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1. Introduction

Theoretical predictions of QCD observables at the LHC need to be able to match the increasing
levels of experimental precision. This mandates calculating corrections to the hard-partonic cross
sections using perturbation theory in as. QCD has been well-studied at next-to-leading order (NLO)
in @, and there are many results at next-to-next-to-leading order (NNLO) using NNLO subtraction
schemes [1]. Theoretical predictions at next-to-next-to-next-to-leading order (N3LO) are available
for a few processes. The cancellation of infrared divergences across multi-loop corrections and
multi-leg corrections is guaranteed by the KLN theorem at each order in @;. However, achieving the
necessary analytic control of the corrections to balance against numerical calculations is extremely
complex. The work discussed in [2] exposes the single and double unresolved singularities hidden
within triple collinear splitting functions [3—5], which are fundamental objects relevant to the two-
leg corrections at NNLO. These proceedings discuss two of these splitting functions. Revealing
hidden structures at NNLO (and eventually at N3LO) is the key to simplifying NNLO subtraction
schemes (and creating a viable N3LO subtraction scheme).

2. Triple Collinear Splitting Functions

Time-like tree-level triple collinear splitting functions are extracted from colour-ordered sub-
amplitudes, where the notation of Ref. [3] is used. For a colour-ordered sub-amplitude,

A, j k.00, (D

particle i is colour-connected to j, which is colour-connected to k. In the limit where {i, j, k}
become collinear, the triple collinear splitting function is extracted from the amplitude,

Ay j ks )P = Papeosp (i, j, KA., P, ..)% )

Partons i, j, k of particle type a, b, ¢ cluster to form particle P with the sum of the momenta of

{i,j, k}.
The Lorentz invariant quantities,

ioon = (Pit o+ )t 3)

are used, in terms of parton momenta. Using the massless quark limit suitable for high energy
collisions and gluons being massless, s;; = 2p; - p; = 2E;E;(1 — cos6,;), where E;, E; are the
energies of particles i, j and 6;; is the angle between them. Collinear and soft singularites can be
expressed in terms of these Lorentz invariant quantities. s;; approaches zero if 7, j are collinear
or at least one is soft. We work in d = 4 — 2e dimensions. The triple collinear limit is the region
where s;j, Sjk, Sik, 5ijx become small. We can write p; = x;pp, pj = x;jpp and py = xxpp with
x; +xj+x; = 1. In practice, a spectator momentum ¢ is used to define the momentum fractions,
sie = x;spe. In these proceedings we will focus only on two splittings which illustrate all the
features exposed in [2]: gyy — ¢, ggg — g. We are using a shorthand notation for the splitting
functions,

Pape—spr(i, j k) = Papeos P (Xi, Xj, Xk Sijs Siks S jks Sijk)- “)
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3. Singularity structure of the triple collinear splitting function

Can you decompose triple collinear splitting functions into a strongly-ordered iterated collinear
splitting and a remainder which is finite when any two of {i, j, k} are collinear?

This can be illustrated in the left of Fig. 1, where P undergoes a strongly-ordered iterated
splitting into i, j, k and the right of Fig. 1, where P undergoes a direct 1 — 3 splitting. The
momentum fraction of the second iterated splitting y; can be related to {x;,x;,xx} by momentum
conservation: x; = (1 —xx)y;. The invariants in the denominator of the 1 — 2 splitting functions
are s;jx and s;; because these are the propagator contributions to the amplitudes.

Xi
(1—yj/)/

(1 —xx)

Xi

Pyg(y))
Sij

ngg(i’j’k)
S

qu (xx)

Sijk ijk

Xk
Xk

Figure 1: On the left: An iterated single-collinear contribution to the triple collinear splitting function. On

the right: A remainder function R,p.—,p Which contains the parts of the triple collinear splitting function
that are not contained in the strongly-ordered, iterated contributions.

In other words, we rewrite the triple collinear splitting functions as

1 ..
1 ) + —5—Rape—pr (i, j, k) (5)
— Xk s

.. 1 1
Pape—p(i, j, k) = Z rP(ah)CﬁP (xx) fPabﬁ(ab) (
J ijk

perms ijk Si

where P,j,_,(qap) are the usual spin-averaged two-particle splitting functions and the remainder
Rape—p(i, j, k) depends on the momentum fractions and small invariants.

