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We summarise the calculation of the two-loop next-to-leading order QCD corrections to Z boson
plus Higgs boson production in gluon fusion. The result presented includes full top-quark mass
effects and is obtained by combining two-loop virtual contributions computed numerically, using
sector decomposition, with virtual contributions obtained in a high-energy expansion. We find
that the corrections enhance the cross-section by approximately a factor of 2 and reduce the
renormalisation and factorisation scale uncertainty by around 30%. For a centre of mass energy
of

√
𝑠 = 13.6 TeV we obtain

𝜎
NLO(𝑚OS

𝑡 )
𝑔𝑔→𝑍𝐻

= 114.7(3)+16.2%
−13.7% fb.

We also observe that the choice of top-quark mass renormalisation scheme can have a significant
impact on the prediction.
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1. Introduction

The production of a Higgs boson in association with a 𝑍 boson is an important channel for
studying the properties of the Higgs boson at the LHC. The channel receives contributions from
diagrams in which the Higgs boson couples to a fermion line and from diagrams in which the
Higgs boson couples to a 𝑍 boson. It is therefore sensitive to the coupling of the Higgs boson both
to fermions and to 𝑍 bosons. The channel was recently used to place limits on the Higgs boson
coupling to charm quarks [1–3], with the leptonically decaying 𝑊/𝑍 boson used to tag the signal
events. The 𝑍𝐻 channel was also used to observe the Higgs boson decay to bottom quarks [4, 5].
Furthermore, due to the interference between diagrams involving a top-quark Yukawa coupling and
diagrams containing a 𝐻𝑍𝑍 coupling, the 𝑝𝑝 → 𝑍𝐻 process is useful for constraining the sign of
the top quark Yukawa and its CP structure [6–9].

The loop-induced 𝑔𝑔 → 𝑍𝐻 channel was first calculated at leading order, including the full
quark mass dependence, over 30 years ago [10, 11]. The next-to-leading order corrections were
computed in the heavy top-quark limit around two decades later [12], these approximate results
suggested that the NLO corrections could be very significant, i.e. roughly as large as the LO
result. Subsequently, the virtual corrections, which constitute the most challenging piece of the
higher-order corrections, were computed in an expansion around large top-quark mass (to 1/𝑚8

𝑡 ) and
improved by fitting a Padé approximant [13]. More recently, the virtual corrections were computed
in a high-energy expansion (to 𝑚32

𝑡 ) and Padé [14] improved, and also in full using a numerical
approach based on sector decomposition [15]. A NLO result for 𝑔𝑔 → 𝑍𝐻 based on a small-𝑚𝑍

and 𝑚𝐻 expansion, but retaining the full top-quark mass dependence, has previously been presented
in Ref. [16]. Results for the virtual corrections are also known in an expansion around small-𝑝𝑇
(to 𝑝4

𝑇
) [17] and have been combined with the high-energy results [18], a NLO result based on this

combination was recently presented in Ref. [19].

The gluon induced channel formally enters at next-to-next-to-leading (NNLO) order for the
𝑝𝑝 → 𝑍𝐻 process. However, due to the large gluon luminosity at the LHC, it contributes
around 6% of the total NNLO cross section and is significant also in the boosted Higgs regime
(𝑝𝐻

𝑇
≳ 150 GeV) [6, 12, 20–22]. At LO the gluon induced channel has a large, O(100%),

scale dependence and is a significant source of theoretical uncertainty for 𝑍𝐻 production at the
LHC [2, 4, 5, 23–27], this motivates the computation of the NLO QCD corrections to the gluon
induced channel, which formally contribute to 𝑝𝑝 → 𝑍𝐻 at order N3LO.

Here, we present the full NLO QCD results for the 𝑔𝑔 → 𝑍𝐻 process. The two-loop virtual
amplitude was obtained by extending the high-energy expansion of Ref. [14] and combining it
with the full numerical result of Ref. [15]. The Born and real amplitudes were obtained using the
GoSam [28, 29] automated one-loop provider. This work was originally described in Ref. [30].

