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If massive neutrinos are Majorana particles, then the lepton number should be violated and
neutrino-antineutrino oscillations will take place. In this contribution, we present the properties
of CP violation in neutrino-antineutrino oscillations with a non-unitary leptonic flavor mixing
matrix, which naturally arises in the type-I seesaw model due to the mixing between light and heavy
Majorana neutrinos. Taking into account current experimental bounds on the leptonic unitarity
violation, we show that the CP asymmetries induced by the non-unitary mixing parameters can
significantly deviate from those in the unitarity limit.
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1. Introduction

2. Non-unitary Flavor Mixing
After the spontaneous gauge symmetry breaking, the 6 × 6 neutrino mass matrix in the type-I
seesaw model can be diagonalized by a unitary matrix as follows
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the masses of three light and heavy Majorana neutrinos, respectively. Obviously, all the four 3 × 3
matrices 𝑉, 𝑅, 𝑆 and 𝑈 themselves are not unitary but satisfy the unitarity conditions. As is well
known, the 3 × 3 non-unitary mixing matrix 𝑉 can generally be decomposed into the product of a
Hermitian matrix and a unitary matrix, or a lower-triangular matrix and a unitary matrix, namely,
©1 − 𝜂𝑒𝑒
∗
𝑉 =  −𝜂𝑒𝜇
∗
« −𝜂𝑒𝜏

−𝜂𝑒𝜇
1 − 𝜂 𝜇𝜇
−𝜂∗𝜇𝜏

0 ª
−𝜂𝑒𝜏 ª
©𝛼11 0
0

®
e.
−𝜂 𝜇𝜏 ® · 𝑉 = 𝛼21 𝛼22 0 ®® · 𝑉
1 − 𝜂𝜏𝜏¬
«𝛼31 𝛼32 𝛼33 ¬

(2)

e in Eq. (2) must be different, since the
It is worthwhile to stress that the unitary matrices 𝑉 0 and 𝑉
associated Hermitian matrix (1−𝜂) and the lower-triangular matrix cannot be exactly identical. The
connection between them can be established by performing the QR factorization of the Hermitian
2
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Neutrino oscillation experiments have provided us with robust evidence that neutrinos are
massive and lepton flavors are mixed [1]. In order to accommodate tiny neutrino masses, one can
naturally extend the Standard Model (SM) by introducing three right-handed neutrino singlets as
in the type-I seesaw model [2]. Due to the mixing between light and heavy Majorana neutrinos,
the flavor mixing matrix 𝑉 appearing in the charged-current interaction of ordinary light neutrinos
becomes non-unitary. In this talk, we concentrate on the CP violation induced by the non-unitary
flavor mixing matrix 𝑉 in the neutrino-antineutrino oscillations.
The motivation for such an investigation is two-fold. First, since when it was suggested by
Pontecorvo in 1957 [3] that neutrino-antineutrino conversions might occur, there has been great
progress in understanding the basic properties of massive neutrinos. Neutrino-antineutrino oscillations indicate lepton number violation, and thus take place only if massive neutrinos are Majorana
particles [4]. Apart from neutrinoless double-beta decays (0𝜈𝛽𝛽) [5], neutrino-antineutrino oscillations may play an important role in the full determination of two Majorana-type CP-violating
phases. Therefore, it is interesting to examine neutrino-antineutrino oscillations in the type-I seesaw
model where neutrinos are indeed Majorana particles and the flavor mixing matrix 𝑉 is intrinsically non-unitary. Second, although neutrino-antineutrino oscillations with a unitary flavor mixing
matrix have been studied extensively [6], it is still unclear how different the CP violation with a
non-unitary mixing matrix is from that with a unitary one, and how large the deviations can be in
light of the latest experimental bounds on unitarity violation.
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matrix (1 − 𝜂). As summarized in Appendix A of Ref. [7], we can obtain
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The complex elements of the non-unitary matrix 𝑉 could bring in extra sources of CP violation,
which can be probed in future long-baseline accelerator neutrino oscillation experiments.

