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The worldline formalism shares with string theory the property that it allows one to
write down master integrals that effectively combine the contributions of many Feynman
diagrams. While at the one-loop level these diagrams differ only by the position of the
external legs along a fixed line or loop, at multiloop they generally involve different topolo-
gies. Here we summarize various efforts that have been made over the years to exploit
this property in a computationally meaningful way. As a first example, we show how
to generalize the Landau-Khalatnikov-Fradkin formula for the non-perturbative gauge
transformation of the fermion propagator in QED to the general 2n - point case by pure
manipulations at the path-integral level. At the parameter-integral level, we show how to
integrate out individual photons in the low-energy expansion, and then sketch a recently
introduced general framework for the analytical evaluation of such worldline integrals in-
volving a reduction to quantum mechanics on the circle and the relation between inverse

derivatives and Bernoulli polynomials.
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1. QED in the worldline representation

1.1 Worldline representation of dressed scalar propagator

Let us start with Feynman’s 1950 worldline path integral representation [1]| of the
Green’s function for the interacting Klein-Gordon operator —(8 + ieA)? + m?,

DA = @] [ dTexp[-T(~(0+ ieA) +m?)] o
0
0o z(T)=x Lo . .
_ / AT emQT/ D;U(T) o= fOT dr(ixQJrzex-A(x(T))) ) (1)
0 z(0)=z'

Choosing the background field as N plane waves, A*(xz(7)) = sz\il el e*2(T) "and Fourier
transforming the endpoints, we get a representation of the “photon-dressed propagator”
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Figure 1: The photon-dressed scalar propagator.

shown in Fig. 1.

Note that the worldline representation provides the complete amplitude in one piece:
differently from the Feynman diagrammatic approach, there is neither a need to sum over
“crossed” diagrams, nor to distinguish between the linear and the “seagull” vertex couplings
of the scalar particle to the Maxwell field.

1.2 Worldline representation of scalar QED effective action

Similarly, the one-loop effective action can be presented in terms of a path integral over
all closed loops in spacetime:

T[4 = / d—TTrexp[—T(—(8+ieA)2 +m2)]
o T
_ / d7T emQT/ Dx(T) e~ fOT dT(%$'2+Z’€$'-A(:D(T))) . (2)
o T (0)=a(T)

Expanding the field in N plane waves, one gets the full scalar QED one-loop N-photon
amplitudes.
1.3 Worldline representation of spinor QED effective action

At the level of the N-photon amplitudes, the transition from scalar to spinor QED can
(up to the normalization) simply be made by inserting, under the path integral (2), the
“Feynman spin factor” Spin[z, A],

Spin[z, A] = trpP exp

i T
febr | dTFW<x<T>>] . &)
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However, its use implies path ordering, forcing one to fix the ordering of the photons. For
the purposes that I am going to discuss here, it will be essential to avoid this. Following
Fradkin [2], this can be done replacing the spin factor by a Grassmann path integral,

T
Spinfz, A] — / Dij(7) exp [— /0 dr (;ww—iew“F“m”)] (4)

where the Lorentz vectors ¢ (1) are anticommuting and antiperiodic functions of proper
time: (1) () = —Y(m2)¥(11), ®(T) = —1(0). The main point of the Grassmann
approach is to replace the path-ordered exponential by an ordinary exponential.

1.4 Worldline representation of dressed electron propagator

For the dressed fermion propagator, too, worldline reprentations have been around
for decades [2-5]. However, only during the last few years a version has been developed
that seems suitable for higher-order state-of-the-art calculations [6, 7]. The starting point
is the second-order representation of the z-space Dirac propagator S*'[A] in a Maxwell

background:
STA] = [m+iD | K™ [A]
/ ) -1
K [A] = <.’L'/ |:m2 - DHDM + %€7M’YVF;W} ‘$>

o0 z—a’)2 q(T):O . s P
_ / dT emeT efi( - ) / Dq e~ fOT dr(iq2+leq-A+ze e -A)
0 q(0)=0

X 2*%S.yrnb71 / Dy e J3 dr [Suuth —ieFyu (m)# (v-m)" ) (5)
¥(0)+(T)=0

Here n* is an external Grassmann Lorentz vector, and the “symbol map” symb converts
products of ns into fully antisymmetrised products of Dirac matrices:

symb (70‘10‘2"""”) = (—iﬁ)"nalnaz Comn (6)

where %P denotes the totally antisymmetrised product of gamma matrices:

1
YOI = =y sign(m)y @ e, (7)
‘eSS,

1.5 Higher order QED processes

Since all the above formulas are valid off-shell, arbitrary QED processes can be con-
structed from these building blocks by sewing (Fig. 2).