These proceedings are organised as followed. In Section 2 we briefly describe the setup of the
calculation and improvements made to the virtual amplitudes since their original publication. In
Section 3 we present results for the total cross section and selected distributions for the 𝑍𝐻 invariant
mass and transverse momentum. In Section 4 we summarise the results of this work and outline
some open issues.
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Figure 1: Representative Feynman diagrams for the virtual correction to the 𝑔𝑔𝑍𝐻 amplitude. We calculate
in the Feynman gauge and so also include the set of diagrams where the 𝑍-boson propagators are replaced
by Goldstone bosons.

2. Setup

2.1 Virtual amplitude

The most involved step in the calculation of the NLO QCD corrections to 𝑔𝑔 → 𝑍𝐻 is in
obtaining the two-loop renormalised and infrared (IR) subtracted two-loop virtual amplitude. In
this work, our virtual amplitude is based on a combination of the full numerical result of Ref. [15]
and the high-energy expansion of Ref. [14].

In Ref. [14], the two-loop amplitude is obtained in an expansion around large and small top-
quark mass. In this work only the high-energy (or small top-quark mass) expansion is used. The
high-energy expansion is obtained assuming that 𝑚2

𝐻
, 𝑚2

𝑍
≪ 𝑚2

𝑡 ≪ 𝑠, |𝑡 |, a Padé approximant is
then fitted to improve the convergence of the expansion. Originally, the expansion was computed
up to order (𝑚2

𝑍
, 𝑚2

𝐻
, 𝑚32

𝑡 ). For the virtual amplitude used here, the expansion was extended up
to quartic order (𝑚4

𝑍
, 𝑚4

𝐻
, 𝑚32

𝑡 ) including the mixed quartic term 𝑚2
𝑍
𝑚2

𝐻
. In order to assess the

reliability of the expansion, we compare it at the level of individual phase-space points to the (more
expensive to evaluate) full result. Using only the quadratic terms of the expansion, a difference at
the 2 permille level remains between the full and expanded results even at large 𝑝𝑇 . Including the
quartic terms in the expansion was found to improve the agreement with the full numerical results
significantly, with most points at 𝑝𝑇 > 200 GeV agreeing within the numerical uncertainty at the
2 · 10−5 level. For our main results we use the high-energy expansion for 𝑝𝑇 > 200 GeV and the
full numerical evaluation for 𝑝𝑇 < 200 GeV. For the study of the top-quark mass renormalisation
scheme, only the high-energy expansion is used, for our choice of cuts, this requires some phase-
space points with 150 GeV < 𝑝𝑇 < 200 GeV, which agree with the numerical virtual amplitude at
the level of a few percent.

To optimise our phase-space sampling, we first compute the Born result using Monte-Carlo
sampling and a VEGAS grid. We then apply the accept-reject method to Born phase-space points
in order to obtain a list of sampling points for the virtual contribution, distributed such that they
sample well the product of the gluon-gluon luminosity, the Born matrix element squared and the
phase-space factor. An additional weighting function, 𝑓 (𝑝𝑇 , 𝑚𝑍𝐻), is then used to enhance the
number of sampling points in specific regions. We use three different sets of sampling points:
optimised for the total cross section with 𝑓 (𝑝𝑇 , 𝑚𝑍𝐻) = 1, distributed uniformly in invariant mass
with 𝑓 (𝑝𝑇 , 𝑚𝑍𝐻) ∝ d𝜎𝐵/d𝑚𝑍𝐻 and uniform in 𝑝𝑇 with 𝑓 (𝑝𝑇 , 𝑚𝑍𝐻) ∝ d𝜎𝐵/d𝑝𝑇 . We have
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evaluated a total of 1294 points for the full numerical result and we combine these results with sets
containing an additional 6000 points, optimised for the corresponding distribution, evaluated using
the high-energy expansion.