Since the flavor mixing matrix is non-unitary, it is more convenient to introduce three neutrino
flavor eigenstates (i.e., |𝜈 𝛼 i for 𝛼 = 𝑒, 𝜇, 𝜏) as
|𝜈 𝛼 i = q
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which have been properly normalized. The neutrino-antineutrino oscillation amplitudes are usually
suppressed by the small ratios 𝑚 𝑖 /𝐸 (for 𝑖 = 1, 2, 3) due to the helicity mismatch between neutrinos
and antineutrinos. The CP asymmetries for neutrino-antineutrino oscillations with a non-unitary
mixing matrix are found to be
Õ
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where the coefficients C𝛼𝛽 ≡ Re 𝑉 𝛼𝑖 𝑉𝛽𝑖 𝑉 𝛼∗ 𝑗 𝑉𝛽∗ 𝑗 , V𝛼𝛽 ≡ Im 𝑉 𝛼𝑖 𝑉𝛽𝑖 𝑉 𝛼∗ 𝑗 𝑉𝛽∗ 𝑗 , and the effective
neutrino masses h𝑚i 𝛼𝛽 ≡ 𝑉 𝛼1𝑉𝛽1 𝑚 1 +𝑉 𝛼2𝑉𝛽2 𝑚 2 +𝑉 𝛼3𝑉𝛽3 𝑚 3 (for 𝛼, 𝛽 = 𝑒, 𝜇, 𝜏) have been defined.
In addition, 𝐹 𝑗𝑖 ≡ Δ𝑚 2𝑗𝑖 𝐿/(2𝐸) for 𝑗𝑖 = 21, 31, 32 stand for the oscillation phases with 𝐿 being the
baseline length and 𝐸 the neutrino beam energy.
e ) × 100%/A
e , where
For illustration, we define the working observables 𝜀 𝛼𝛽 ≡ (A 𝛼𝛽 − A
𝛼𝛽
𝛼𝛽
e . In minimal seesaw model, where
the CP asymmetries in the unitarity limit are denoted by A
𝛼𝛽

the lightest neutrino is massless and only one Majorana CP-violating phase 𝜎 exists, we find that
𝜀 𝜇𝜏 can be as large as 206.8% in the case of normal mass ordering, for 𝛿 = 195◦ , 𝜎 = 0◦ and other
input parameters from Ref. [8]. A particularly interesting scenario is to assume all the CP-violating
e in Eq. (2) to be vanishing. In this scenario, one can clearly observe that nonzero CP
phases in 𝑉
asymmetries stem solely from CP-violating phases in the lower-triangular matrix, characterizing
leptonic unitarity violation.

4. Summary
In this talk, we have examined the CP asymmetries in the neutrino-antineutrino oscillations in
the presence of a non-unitary flavor mixing matrix. The motivation for such an examination is as
3
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3. CP Asymmetries in Neutrino-antineutrino Oscillations
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follows. First, neutrino-antineutrino oscillations occur only when massive neutrinos are Majorana
particles. Massive neutrinos are indeed of Majorana nature in the type-I seesaw model, where the
flavor mixing matrix of three light neutrinos is intrinsically non-unitary. Second, the non-unitarity
introduces extra sources of CP violation.
By using the QR factorization, we establish the exact connection between the Hermitian and
triangular parametrizations of a non-unitary mixing matrix. Then, the CP asymmetries in neutrinoantineutrino oscillations with a non-unitary mixing matrix are calculated. Finally, implementing
the latest experimental constraints on the leptonic unitarity violation, we numerically compute the
CP asymmetries in the minimal seesaw model.
Although neutrino-antineutrino oscillation probabilities are highly suppressed by 𝑚 𝑖2 /𝐸 2 for
ordinary light neutrinos, our discussions can be generalized to the case of heavy Majorana neutrinos.
As heavy Majorana neutrinos of masses around the electroweak scale could be directly produced in
the CERN Large Hadron Collider, it is interesting to probe CP asymmetries from heavy neutrinoantineutrino oscillations [9] and their resonant enhancement if heavy Majorana neutrinos are nearly
degenerate in mass [10].