4. New Basis

In order to decide which terms in P,pc—p (i, j, k) should be in the remainder R,pc—p (i, J, k),
we express the splitting functions in terms of a different basis which organises how terms contribute
in single collinear limits. The new basis is constructed out of traces of four gamma matrices
contracted with momenta:

Te(/fRE) = sijSki + SiaSjk — SikSji- (6)

The useful property of these traces is that Tr(/ / k) /s;; is not singular in the , j collinear limit. This
be seen by expanding the trace in the i, j collinear limit, where Y;; = si;5jx — sixsj1 — O(3/5i))-
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Similarly Tr(//¥{)/sjk, Tc({ fk£)/sk and Tr({ jk£) /s are not singular in the (f, k), (k, 1), (i,1)
collinear limits respectively. While the same is not true for Tr(//k£)/six or Tr(/ f¥{)/sj;. When
we work in the i, j, k collinear limit, we allow the momentum of a spectator ¢ to be normalised such
that, Tr(/ /kf) = xxsij + xiSjk — XjSik. The new basis is described in full in [2].

We introduce
2 XiXjX[

a-0 msijsijk’ @)

such that terms like W;;/ s?j in the new basis do not contribute in the i, j collinear limit and are

2
Wij = (xisjk — xjsik)” —

O(1/+/si;). The second term removes the 7, j collinear contribution from the first term. This is an
integrable singularity which vanishes upon azimuthal integration in d dimensions, where we take
the azimuthal angle with respect to the (ij) direction. Using Ref. [6], we can write

Adx;x i Xk
(xijx = Xjsik)” = ﬁsijsijk cos” @i j. ki ®)
such that W;; has the form,
Axixxp ) 1
Wi = msi_l‘sljk COS” pijki — m ©)
We also introduce the auxiliary functions,
(1-x) 2x(x —2) 4x

AO(X,)’)ZI_ 5 BO(X,)’)=1+ + . (10)

(1-y) (1-y2 (1-y)

5. Results

General features of the results (for all QCD triple collinear splitting functions) are as follows: All

1—xp
or P x P for short. In practice, due to colour-ordering, many coefficients in the new basis are zero.

terms with two of {, j, k} collinear, appear as a permutation of ﬁP(ab)cﬁ p (x) SL Pab(ab) ( Xj ) ’
ij ¥

All splitting functions are describable with one trace ordering (appropriate to the colour-ordering)
if {y,, v, } is used. The full set of results are examined in [2].

We expose all single and double unresolved singularities contained within the triple collinear
splitting functions and introduce the concept of internal and external singularities when in a triple
collinear limit. Internal singularities in a i, j, k collinear limit involve only small invariants in

{Sij, Siks>Sik» Sijk}-
* Internal single collinear singularities like 1/s;; appear only in P X P terms (the iterated
two-particle splitting contributions).

* Internal single soft singularities like s;x/s;;/sx appear only in Rypc—p.

External singularities involve singularities in momentum fractions x;, with reference to a spectator
particle and are inherited from the parent multi-leg amplitudes before taking the i, j, k collinear
limit.

* When external single collinear singularities like 1 /x; appearin P, p, they are all contained
in P X P terms.



Leading Order Triple Collinear Splitting Functions Revisited Oscar Braun-White

e When external single collinear singularities like 1/x; do not appear in P,p._, p, there could
be terms proportional to 1/x; in P X P and R p.— p Which cancel.

 External single soft singularities like x;/x;/s;; appear only in the iterated P X P terms.

Double soft singularities are defined as external because they require reference to some spectator.
5.1 Two gluons with a collinear quark or antiquark

(a) In the case where the gluons are abelianised (g) or two photons are collinear to the quark, the
splitting function is symmetric under the exchange of the two bosons (j, k). We find,

Xj xi
P,,(x qu(l_ ) Poo(x: qu(r)
Pyyy—q(isj k) = as (%) /. g (X)) X

Sijk sij sijk Sik
1 ..

+2_quy—>q(l’]’k)’ (11)
ijk

where

(1-€e)? Te(/{kf) sijik Tr(f1#f) N

R N ., .,k — Esub X _ Esub X . k ,
qyy q(l 7. k) 0 (x X Xk) (1 —xp) 5ij + (x X Xk) Sijsik (j & k)
(12)
and

by (xi xjoxx) = (1—€) (1= (1-e)Ao(x),xz)), (13)

~ Xkqu(Xk) 2 1 2
P xoxg) = — (1) +~(1-e)> 14
(o) = e s 210 (10 (14)

Egs. (11)—(14) are equivalent to Eq. (5.6) in Ref. [3] up to a normalisation of a factor of 4.