2.2 Real radiation

The real/real-virtual corrections to the Drell-Yan-like and gluon induced 𝑝𝑝 → 𝑍𝐻 channels
are not completely distinct and there is, therefore, some freedom regarding which gauge invariant
sets of diagrams are included/excluded in the gluon-induced corrections. For our 𝑔𝑔 → 𝑍𝐻

calculation we include (the gauge invariant set of) all diagrams appearing in the 𝑔𝑔𝑍𝐻𝑔 and
𝑞𝑞𝑍𝐻𝑔 amplitudes (and their crossings) which contain a closed fermion loop and have either a
𝑍-boson or a Goldstone boson coupled to that loop. We consider 𝑛 𝑓 = 5 massless quarks and a
massive top-quark running in the fermion loops.

For the evaluation of our real radiation matrix elements we use the automated one-loop provider
GoSam [28, 29] together with an in-house C++ code, similar to the one used to evaluate 𝑝𝑝 →
𝐻𝐻 [31, 32]. The IR singularities are subtracted using Catani-Seymour dipole subtraction [33].
To ensure that our real matrix elements are numerically stable, we recompute each point after
performing an azimuthal rotation about the beam axis and switch to quadruple precision if the
original and rotated results do not agree to 10 digits.

3. Results

We present results using the NNPDF31_nlo_pdfas parton distribution functions [34] with
masses determined by the ratios 𝑚2

𝑍
/𝑚2

𝑡 = 23/83 and 𝑚2
𝐻
/𝑚2

𝑡 = 12/23. We fix 𝑚𝑡 = 173.21 GeV
and 𝑚𝑊 = 80.379 GeV, to 4 significant figures this yields 𝑚𝑍 = 91.18 GeV and 𝑚𝐻 = 125.1 GeV.
Our differential results are presented at a center-of-mass energy of

√
𝑠 = 14 TeV.

√
𝑠 LO [fb] NLO [fb]

13 TeV 52.42+25.5%
−19.3% 103.8(3)+16.4%

−13.9%
13.6 TeV 58.06+25.1%

−19.0% 114.7(3)+16.2%
−13.7%

14 TeV 61.96+24.9%
−18.9% 122.2(3)+16.1%

−13.6%

Table 1: Total cross sections at LO and NLO with full top-quark mass effects, evaluated at scale 𝜇𝑅 = 𝜇𝐹 =

𝑚𝑍𝐻 . The 7-point scale variation is also given.

We show results for the total cross section for 𝑔𝑔 → 𝑍𝐻 at LO and NLO at various centre of
mass energies in Table 1. The effect of the finite top-quark mass is fully included in our results.
The quoted scale uncertainties are the result of a 7-point (renormalisation and factorisation) scale
variation around the central scale of 𝑚𝑍𝐻 . We find that the NLO QCD corrections are very large
and enhance the LO cross section by roughly a factor of two. Going from LO to NLO the scale
uncertainty is reduced by about a factor of 1.5. Our results agree, at the total cross section level,
with those presented in Ref. [16], which were computed using an expansion around small 𝑚𝐻 and
𝑚𝑍 .

In Figure 2 (left panel) we show differential results for the invariant mass distribution of the 𝑍𝐻
system at LO and NLO at scale 𝜇 = 𝜇𝑅 = 𝜇𝐹 = 𝑚𝑍𝐻 and 𝜇 = 𝐻𝑇 =

∑
𝑖=𝐻,𝑍

√︃
𝑚2

𝑖
+ 𝑝2

𝑇,𝑖
+∑𝑘 |𝑝𝑇,𝑘 |,
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Figure 2: Invariant mass distribution for 𝑔𝑔 → 𝑍𝐻 at LO and NLO. Left panel: fully inclusive results with
𝜇 = 𝜇𝑅 = 𝜇𝐹 = 𝑚𝑍𝐻 or 𝜇 = 𝐻𝑇 and the top-quark mass renormalised in the on-shell (OS) scheme. Right
panel: results with cuts of 𝑝𝑇,𝐻 ≥ 140 GeV, 𝑝𝑇,𝑍 ≥ 150 GeV shown for different choices of top-quark mass
scheme and scale 𝜇𝑡 .

