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Flavor observables are usually computed with the help of the electroweak Hamiltonian which
separates the short-distance from the long-distance regime. The Wilson coefficients are calculated
perturbatively, while matrix elements of the operators require non-perturbative treatment for many
processes, e.g. through lattice simulations. The resulting necessity to compute the transformation
between the different renormalization schemes in the two calculations constitutes an important
source of uncertainties. An elegant solution to this problem is provided by the gradient-flow
formalism, already widely used in lattice simulations, because its composite operators do not
require renormalization. In this contribution we report on the construction of the electroweak
Hamiltonian in the gradient-flow formalism through NNLO in QCD.
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1. Introduction

2. Operator basis
Schematically the effective electroweak Hamiltonian can be written as

Heff = −

4𝐺 F
√
2

𝑥
𝑉CKM

∑︁

𝐶 𝑛 O𝑛

(1)

𝑛

where 𝐺 F denotes the Fermi constant raised to some power 𝑥, 𝑉CKM comprises the relevant elements
of the Cabbibo-Kobayashi-Maskawa (CKM) matrix, and 𝐶𝑛 are the Wilson coefficients. As a first
step we focus on the current-current operators



O1 = − 𝜓¯ 1 𝛾 L𝜇 𝑇 𝑎 𝜓2 𝜓¯ 3 𝛾 L𝜇 𝑇 𝑎 𝜓4 ,



(2)
O2 = 𝜓¯ 1 𝛾 L𝜇 𝜓2 𝜓¯ 3 𝛾 L𝜇 𝜓4 ,
where we choose the basis of Ref. [17]. Furthermore, we adopt the Euclidean metric and use the
short-hand notation
𝛾 L𝜇 = 𝛾 𝜇

2

1 − 𝛾5
2

(3)
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The effective electroweak Hamiltonian is often used to compute predictions for flavor observables because it separates the short-distance from the long-distance contributions. For many
processes the latter are non-perturbative. The Wilson coefficients are then usually computed within
perturbation theory, while the non-perturbative matrix elements of the effective operators are computed via lattice simulations or sum rules. However, to combine both ingredients to a physical
prediction, the different schemes used in the individual calculations have to be matched, which
constitutes an important source of uncertainties.
The gradient-flow formalism (GFF) [1–3] offers a promising solution to this problem because
flowed operators are ultraviolet (UV)-finite. Thus, the flowed operators can be used both in perturbative calculations as well as in lattice simulations. The matching between the regular and the
flowed operators is perturbative and can be absorbed into flow-time dependent Wilson coefficients.
This strategy has already successfully been applied to the energy-momentum tensor of QCD through
next-to-next-to-leading order (NNLO) [4–6], which led to competitive thermodynamical results, see
e.g. Refs. [7–10]. Furthermore, the matching matrix has also been calculated for quark-dipole
operators through next-to-leading order (NLO) QCD [11, 12] and for hadronic vacuum polarization
through NNLO QCD [13].
For the effective electroweak Hamiltonian the matching matrix for the current-current operators
has been calculated at NLO QCD in the DR scheme in Ref. [14]. In this contribution we report on
our recent calculation [15, 16] of the same matching matrix through NNLO in the basis defined
in Ref. [17] which allows us to adopt the MS scheme with a fully anti-commuting 𝛾5 . Our result
could directly be applied to predict 𝐾- or 𝐵-mixing parameters on the basis of the GFF once the
corresponding matrix elements from lattice simulations become available.
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to project onto the left-handed components of the spinors. Our convention for the color generators
is
[𝑇 𝑎 , 𝑇 𝑏 ] = 𝑓 𝑎𝑏𝑐 𝑇 𝑐 ,

Tr(𝑇 𝑎𝑇 𝑏 ) = −𝑇R 𝛿 𝑎𝑏 ,

(4)

L
as evanescent operators, where 𝛾𝜌𝜇
≡ 𝛾𝜌L 𝛾 𝜇1 · · · 𝛾 𝜇𝑛 . We will refer to the basis defined by
1 ···𝜇𝑛
Eqs. (2) and (5) as the Chetyrkin-Misiak-Münz (CMM)-basis in what follows.