The behaviour of the Py, triple collinear splitting function in the limit where individual
momentum fractions are small is in Table 1. There is no singular behaviour as x; — 0 reflecting the
fact that there is no singularity when the quark and spectator momentum are collinear and that there
is no soft quark singularity. We also see that there are contributions from both the strongly-ordered
contribution and from R,,,_,4, when x; — 0 and x; — O that do not cancel in the full Py,
splitting function. However, only the strongly-ordered term contributes in the soft j or soft k limits,

J soft 2x; 1

Pgyyoq(i,j k) — — Py (xk), (15)
sijxj Sik
.. k soft 2x; 1
Pgyy—q(i, J, k) > —Pgg(xj). (16)
SikXk Sij

It can be seen that the strongly-ordered terms contribute the full double soft j, k limit (a product of
two eikonal factors) and there are no contributions from E(x,-,x i, Xk). There are no other double
soft singularities.
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qyy — q P X P terms quw—ﬂz (i, ), k) ﬁpqy‘y—w](i’j’ k)
xi—0 0 0 0

+s”+lk;c—; [qu(xk)J +ﬁ;—;[f’qg(xk)j

Sikslgijk % »2qu (xk)i +Sik~lgijk % i - qu (xk)‘ +5ik~1§ijk % »qu (xk)r

+W+”(;—£[qu(xj‘)j +Sij#5ik;c_lilpqg(xj)j

X =0 Sijii,jk i 2Pgg (x)) +Sij~1ijk # ~ Pg(x)) +Sij~1vijk # Pqg(x))

mi—; 2qu(xj) +ﬁ§—; —qu(xj) +ﬁ§—; qu(xj)

Table 1: Singular behaviour of the Py, triple collinear splitting function in the limit where individual
momentum fractions are small. The contributions from the iterated two-particle splittings are shown in
column 2, while the contributions from R,,_,, are shown in column 3 and the contributions for the entire
splitting function P4 are shown in column 4. Each row shows the singular limit for a different momentum

fraction tending to zero. The vertical displacement within each cell is organised by {s;;, Sk, Sik, Sijk}-

(b) In the case where gluon j is colour-connected to quark i and gluon k, we find that,

X X
P (xx) Pas (%) Pyo(1 —x;) Pes ()
+

Page—q(i, ], k) =

Sijk Sij Sijk Sik
1
+——Rgggoq i j. ). (17)
ijk
where
R G0 2(1—€) Wi 401 —e)xi Te(//kE) (1 - €)> Te(/ k)
qsg=a\b /> (1-x;)2 s?k (1-x)>  sjk (I=xk) i
+bo(x;, X}, xk) +b(xi,x_i,xk)M, (18)
SijSjk
and
bo(xi,xj,xx) = (1—€)(Bo(xg,x;) =1+ (1—€)Ao(xi,xx)), (19)
P ; 2xi P 4
b(xisxj,xx) = —Z(fg_(?; - ;'f(l"f(;';) + = 30 -e (20)
i J i i

Egs. (17)—(20) are equivalent to Eq. (5.5) in Ref. [3] up to a normalisation of a factor of 4.

We observe that b contains inverse powers of x; and xx. The behaviour of the P 4., triple

collinear splitting function in the limit where individual momentum fractions are small is in Table 2.

We see that there is no singular behaviour as x; — 0. This is because there is no singularity when
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qgg — ¢ P X P terms %ngg_,q (i, ], k) équg_)q (i, ], k)
ij

Sijk

x;i—0 0 0 0

1 i
+m;’—] |: - 2qu(Xk)]

x; =0 +Sij;i_ik ;C_; 2P g (xk) 0
2 rascen)| | o - 2puton)
+s,-j1sjk§_£[qu(xj)J +si‘,lsjki_ilpqg(xj)]
xr— 0 +Sij;ijk % [Zqu (x_,')} +S[j;ijk ﬁ [ — Pyg (xj)} +Si‘[;ijk % [qu (x‘,')]
+Sjk~19ijk§_£|:2pqg(xj)] +sjklsijk ,xc_i{ - qu(xj)} +sjklsijk;c_£[qu(x.i)}

Table 2: Singular behaviour of P4, in the limit where individual momentum fractions are small.

the quark and spectator are collinear and there is no soft quark singularity. When x; — 0, we see
contributions from both the strongly-ordered contribution and from R 4,4 which cancel in the full
P ;45—q splitting function. When x; — 0, we see that the contributions from the strongly-ordered
contribution and from R;¢¢ 4 do not cancel in the full P4, splitting function.

