (𝑥)O𝑎 (0)〉 ∼
𝑥3→∞

𝑒−𝑚O 𝑥3 (1)
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where O𝑎 (𝑥) = �̄�(𝑥) Γ𝑇𝑎 𝜓(𝑥), is a bilinear operator with 𝑇𝑎 being the traceless generators of
the flavour group and Γ = 11, 𝛾5, 𝛾`, 𝛾`𝛾5 correspond to the scalar, pseudoscalar, vector and axial-
vector screening masses respectively. They give information on the response of the system to the
insertion of a mesonic operator as well as on the restoration of chiral symmetry. Screening masses
are quite simple to measure numerically and we can also compare the non-perturbative results with
the perturbative calculation that has been performed in the framework of the effective theory at
one-loop order. For 3 flavours, it is given by [16]

𝑚𝑃𝑇
O = 2𝜋𝑇

(
1 + 0.032739961𝑔2

)
. (2)

Notice that, at leading order, the mass is given by twice the mass of a static quark at finite temperature,
𝜋𝑇 , and that, at one-loop order, all the mesonic screening masses are degenerate.

3. The numerical study

We compute non-perturbatively the mesonic screening masses at 12 values of the temperature,
𝑇0, . . . , 𝑇11, approximately equally spaced in logarithmic scale from 160 GeV to 1 GeV. We regularize
QCD on the lattice with 3 flavours of massless clover fermions; for the gauge sector we consider
the Wilson action for 𝑇0, . . . , 𝑇8 and the tree-level improved Symanzik action for 𝑇9, 𝑇10 and 𝑇11.

Monte Carlo simulations are carried out on lattices with spatial size 𝐿/𝑎 = 288 and 𝐿 𝑇 > 20
so to make finite size effects negligible. At each physical temperature, 3 or 4 different values of
the lattice spacing 𝑎 have been considered in order to extrapolate the results to the continuum limit;
only for the temperature 𝑇0, the continuum limit has been obtained based on 2 values of the lattice
spacing. We have run our numerical simulations considering shifted boundary conditions with shift
b = (1, 0, 0) since we have observed [12] that lattice artifacts are particularly small for that choice.

Effective masses are extracted from the expectation value of the two-point function 𝐶O by

𝑚O (𝑥3) =
1
𝑎

arccosh
[
𝐶O (𝑥3 + 𝑎) + 𝐶O (𝑥3 − 𝑎)

2𝐶O (𝑥3)

]
(3)

and the screening mass 𝑚O is obtained as the value at which the effective mass flattens when 𝑥3

becomes large. In figure 1 we show the effective mass plots for the pseudoscalar and the vector
screening masses at the temperature𝑇3=33 GeV obtained for a lattice with temporal extent 𝐿0/𝑎 = 6.
In both cases, we notice long plateaux that allow us to measure the screening masses with high
accuracy and that are shown as bands in the plots.

At all the temperatures we have investigated, we observe a degeneracy between the scalar and
the pseudoscalar screening masses as well as between the vector and the axial-vector ones: this is
evidence for the restoration of chiral symmetry at high temperatures. More precisely, the 𝑈𝐴(1)
symmetry is anomalous also at finite temperature but the very strong suppression of the topological
susceptibility taking place at high temperatures, makes the effects of the anomaly negligible w.r.t.
the statistical uncertainty. For this reason we focus our discussion on the pseudoscalar, 𝑚𝑃, and on
the vector, 𝑚𝑉 , screening masses.

In order to ameliorate the approach to the continuum limit, we have introduced the following
tree-level improved definiton of the screening mass

𝑚O −→ 𝑚O −
[
𝑚free

O − 2𝜋𝑇
]
, (4)
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Figure 1: Plot of the effective masses, normalized to 2𝜋𝑇 , for the pseudoscalar (left) and vector (right)
correlators at 𝑇 = 33 GeV for 𝐿0/𝑎 = 6. The two bands represent the estimate of the screening masses.

where 𝑚free
O is the screening mass computed in the free lattice theory. In figure 2 we show the

continuum limit extrapolations at the 12 temperatures we have considered. We notice that the
𝑂 (𝑎)-improved fermion action, the improved definition of the screening mass and the use of shifted
boundary conditions with shift vector b = (1, 0, 0) make the discretization effects very mild and we
attain a final accuracy in the continuum limit of a few permille.
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Figure 2: Continuum limit extrapolations for the tree-level improved pseudoscalar (left panel) and vector
(right panel) screening masses. Each temperature is analyzed independently from the others. Data corre-
sponding to 𝑇𝑖 (𝑖 = 0, . . . , 11) are shifted downward by 0.02 × 𝑖 for better readability.

In figure 3 we present the temperature dependence of the pseudoscalar and of the vector
screening masses: the data are those resulting from the continuum limit extrapolations of figure 2.
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Figure 3: Pseudoscalar (red) and vector (blue) screen-
ing masses versus �̂�2. The bands represent the best fits
up to order �̂�4, while the dashed line is eq. (2).

The straight line represents the one-loop pertur-
bative result given by eq. (2). The dependence
on the temperature is expressed in terms of the
function �̂�2(𝑇) defined as

1
�̂�2(𝑇)

≡ 9
8𝜋2 ln

2𝜋𝑇
ΛMS

+ 4
9𝜋2 ln

(
2 ln

2𝜋𝑇
ΛMS

)
,

(5)
where ΛMS = 341 MeV is taken from Ref. [17].
Although it corresponds to the two-loop MS
definition of the strong coupling constant at the
scale ` = 2𝜋𝑇 , for our purposes it is just a
function of the temperature 𝑇 , suggested by the
effective theory analysis, that we use to analyze
our results: the crucial point is the leading loga-
rithmic dependence on 𝑇 . The blue and the red
bands are fits of the numerical data up to order
�̂�4(𝑇). We refer the reader to [15] for a detailed
discussion of the data analysis.

4. Conclusion

In these proceedings we have presented a strategy to investigate QCD up to very high tem-
peratures. On the one side, we consider shifted boundary conditions that represent an effective
framework to investigate thermodynamics (and for b = (1, 0, 0) give, in general, very small lat-
tice artifacts) and, on the other side, we match 𝑇 with the energy scale of the running coupling
defined with the step-scaling technique in order to determine the parameters for the Monte Carlo
simulations. We show results for mesonic screening masses at temperatures ranging from 1 GeV to
160 GeV and we compare our non-perturbative results with the one-loop perturbative computation:
contrary to the expectation coming from the latter, we observe a splitting between pseudoscalar
and vector screening masses for all the investigated temperatures. We find also evidence for a
degeneracy between the scalar and the pseudoscalar masses as well as between the vector and the
axial-vector ones.
Acknowledgements We acknowledge PRACE for awarding us access to the HPC system MareNos-
trum4 at the Barcelona Supercomputing Center (Proposals n. 2018194651 and 2021240051). We
also thank CINECA for providing us with computer-time on Marconi (CINECA- INFN, CINECA-
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