3. Flowed operators
In the GFF, one introduces flowed gluon and quark fields 𝐵 𝑎𝜇 = 𝐵 𝑎𝜇 (𝑡) and 𝜒 = 𝜒(𝑡) as solutions
of the flow equations [3, 19]
𝜕𝑡 𝐵 𝑎𝜇 = D𝜈𝑎𝑏 𝐺 𝑏𝜈 𝜇 + 𝜅D 𝜇𝑎𝑏 𝜕𝜈 𝐵 𝑏𝜈 ,
𝜕𝑡 𝜒 = Δ𝜒 − 𝜅𝜕𝜇 𝐵 𝑎𝜇 𝑇 𝑎 𝜒 ,
←
−
𝜕𝑡 𝜒¯ = 𝜒¯ Δ + 𝜅 𝜒𝜕
¯ 𝜇 𝐵 𝑎𝜇 𝑇 𝑎 ,

(6)

with the initial conditions
𝐵 𝑎𝜇 (𝑡 = 0) = 𝐴 𝑎𝜇 ,

𝜒(𝑡 = 0) = 𝜓 ,

(7)

where 𝐴 𝑎𝜇 and 𝜓 are the regular gluon and quark fields, respectively, and
D 𝜇𝑎𝑏 = 𝛿 𝑎𝑏 𝜕𝜇 − 𝑓 𝑎𝑏𝑐 𝐵 𝑐𝜇 ,
𝐺 𝑎𝜇𝜈 = 𝜕𝜇 𝐵 𝜈𝑎 − 𝜕𝜈 𝐵 𝑎𝜇 + 𝑓 𝑎𝑏𝑐 𝐵 𝑏𝜇 𝐵 𝑐𝜈 ,
Δ = (𝜕𝜇 +

𝐵 𝑎𝜇 𝑇 𝑎 ) 2

(8)

.

The parameter 𝜅 is arbitrary and drops out of physical quantities; we will set 𝜅 = 1 in our calculation,
because this choice reduces the size of the intermediate algebraic expressions.
Our practical implementation of the GFF in perturbation theory follows the strategy developed
in Ref. [20] and further detailed in Ref. [21]. The QCD propagators are generalized by multiplying
them with flow-time-dependent exponential functions. The flow equations are introduced on the
3
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with the real and totally anti-symmetric structure constants 𝑓 𝑎𝑏𝑐 and the trace normalization 𝑇R .
In addition to the physical operators in Eq. (2), loop corrections in dimensional regularization with
𝐷 = 4 − 2𝜖 introduce contributions which have to be attributed to so-called evanescent operators.
Even though they vanish for 𝐷 = 4, they mix with the physical operators at higher orders in
perturbation theory [18]. We again follow Ref. [17] and choose



O1(1) = − 𝜓¯ 1 𝛾 L𝜇𝜈𝜌𝑇 𝑎 𝜓2 𝜓¯ 3 𝛾 L𝜇𝜈𝜌𝑇 𝑎 𝜓4 − 16O1 ,



O2(1) = 𝜓¯ 1 𝛾 L𝜇𝜈𝜌 𝜓2 𝜓¯ 3 𝛾 L𝜇𝜈𝜌 𝜓4 − 16O2 ,



(5)
O1(2) = − 𝜓¯ 1 𝛾 L𝜇𝜈𝜌 𝜎 𝜏 𝑇 𝑎 𝜓2 𝜓¯ 3 𝛾 L𝜇𝜈𝜌 𝜎 𝜏 𝑇 𝑎 𝜓4 − 20O1(1) − 256O1 ,



O2(2) = 𝜓¯ 1 𝛾 L𝜇𝜈𝜌 𝜎 𝜏 𝜓2 𝜓¯ 3 𝛾 L𝜇𝜈𝜌 𝜎 𝜏 𝜓4 − 20O2(1) − 256O2 .
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Lagrangian level with the help of Lagrange multiplier fields. This leads to propagators directed
towards increasing flow time, the so-called “flow lines”, and integrations over the flow times of new
“flowed vertices”.
These exponential functions regulate some of the UV-divergencies so that the flowed gluon
field 𝐵 𝑎𝜇 does not require renormalization [3, 20]. The flowed quark fields 𝜒, on the other hand,
have to be renormalized [19]. We choose the ringed scheme for which the renormalization constant
𝑍˚ 𝜒 is defined by the all-order condition
≡−
𝑚=0

2𝑛c
,
(4𝜋𝑡) 2

(9)

←
−
←
→
D 𝜇 = 𝜕𝜇 − 𝜕 𝜇 + 2𝐵 𝑎𝜇 𝑇 𝑎 ,
where h·i0 denotes the vacuum expectation value (VEV) [5]. It is known through NNLO [21].
Furthermore, it was shown that composite operators constructed from flowed fields are UV
finite after the renormalization of the strong coupling, the quark masses, and the flowed fields [20].
We simply define the flowed operators by replacing the spinors 𝜓𝑖 by renormalized flowed spinors
𝑍˚ 𝜒1/2 𝜒𝑖 in the regular operators, i.e.