In the soft & limit, only the strongly-ordered term contributes and we recover the expected limit
describing collinear partons i and j with the soft gluon k radiated between the colour-connected

partners j and ¢,

k soft 2Xj 1
<5 — Py (x)). 1)
S KKK Si7 qg'\Xj

qug—>q (la j7 k)

However, in the soft j limit the 1/x;/s;; and 1/x;/s i terms cancel between the P X P and
Ry¢¢—4 contributions, such that

1 j sof 2x; 2 2s; 1
- ngg—»q (i, I k) ]ﬁ)t _ Xi _ Xk + Sik _qu (xk), (22)
Sijk XjSij XjSjk SijSjk ) Sik
L. jsoft  2sik 1
qug—>q(laJ’ k) — ' _qu(xk)- (23)
SijSjk Sik

This is precisely as expected for the emission of a soft gluon between the hard (and collinear)
radiators i and k. There are also double soft singularities when gluons j, k are soft. These are
contained iteratively in the P X P contributions and in Ryge—q (i, J, k),

X X
Pyo(1—x;) Peg (1—;,-) Pyg(xi) Pqg (1—ik)
—+

Sijk Sjk Sijk Sij
i,k sof 2 X 4
= Pgg ( ! ) + ) 24)
(1 _x[)S[ijjk 1 —Xi -x_ijSiijl'j
1 ksoft 2(1— €)W, 2 4 T
o Ragama i) ( 2)2 5 ‘( (1-x1)  x;(1- 4)) Ar.(l_jk_f_).
Siik (1-x;) SSii Xk Xi) X X)) siiSksizk
(25)
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6. Conclusions

In these proceedings, we have rewritten P, 4 and P, g, 4 to expose the single and double
unresolved limits. These two splitting functions, when decomposed, display all the features which
are present in the other QCD triple collinear splitting functions [2]. We have isolated the strongly-
ordered iterated contributions as products of the usual spin-averaged two-particle splitting functions
(generically P x P) and a remainder function R,p.—p (i, j, k) that is finite when any pair of {i, j, k}
are collinear. This work allows us to appreciate the interplay between NLO and NNLO, which
is important for the development of efficient infrared subtraction schemes. Similar work on the
quadruple collinear limit could be useful for progressing to N3LO.

Acknowledgments

I thank Aude Gehrmann-De Ridder, Thomas Gehrmann and Christian Preuss for useful dis-
cussions and of course my supervisor Nigel Glover.

References

[1] W.J. Torres Bobadilla et al., May the four be with you: Novel IR-subtraction methods to tackle
NNLO calculations, Eur. Phys. J. C 81 (2021), no. 3 250, [arXiv:2012.02567].

[2] O. Braun-White and N. Glover, Decomposition of Triple Collinear Splitting Functions,
arXiv:2204.10755.

[3] J. M. Campbell and E. W. N. Glover, Double unresolved approximations to multiparton
scattering amplitudes, Nucl. Phys. B 527 (1998) 264288, [hep-ph/9710255].

[4] S. Catani and M. Grazzini, Collinear factorization and splitting functions for
next-to-next-to-leading order QCD calculations, Phys. Lett. B 446 (1999) 143-152,
[hep-ph/9810389].

[5] S. Catani and M. Grazzini, Infrared factorization of tree level QCD amplitudes at the
next-to-next-to-leading order and beyond, Nucl. Phys. B 570 (2000) 287-325,
[hep-ph/9908523].

[6] F.Dulat, S. Hoche, and S. Prestel, Leading-Color Fully Differential Two-Loop Soft
Corrections to QCD Dipole Showers, Phys. Rev. D 98 (2018), no. 7 074013,
[arXiv:1805.03757].


http://arxiv.org/abs/2012.02567
http://arxiv.org/abs/2204.10755
http://arxiv.org/abs/hep-ph/9710255
http://arxiv.org/abs/hep-ph/9810389
http://arxiv.org/abs/hep-ph/9908523
http://arxiv.org/abs/1805.03757

	Introduction
	Triple Collinear Splitting Functions
	Singularity structure of the triple collinear splitting function
	New Basis
	Results
	Two gluons with a collinear quark or antiquark

	Conclusions

