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We consider the class of inclusive hadron collider processes in which one or more hard jets are
produced, possibly accompanied by colourless particles (such as Higgs boson(s), vector boson(s)
with their leptonic decays, and so forth). We propose a new variable that smoothly captures
the N+1 to N jet transition. This variable, that we dub 𝑘ness

𝑇
, represents an effective transverse

momentum controlling the singularities of the cross section when the additional jet is unresolved.
The 𝑘ness

𝑇
variable offers novel opportunities to perform higher-order QCD calculations by using

non-local subtraction schemes. We study the singular behavior of the N+1-jet cross section when
𝑘ness
𝑇

→ 0 and, as a phenomenological application, we use the ensuing results to evaluate next-
to-leading order corrections to 𝐻+jet and 𝑍+2 jet production at the LHC. We show that 𝑘ness

𝑇

performs extremely well as a resolution variable and appears to be very stable with respect to
hadronization and multiple-parton interactions.

ArXiv ePrint: 2201.11519

Loops and Legs in Quantum Field Theory - LL2022,
25-30 April, 2022
Ettal, Germany

∗Speaker

© Copyright owned by the author(s) under the terms of the Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International License (CC BY-NC-ND 4.0). https://pos.sissa.it/

mailto:csavoi@physik.uzh.ch
https://arxiv.org/abs/2201.11519
https://pos.sissa.it/


P
o
S
(
L
L
2
0
2
2
)
0
5
9

Effective transverse momentum in multĳet production at hadron colliders Chiara Savoini

1. Introduction

Jets are collimated bunches of hadrons that represent the fingerprints of the high-energy partons
(quarks and gluons) produced in the hard-scattering interaction. Since they are ubiquitous at the
Large Hadron Collider (LHC), a classification of the events into jet bins according to the jet multi-
plicity is mandatory for new physics searches and precise studies of the Standard Model (SM).

An accurate description of jet processes requires an understanding of Quantum CromoDy-
namics (QCD) across a wide range of energy scales, from the hard-scattering event to low-energy
physics phenomena such as hadronization or multiple-parton interactions (MPI). Therefore, it is
important to design observables that are sensitive to the different aspects of the underlying hard-
scattering event and capable to capture any deviation from the leading order (LO) energy flow.
These observables are usually named as jet resolution variables [1, 2].

If a process has 𝑁 hard jets at Born level, a good 𝑁-jet resolution variable should smoothly
capture the transition from the 𝑁 to 𝑁 + 1 jet configuration, allowing for a discrimination between
the signal and possible backgrounds. Moreover, jet resolution variables have been used to formulate
non-local subtraction methods and to match fixed-order computations with parton shower simula-
tions.

A prominent example of 0-jet resolution variables, for processes that do not involve any
jet at Born level, is the transverse momentum (𝑞𝑇 ) of the tagged colourless system. This ob-
servable has been used as a slicing variable to formulate a non-local subtraction method, called
𝑞𝑇 -subtraction [3], which has been successfully applied, up to NNLO, on a wide range of color
singlet processes (𝑝𝑝 → 𝑉, 𝐻,𝑉𝑉, 𝐻𝐻, 𝛾𝛾, 𝛾𝛾𝛾,𝑉𝛾) [6] and heavy-quark pair production [4, 5].
The main drawback is that 𝑞𝑇 cannot regularise final-state collinear singularities, implying that it
is not a good 𝑁-jet resolution variable for 𝑁 > 0.

Another commonly used observable is (𝑁)-jettines, 𝜏𝑁 [8], which is so far the only player in the
game as a slicing variable for multĳet processes. It has proved a successful resolution variable, up
to NNLO, for colour-singlet processes [9–13] and vector or Higgs boson production in association
with a jet [14–16]. In the context of non-local subtraction schemes, the efficiency of the calculation
is subject to the size of the missing power corrections, which in general depends on the choice of
the resolution variable. It is well known that 𝑞𝑇 features linear or quadratic power corrections while
𝜏𝑁 is affected by logarithmically enhanced power corrections (already at NLO), which could spoil
the converge of the slicing method. This represents one of the reasons that prompted us to explore
other jet resolution variables which could feature milder power corrections (linear or quadratic)
compared to 𝜏𝑁 .

The first variable we studied, for processes with a single jet accompanied by a colourless system
(𝐹), is called 𝑞𝑇 -imbalance [17] and represents the natural extension of the transverse momentum
in the colour-singlet case. It is defined as the transverse momentum of the 𝐹+ jet system after
applying an anti-𝑘𝑇 clustering algorithm with radius 𝑅. This observable has been resummed up
to next-to-leading logarithmic accuracy (NLL) and used as a slicing parameter at NLO for 𝐻+jet,
showing linear missing power corrections. The weak point is that the dependence on the additional
cutting radius 𝑅 makes the extension of the computation to higher orders more complicated, since
some ingredients are known only in the small-𝑅 approximation. This implies that we would have
to deal with missing power corrections in the slicing parameter and in the radius 𝑅. Moreover,
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𝑞𝑇 -imbalance is blind to radiation emitted in certain phase space regions and it features non-global
logarithms starting at NNLO.

The requirement of globalness induced us to define another jet resolution variable called Δ𝐸𝑇 ,
which is the difference between the transverse energy and the transverse momentum of the colourless
system. This variable has a more involved structure than 𝑞𝑇 -imbalance and it offers new interesting
features to study. The non-trivial azimuthal dependence of Δ𝐸𝑇 is responsible for the presence of
non-vanishing spin-correlations (already at NLO) and different beam functions with respect to the
ones used in 𝑞𝑇 -subtraction. It shows a different scaling in each singular region and the missing
power corrections in the slicing parameter are linear logarithmically enhanced as in the case of 𝜏𝑁 .