Õ1 = − 𝑍˚ 𝜒2 𝜒¯ 1 𝛾 L𝜇 𝑇 𝑎 𝜒2 𝜒¯ 3 𝛾 L𝜇 𝑇 𝑎 𝜒4 ,



(10)
Õ2 = 𝑍˚ 𝜒2 𝜒¯ 1 𝛾 L𝜇 𝜒2 𝜒¯ 3 𝛾 L𝜇 𝜒4 ,
and analogously for the evanescent operators. Since they are finite, one can treat them in four
space-time dimensions, which also means that flowed evanescent operators vanish. By keeping
them in our calculation we can check this explicitly as a welcome consistency check on our results.
Let us stress that the regular evanescent operators are still needed.

4. Small-flow-time expansion
One can relate the flowed and the regular operators through the small-flow-time expansion
𝑡 → 0 [20]
!
!
Õ (𝑡)
O
 𝜁 B (𝑡)
,
(11)
𝐸
𝐸˜ (𝑡)
where we use the notation
O = (O1 , O2 ) T ≡ (O1(0) , O2(0) ) T ,
𝐸 = (O1(1) , O2(1) , O1(2) , O2(2) ) T ,

(12)

and analogously for the flowed operators. Here and in what follows, the superscript “B” denotes a
“bare” quantity which will undergo renormalization. Terms of 𝑂 (𝑡) are neglected as indicated by
the symbol . We also adopt the block-notation of Eq. (11) for matrices, e.g. for the renormalized
matching matrix we write
!
𝜁 O O (𝑡) 𝜁 O𝐸 (𝑡)
𝜁 (𝑡) =
,
(13)
𝜁 𝐸 O (𝑡) 𝜁 𝐸 𝐸 (𝑡)
4
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←
→
/ 𝜒i0
𝑍˚ 𝜒 h 𝜒¯ 𝐷
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where the 2 × 2-submatrix 𝜁 O O concerns only the physical operators.
While the flowed operators on the l.h.s. of Eq. (11) are finite, the regular operators on the r.h.s.
are divergent. Hence, the bare matching matrix 𝜁 B (𝑡) is divergent for 𝐷 → 4 as well. However,
one may define renormalized operators
!R
!
!
!
O
O
𝑍 O O 𝑍 O𝐸 O
=𝑍
≡
(14)
𝐸
𝐸
𝑍𝐸 O 𝑍𝐸 𝐸 𝐸

!

h𝐸 R i = 𝑍 𝐸 O hOi + 𝑍 𝐸 𝐸 h𝐸i = 𝑂 (𝜖) .
By inserting Eq. (14) into Eq. (11), we can then define the renormalized matching matrix
!
𝜁 O O (𝑡) 𝜁 O𝐸 (𝑡)
B
−1
𝜁 (𝑡) = 𝜁 (𝑡)𝑍 =
.
𝜁 𝐸 O (𝑡) 𝜁 𝐸 𝐸 (𝑡)

(15)

(16)

Since h𝐸˜ (𝑡)i = 𝑂 (𝜖), the renormalization condition in Eq. (15) is equivalent to
𝜁 𝐸 O (𝑡) = 𝑂 (𝜖) .

(17)

5. Calculation of the matching matrix
To compute the matching matrix 𝜁 (𝑡) we employ the method of projectors [24, 25]. The
projectors are matrix elements
𝑃 (𝑖)
𝑗 [𝑋] = h0|𝑋 |𝑖, 𝑗i

,

(18)