Although the worldline representation is equivalent to Feynman diagrams, it is more
global in the sense that it does not distinguish between diagrams differing only by the
ordering of the photon legs along a line or loop.
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Figure 2: A typical multiloop process in QED.
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2. Generalization of the Landau-Khalatnikov-Fradkin transformation

For some purposes, this property becomes useful already at the path-integral level. In
1956, Landau and Khalatnikov [8] and independently Fradkin [9] showed, that the non-
perturbative behaviour of the electron propagator S(z;&) under a change £ — & of the
covariant gauge parameter £ can be written as (in exactly four dimensions)

2

S(z;€) = S(x;€) [2

Lo

] P (3] »

where z¢ is an IR cutoff. Very recently, we have used the worldline formalism to extend
this result to the general fermionic 2n-point correlator

Al@r, o oy @, 2 [8) = (W) - (mn) (@) () (9)
as follows [10]:

n

Alxy, .. a2 |€) = H e(é_g)s(k’l)/l(xl, e T @, T € (10)
k=1

gkl _ eQF(l;—Q){[<xk—xl)2]2—?— [(an — 2))? )% = [ (zh—21)*]>

+[ (2 -2’17} (11)

Here the sum k,[ runs over all pairs of open fermion lines, and the exponential factor for

D
2

fixed k and [ implements the effect of the change of the covariant gauge parameter for
photons inserted between them in all possible ways (for photons that on one or both ends
hit a closed loop there is no effect). Note also that the dimension has been left general.

3. String-inspired treatment of the worldline path integral

Under the influence of string theory, in the nineties a perturbative approach to the
evaluation of worldline path integrals using worldline Green’s functions was developed [11,
12]. E.g. for the closed-loop case one has the basic correlators

()" (m)) = ~Gln,m) o, Gnm)=In-nl-z(n-n), (2
(W' (m)Y"(m)) = Grp(m,m)d", Gp(mn, ) =sign(m —m). (13)
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This allows one to derive compact master formulas for the photon-dressed propagators and
the one-loop N-photon amplitudes in scalar and spinor QED, as well as for many other
types of amplitudes (for reviews, see [13, 14]).

3.1 Master formula for the N-photon amplitudes in scalar and spinor QED

The in many ways prototypical one of these master formulas is the one for the one-loop
N-photon amplitudes in scalar QED:

o0 D ) N T
Mikoc) = (i) [ ourr) et ] [
=1

N
1 . 1.
X exp{ Z [§G13k1 . ]{j + ZGijki . €j + iGijEi . Ej] } ‘1in(€17---75N) . (14)

1,j=1

Here T is the loop proper-time and 7; parametrizes the position of photon ¢ along the loop.
A projection on the terms linear in each of the polarization vectors €1, . .., e is understood.
Besides the Green’s function G;; = G(;, 7;) also its first and second derivatives appear,

G(TI,TQ) = SigH(Tl—TQ)—2(T1_TTQ), (15)
. 2

G(Tl,TQ) = 25(7’1—7‘2)—?. (16)

A similar master formula can be written down for the spinor loop using worldline super-
symmetry.. However, in practice it is usually preferable to use an integration-by-parts that
removes all the G;;, and the following “Bern-Kosower replacement rule” [11]:

GirisGigis ** Ginin = GirisGigis * Ginis — GFiyisGFigis  +* GFigiy - (17)
3.2 The four-photon amplitudes

Let us write down the resulting representation for the familiar four-photon amplitude,
usually given in terms of the six Feynman diagrams displayed in Fig. 3.
1 2 1 2 1 3 1 3 1 4 1 4
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Figure 3: Six Feynman diagrams for photon-photon scattering.

After a large number of integrations by parts, one finds the following tensor decompo-
sition [15] (still off-shell):

~ ~

I = W 41@ 410G 4 0@ L 76 (18)
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S A D) 8D 1) L a1 )
= (123 L(1234) T L1243y T1243) + L300 (13024 »
“@) A @ 22 ) @ @)
I = Tayenlos ><34> + F(13><24>T<13><24> + F(m)( 3L (14)(23) -
~3) 3) 5B ) AB) (3
e = I‘(123 123 yi T Z I 234 234 + Z I‘(341 3412 + ISNTSY T(412;i’
i=1,2,3 i=2,3,4 i=4,1,2
n4) (4 4 (4) (4)
r - Z (47) U Z F(U )ji~ (i4)jg
i<j i<j
A()
r - Z (45) i' Z])’Lj + Z ’Lj)]’L ji
i<j i<j

Remarkably, the basis of five tensors T() is identical with the one found in 1971 by Costan-
tini, De Tollis and Pistoni [16] using the QED Ward identity:

1
Ty = 2(1234), (19)
(2) _
TE) ey = Z(12)Z(34), (20)
B)yra  _ ra-fa ki
T(lQS;i = Z(123) T4 - k‘4 (7’ - 17 273) ’ (21)
@ ki« fs- fa-ka
T(12)11 = Z(12) T ks ke (22)
G ki fs- fa-ko
Here we have further introduced
o= kfzs;’ el kY (24)
Z(Z]) = ( ) :éi'k‘éj'ki—&'&‘iki'kj, (25)
Zlivia...in) = tr(H flj) (n>3). (26)
The corresponding parameter integrals are extremely compact:
o] 1 4
Ph / s / [T i 40 (G o Siwsm Gk (27)
0 T 0 P
where, for spinor QED,
7((11%34) = G12G23G31Ga1 — Gr12GrasGrsaGrai (28)
’7((?%)(34) = (612621 — Gr12Gra1) (634(:}43 — Gr3uGras) (29)
’.A}/((f;g)i = (612623G31 - GFlQGF23GF31)G4i7 (30)
&((3)11 = (G12G21 — Gp12Gr21)G13Ga1 (31)
@((3)12 = (G12G21 — Gp12GF21)G13Ga (32)

(plus permutations thereof), and the coefficient functions for scalar QED are obtained from
these simply by deleting all the G ;.
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3.3 Master formula for the N-photon dressed scalar propagator

A master formula for the scalar propagator dressed with N photons was obtained by
Daikouji et al. in 1996 [17]:

DY (ky,en;--- s hn,en) = (ie)N/ dT e~ ™7
0

€1€2-EN

(33)

N .7
% H/ dTZ’ e_Tb2+Z£\,jj:1[Aijki'kj_Qi.A’ijEi'kj_.A:;jai'ej}
=1 0

Here we have introduced the vector b = p' + 7 Zi\i 1 (kiT; —ig;) and a different worldline
Green’s function A(r,7’),

o / /
@EOFE) = 2AE, An) =TT TET LT gy

3.4 Master formula for the photon-dressed electron propagator

To the contrary, a master formula for the photon-dressed electron propagator was
obtained only very recently [6, 7]:

/ 00 T
Ky (k1,615 5kn,en) = (—ie)Nsymb_l/ dTe_m2T/ dT1-~/d9N
0 0

o~ VIl (itifk)+300 [915ki-kj+2iD@ijei0k;+DiDigigeive; (35)

E1EN
This now involves Grassmann variables 61,...,0y, the super derivative D = % — 0%
and the super worldline Green’s function g(7,0;7,60') = 3(|7 — 7'| + 0¢'sign(r — 7’)). The
main advantages of this approach are that (i) the use of the symbol map leads to an early
projection on the Clifford basis, effectively avoiding the appearance of long Dirac traces
(ii) the spin-averaging can be done without fixing the number or helicity assignments of
the photons. As a check, in [7] the formalism was used to recalculate the (polarized and

unpolarized) Compton scattering amplitude, and complete agreement was found with [18].

3.5 On to multiloop

Dealing with the amplitude as a whole becomes important when one uses the one-loop
amplitudes to construct higher-loop amplitudes by sewing. For example, from the one-loop
six-photon amplitude we can construct the three-loop quenched propagator (Fig. 4) etc.

SR SR S
Figure 4: The quenched three-loop photon propagator.

This type of sums of diagrams is known to suffer from extensive cancellations.
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4. The fundamental problem of worldline integration
Returning to the one-loop level, considering that G'r;;s can always be eliminated by
GrpijGrinGrr = —(Gij + Gji + Gri) (36)

the most general integral that one will ever have to compute in the worldline approach to
QED (or any abelian theory) is of the form

1
/ durdus - - - duy Pol(Gij) oXicj=1 Gijkick; (37)
0

with arbitrary N and polynomial Pol(G;;). Here we have rescaled 7; = T'u;, so that now

Gij = ”U,Z — Uj‘ — (uz — Uj)z, Gij = sign(ui — ’U,j> — 2(’11,1' — Uj) . (38)

Ideally, we would like to compute this integral without decomposing the integrand into
ordered sectors. This leads to a very non-standard integration problem. An easily solvable
special case are “cycle integrals™

—2"% n even

1
by = durdus . . . duy, G1aGag - Gy =
/0 Upau2 U 124723 1 { 0 n odd

where B,, denotes the nth Bernoulli number, and “super cycle integrals”,

1
b — fn = / durdus . .. duy, (GBlzGBz3 <+ Gpn1 — Gp12Gpas - - GFnl) =(2-2")by.
0
(40)
In the worldline formalism, those are all that is needed to calculate the one-loop N-photon
amplitudes in the low-energy approximation [19].