where the sum runs over all final state massless partons 𝑘 . In the fully inclusive case, the NLO/LO
K-factor is approximately two for most of the range and rises slowly at large invariant mass, it
contains peaks at the 𝑡𝑡 and 𝑍𝐻 production thresholds. In Figure 2 (right panel), we investigate
the impact of the top-quark mass renormalisation scheme dependence on 𝑍𝐻 production. After
imposing the cuts 𝑝𝑇,𝐻 ≥ 140 GeV, 𝑝𝑇,𝑍 ≥ 150 GeV, which select the moderate/high-𝑝𝑇 region,
we display results in the on-shell (OS) scheme and the MS scheme. The top-quark renormalisation
scale is set to 𝜇𝑡 = {𝑚𝑍𝐻 , 𝐻𝑇 , 𝑚𝑡 (𝑚𝑡 )}, where 𝑚𝑡 (𝑚𝑡 ) is the MS top quark mass at the scale of
the MS top-quark mass. We observe that the choice of mass renormalisation scheme and scale has
a significant impact on the result. For example, in the bin 𝑚𝑍𝐻 = [1000, 1020] GeV, at LO the
MS(𝜇𝑡 = 𝑚𝑍𝐻) result is 2.85 times the OS result, at NLO this ratio is reduced to 1.87.

In Figure 3 we show the transverse momentum of the Z-boson (left panel) and the Higgs boson
(right panel) at LO and NLO. The band indicates the 7-point scale variation around the central
scale choice of 𝜇 = 𝑚𝑍𝐻 and the top-quark mass is renormalised in the on-shell (OS) scheme. We
observe that even with the cuts 𝑝𝑇,𝐻 ≥ 140 GeV, 𝑝𝑇,𝑍 ≥ 150 GeV, the NLO corrections are very
significant at large 𝑝𝑇 , enhancing the differential cross section by a factor of ∼ 3 (∼ 6) at 1 TeV for
the Z-boson (Higgs boson). The size of these corrections can be partially understood from the large
real radiation contribution, which is dominated by new configurations (not present at Born level)
in which a hard jet recoils against a relatively hard Higgs boson. Strikingly, the 𝑝𝑇,𝐻 distribution
is markedly different from the 𝑝𝑇,𝑍 distribution at NLO, again, this difference can be attributed
to new configurations in the real contributions [7, 35]. In diagrams where both the Higgs boson
and 𝑍 boson are radiated from a top-quark loop, the probability to radiate a “soft” 𝑍 boson (with a
Higgs boson recoiling against a hard jet) is related to the soft Eikonal factor 𝑝𝜇/(𝑝 · 𝑝𝑍 ), where 𝑝𝜇

generically denotes the radiator momentum. On the other hand, the probability to radiate a “soft”
Higgs boson is proportional to 𝑚𝑡/(𝑝 · 𝑝𝐻). The ratio of the two Eikonal factors is ≃ 𝑝𝑇/𝑚𝑡 ≫ 1,
thus it is more likely that the 𝑍 boson is soft and the Higgs boson is hard. For further discussion of
our differential results, we refer the reader to Ref. [30].
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Figure 3: Left panel: Distribution of the Z-boson transverse momentum at LO and NLO. Right panel:
Distribution of the Higgs boson transverse momentum at LO and NLO.

4. Summary

We have presented the complete two-loop NLO QCD corrections to the loop-induced process
𝑔𝑔 → 𝑍𝐻. The NLO corrections increase the gluon fusion cross section by about a factor of 2, and
reduce the scale dependence. Thus, at N3LO, the gluon channel is expected to account for around
10% of the 𝑝𝑝 → 𝑍𝐻 total cross section. The inclusion of the NLO corrections to 𝑔𝑔 → 𝑍𝐻

is essential for correctly describing 𝑍𝐻 production at the LHC and HL-LHC. At large transverse
momentum, the NLO corrections can be very large, more than 10 times the LO result for 𝑝𝑇,𝐻 .
The large corrections can be traced back to the real radiation contribution which is enhanced when
a soft 𝑍 boson is radiated from a top quark loop. We have also found that the choice of mass
renormalisation scheme and scale for the top-quark mass is important. The difference between
results in the MS scheme and the on-shell (OS) scheme remains at least as large as the usual
renormalisation and factorisation scale uncertainties at NLO.
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