𝑝=𝑚=0

with 𝑖 ∈ {0, 1, 2} and 𝑗 ∈ {1, 2}, such that
0

(𝑖 )
0
0
𝑃 (𝑖)
𝑗 [O 𝑗 0 ] = 𝛿𝑖𝑖 𝛿 𝑗 𝑗 ,

(19)

where we remind the reader of the unified notation for physical and evanescent operators defined
in Eq. (12). In general, the projectors could also involve derivatives w.r.t. masses and/or external
momenta, but this is not necessary for the set of operators considered here. By setting all external
mass scales to zero in Eq. (18), it is sufficient to satisfy Eq. (19) at tree-level, because all higher
perturbative orders on the l.h.s. vanish in dimensional regularization.
The external states |𝑖, 𝑗i are defined to explicitly project onto left-handed spinors. Together
with an anti-commuting 𝛾5 this eliminates all 𝛾5 ’s from the traces at any order in the calculation [17].
Applying the projectors to Eq. (11) directly yields the bare matching matrix
0

0

𝜁 B𝑗 𝑗,0(𝑖𝑖 ) (𝑡) = 𝑃 (𝑖𝑗 0 ) [ Õ 𝑗(𝑖) (𝑡)],
5

(20)
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with the corresponding renormalization matrix 𝑍 such that matrix elements of them are finite.
Usually, the blocks 𝑍 O O , 𝑍 O𝐸 , and 𝑍 𝐸 𝐸 are defined in the MS scheme. On the other hand, the block
𝑍 𝐸 O is finite and chosen such that physical matrix elements h·i of evanescent operators vanish to
all orders in perturbation theory [18, 22, 23], i.e.
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(b)
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(c)

0
where 𝜁 𝑗(00)
𝑗 0 ≡ (𝜁 O O ) 𝑗 𝑗 . By restricting the calculation to the case with four different quark flavors
in the operators, all Feynman diagrams contributing to the r.h.s. of this equation are obtained by
dressing the generic tree-level diagram in Fig. 1 (a). Sample diagrams are shown in Fig. 1 (b) and
(c).
The actual calculation of the diagrams is performed with the setup described in Ref. [21] based
on q2e/exp [27, 28]: After generating the Feynman diagrams with qgraf [29, 30], we apply the
projectors, perform the traces, and simplify the algebraic expressions within FORM [31–33]. With
the help of Kira+FireFly [34–37], the resulting Feynman integrals are reduced to the same master
integrals as found in Ref. [6].

6. Results
Performing the calculation and renormalization as described in the previous sections, our
results for the physical components of the renormalized matching matrix through NNLO in QCD
read [16]



1
−1
2
(𝜁 )11 (𝑡) = 1 + 𝑎 𝑠 4.212 + 𝐿 𝜇𝑡 + 𝑎 𝑠 22.72 − 0.7218 𝑛f + 𝐿 𝜇𝑡 (16.45 − 0.7576 𝑛f )
2


17
1
2
−
𝑛f ,
+ 𝐿 𝜇𝑡
16 24





5 1
5
−1
2
(𝜁 )12 (𝑡) = 𝑎 𝑠 − − 𝐿 𝜇𝑡 + 𝑎 𝑠 − 4.531 + 0.1576 𝑛f + 𝐿 𝜇𝑡 −3.133 +
𝑛f
6 3
54


13 1
2
+ 𝐿 𝜇𝑡 − + 𝑛f ,
(21)
24 36





15 3
5
(𝜁 −1 )21 (𝑡) = 𝑎 𝑠 − − 𝐿 𝜇𝑡 + 𝑎 2𝑠 − 23.20 + 0.7091 𝑛f + 𝐿 𝜇𝑡 −15.22 +
𝑛f
4
2
12


39 1
+ 𝐿 2𝜇𝑡 − + 𝑛f ,
16 8


1 2
−1
2
(𝜁 )22 (𝑡) = 1 + 3.712 𝑎 𝑠 + 𝑎 𝑠 19.47 − 0.4334 𝑛f + 𝐿 𝜇𝑡 (11.75 − 0.6187 𝑛f ) + 𝐿 𝜇𝑡 ,
4
6
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Figure 1: Sample diagrams contributing to the determination of the matching matrix 𝜁 (𝑡) at leading
order (LO), NLO, and NNLO QCD. The circles denote “flowed vertices”, lines with an arrow next to them
denote “flow lines”, and the label next to the arrow is a flow-time integration variable (see Ref. [21] for
details). The diagrams were produced with FeynGame [26].
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7. The effective Hamiltonian in the gradient-flow formalism
By inverting the small-flow-time expansion in Eq. (11), one can rewrite the effective electroweak
Hamiltonian as
𝑥