General polynomial integrals can be done recursively by the application of the following
formula [20]

X n kj ki
k1 ka .. ko= ’ i Z
/0 du G (u, u ) ¥ Gu, ug)*2 - - G u, up) o > 11> (lj>G” ZZ:U <l>

i=1 j#il;=0

(—1)%i=1li { : IED DS b, : 1+Z?=1lj}
X T Gij+1 — (=D )Gy -1 :
(1+ X5, Ln>im b @ ’ ) (§ ! )

(41)

This can be used, for example, to integrate out a low-energy photon in a multiphoton
amplitude without fizing the order of the remaining photons. In a forthcoming publication
[21] this is applied to the four-photon amplitude, creating a building block for higher-loop
calculations that will make it possible, for example, to unify the calculation of the various
3-loop g-2 contributions shown in Fig. 5 and the calculation of the 4-loop S-function
contributions shown in Fig. 6.
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7

Figure 5: LBL contributions to the three-loop g — 2.

- -OXO- -G

Figure 6: LBL contributions to the four-loop 8 function. The external photons are at low-energy.

5. Inverse derivative expansion

Much more difficult is the inclusion of the universal factors e%i¥i%i. The following
strategy was proposed in [20]: the worldline path integral is performed in the Hilbert space
HY, of periodic functions orthogonal to the constant functions (because the zero mode must
be fixed). In this space the ordinary nth derivative dp is invertible, and the integral kernel

of the inverse is given essentially by the nth Bernoulli polynomial B, (z) [22, 23]:

_ 1 )
<ur|0p" |uns1 > = ——Bn(lur — upga|)sign”(us —un1) (n21),  (42)

(u1]80]u3> = 5(“1 — Uj) —1. (43)

Thus worldline integration naturally relates to the theory of Bernoulli numbers and poly-
nomials. Further, in [20] it was shown how to expand the universal exponential factor in
terms of the matrix elements of the inverse derivatives:

> VEi -k
eGukka:1+2Z<ki~kj>“—1/2ﬂ2n1< 2 J)<<ui|a—2”|uj>—<ui|a—2”ruz->> (44)

n=1

where the H,(z) are Hermite polynomials. Let us show how to use this expansion for
the simplest case of the N-point function in ¢3 theory, where the master formula simply
becomes (ki; = k; - kj)

~ oo AT 1 N
IN(/ﬁ, ey kN) = /0 TTN_D/2€_m2T/0 dul...duN exp T Z Gijk‘lj . (45)
1<j=1
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In the three-point case one can use this to write (Bn =B

28
N—

0
i—1
eF12G12+k13Gra+ho3Gas {1_;'_25 k122H2i_1<
=1

%
E
)
\_/

o2 ) (] uz) + Bgi]}

1 L . .
x <1+ QZkig *Hyj 1 ( 13) [(ul\a_QJ\ug> + sz}

, 2

J=1

2 k-l k _ R
Qe e (52) [ e <l .

(46)

Since fol du; ; (u;|07%"|uj) = 0, the three (u;|072"|u;) can produce a non-vanishing integral
only together, and then by fol dulu) (u| = 1,

/123<“1|0_2i|u2><u2|5_2k|u3><u3|0_2j|ul> = Tr(0 20y = By, gy . (47)

In this way we get a closed form-expression for the N = 3 momentum expansion coefficients,

a b c
Is(a,b,c) = | GHGYGS5 = albled > > > henbng
123 i=|14a/2| j=|1+b/2] k=|14c/2]
X (BQiB2jBQk - BQ(i+j+k)> : (48)

Here we have assumed that a,b,c are all different from zero, and the coefficients h{ are

(from the explicit formula for the Hermite polynomials)
o 2(2i — 1)! .
(20 —a—1)!(2a — 20 + 1)!

f= (-t (49)

At the four-point level, we encounter more general integrals involving the “cubic worldline
vertex”

= / du(u|0™" [ur) (uld ™ |uz) (u|0F|us) (50)
0
but they can be reduced to chain integrals by a systematic IBP procedure. This remains

true at higher points.

6. Summary and Outlook

1. In the worldline formalism, we can integrate out photons in the low-energy limit,
or to any finite order in the external momentum, without fixing the ordering of the

remaining legs.

2. At full momentum, we can use the inverse derivative expansion, and try a resum-
mation. For this purpose, eventually we will need formulas relating the Bernoulli
numbers to hypergeometric functions.

3. This provides also a powerful new approach to the calculation of the ¢? and QED
heat-kernel expansions.

10
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