∑︁
4𝐺 F
𝑉CKM
Heff  − √
𝐶˜𝑛 (𝑡) Õ𝑛 (𝑡)
(22)
2
𝑛
to express it in terms of the flowed operators. The flowed Wilson coefficients are given by
∑︁
R −1
𝐶˜𝑛 (𝑡) =
𝐶𝑚
𝜁 𝑚𝑛 (𝑡) ,

(23)

𝑚

Í
with 𝜁 (𝑡) ≡ 𝜁 O O (𝑡) the physical part of the matching matrix, and 𝐶𝑛R = 𝑚 𝐶𝑚 (𝑍 −1 ) 𝑚𝑛 the
renormalized regular Wilson coefficients. Since both the flowed operators and the flowed Wilson
coefficients are individually finite without operator renormalization, they are also individually
scheme and renormalization scale independent (up to higher orders in perturbation theory). This is
in stark contrast to 𝐶 R and O R which depend on the renormalization scheme, including the treatment
of 𝛾5 and the choice of evanescent operators. Eq. (22) can thus be used both perturbatively and on
the lattice without matching perturbative and lattice schemes. However, on the perturbative side it
is important to evaluate 𝐶 R and 𝜁 −1 (𝑡) in the same renormalization scheme.
Re-expanding the r.h.s. of Eq. (23), directly gives the flowed Wilson coefficients to the known
order of either 𝐶 R or 𝜁 −1 (𝑡), whichever is lower. For Kaon mixing, i.e. |Δ𝑆| = 2, the physical
operator basis from Eq. (2) reduces to just one operator due to a Fierz identity. In this case, the
Standard Model (SM) Wilson coefficient is known through NLO [41], with two contributions known
through NNLO [42, 43]. Similarly, only one operator contributes to the mass difference of neutral
𝐵-meson mixing, i.e. |Δ𝐵| = 2. Again, the SM Wilson coefficient is known through NLO [41].
R
For non-leptonic |Δ𝐹 | = 1 decays, the Wilson coefficients 𝐶𝑚
in the CMM basis for the SM can
be found in Refs. [39, 44] through NNLO. However, we did not consider the subdominant penguin
contributions in our calculation of 𝜁 −1 (𝑡) above.
1An immediate comparison of this result to the NLO expression of Ref. [14] is not possible, because the latter is
obtained in the DR scheme.

7
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with 𝑎 𝑠 = 𝛼𝑠 (𝜇)/𝜋 and 𝐿 𝜇𝑡 = ln 2𝜇2 𝑡 + 𝛾E , where 𝛼𝑠 is the strong coupling renormalized in the
MS scheme with 𝑛f quark flavors, 𝜇 the renormalization scale, and 𝛾E = 0.577 . . . Euler’s constant.
For the sake of compactness, we set 𝑛c = 3 and 𝑇R = 12 , and replaced transcendental coefficients by
floating-point numbers. Analytical coefficients for a general SU(𝑛c ) gauge group are included in an
ancillary file of Ref. [16].
The correctness of our result is supported by several observations: First of all, the renormalized
matching matrix is finite when we employ the literature expression for the renormalization matrix
𝑍 from Refs. [17, 38, 39]. In addition, Eq. (17) is fulfilled with the same 𝑍. Furthermore, our result
is gauge independent even though we performed the calculation in 𝑅 𝜉 gauge. The final non-trivial
check is the basis transformation to the so-called non-mixing basis of Ref. [40], which is defined
such that the anomalous dimension matrix for the physical operators is diagonal through NNLO. In
this basis the physical matching matrix 𝜁 (𝑡) between the MS renormalized and the flowed operators
turns out to be diagonal.1 The result in the non-mixing basis can be found in Ref. [16].
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8. Conclusions and outlook
In this contribution we discussed our calculation of the matching matrix of the current-current
operators of the electroweak effective Hamiltonian to their flowed counterparts through NNLO QCD
published in Ref. [16]. Once the matrix elements from the lattice become available, our results can
directly be applied to 𝐾- or 𝐵-meson mixing, for example. The inclusion of penguin operators for
non-leptonic |Δ𝐹 | = 1 decays is work in progress. It remains to be seen how the GFF approach to
flavor physics compares to conventional calculations.

I thank Robert Harlander for the collaboration on this project and comments on the manuscript.
Furthermore, I acknowledge financial support by the Deutsche Forschungsgemeinschaft (DFG,
German Research Foundation) through grant 386986591 in the early stages of this project and
through the Collaborative Research Centre TRR 257 funded through grant 396021762.
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