After several studies, we came out with a new global dimensionful observable called 𝑘ness
𝑇

[7],
which is able to capture the 𝑁 → 𝑁 + 1 jet transition and it can be defined for any number of jets.
This variable takes its name form the 𝑘𝑇 jet clustering algorithm and it represents an effective trans-
verse momentum, describing the limit in which the additional jet is unresolved. If the unresolved
radiation is close to the colliding beams or the event has no jets at Born level, 𝑘ness

𝑇
reduces to the

transverse momentum (𝑞𝑇 ) of the hard system. On the other hand, if the unresolved radiation is
emitted collinear to one of the final-state jets, 𝑘ness

𝑇
describes the relative transverse momentum of

the hard system with respect to the jet direction.
In this contribution we will discuss the formulation of a subtraction scheme based on 𝑘ness

𝑇
and

we will present some phenomenological applications at NLO, commenting a number of interesting
features that this variable is offering.

2. 𝑘ness
𝑇

-slicing @NLO

We consider the inclusive hard-scattering process

ℎ1(𝑃1) + ℎ2(𝑃2)→ 𝑗 (𝑝1) + 𝑗 (𝑝2) + ... + 𝑗 (𝑝𝑁 ) + 𝐹 (𝑝𝐹) + 𝑋 (1)

where two hadrons ℎ1 and ℎ2 with momenta 𝑃1 and 𝑃2 collide and produce 𝑁 final-state hard jets
with momenta 𝑝1, 𝑝2...𝑝𝑁 . The hard jets can be accompanied by a generic colourless system 𝐹

with total momentum 𝑝𝐹 .
As mentioned above, the definition of 𝑘ness

𝑇
is based on the exclusive 𝑘𝑇 clustering algorithm

until 𝑁+1 jets remain. If we are performing an 𝑁 𝑘𝐿𝑂 computation, the role of 𝑘ness
𝑇

is to discriminate
between the fully unresolved region (𝑘ness

𝑇
= 0) and the region where at least one additional radiation

is resolved (𝑘ness
𝑇

> 0). In the latter region, the infrared (IR) singularity structure can be at most
𝑁 𝑘−1𝐿𝑂-type. At NLO, it is not necessary to run the clustering algorithm and the definition of 𝑘ness

𝑇

directly coincides with the minimum among the usual distances 𝑑𝑖 𝑗 and 𝑑𝑖𝐵 between the partons
𝑖 = 1, ..., 𝑁 in Eq. (1). For the details of the recursive procedure we refer to Ref. [7].

We computed the singular behaviour of the cross section for the process in Eq. (1) at NLO, as
𝑘ness
𝑇

→ 0. The master formula, for the partonic cross section, is given by

𝑑𝜎̂
F+N jets+X
NLO = HF+N jets

NLO ⊗ 𝑑𝜎̂
F+N jets
LO +

[
𝑑𝜎̂

F+(N+1) jets
LO − 𝑑𝜎̂

CT,F+Njets
NLO

]
𝑘ness
𝑇

/𝑀>𝑟cut
, (2)

where 𝑀 is a hard scale and 𝑟cut is a dimensionless slicing parameter. The main ingredients in
Eq. (2) can be listed as:
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• 𝑑𝜎̂
F+(N+1) jets
LO , which includes the real contribution associated to configurations where 𝑁 hard

jets are accompanied by additional QCD radiation with finite 𝑘ness
𝑇

;
• 𝑑𝜎̂

CT,F+Njets
NLO , a non-local counterterm that captures the singular behaviour of the real contri-

bution in the 𝑟𝑐𝑢𝑡 → 0 limit;
• HF+N jets

NLO , the so-called hard-collinear coefficient which lives at 𝑘ness
𝑇

= 0 and encodes the
genuine one-loop virtual contribution plus finite reminders necessary to restore the unitarity
of the cross section.

The computation of the counterterm and of the finite remainders in HF+N jets
NLO has been performed

in 𝑑 = 4 − 2𝜖 dimensions, by organising the relevant terms in each singular region (IS collinear,
soft, FS collinear) and by exploiting the IR factorisation of the real matrix element in presence of
unresolved radiation. The soft and collinear singularities cancel out with those from the virtual
contribution and the remaining sensitivity to the IR kinematics appears in 𝑑𝜎̂

CT,F+Njets
NLO as powers

of log(𝑘ness
𝑇

). The explicit expression of the non-local counterterm, in the partonic channel 𝑎𝑏, is

𝑑𝜎̂
CT,F+Njets
NLO 𝑎𝑏

=
𝛼S

𝜋

𝑑𝑘ness
𝑇

𝑘ness
𝑇

{[
ln

𝑄2

(𝑘ness
𝑇

)2

∑︁
𝛼

𝐶𝛼 −
∑︁
𝛼

𝛾𝛼 −
∑︁
𝑖

𝐶𝑖 ln(𝐷2) −
∑︁
𝛼≠𝛽

⟨T𝛼 · T𝛽⟩ ln
(
2𝑝𝛼 · 𝑝𝛽

𝑄2

) ]
×

× 𝛿𝑎𝑐𝛿𝑏𝑑𝛿(1 − 𝑧1)𝛿(1 − 𝑧2) + 2𝛿(1 − 𝑧2)𝛿𝑏𝑑𝑃 (1)
𝑐𝑎 (𝑧1) + 2𝛿(1 − 𝑧1)𝛿𝑎𝑐𝑃 (1)

𝑑𝑏
(𝑧2)

}
⊗ 𝑑𝜎̂

F+N jets
LO 𝑐𝑑

,

(3)

where the index 𝑖 labels the final-state partons with colour charges T𝑖 (T2
𝑖
= 𝐶𝑖) and momenta 𝑝𝑖

(
∑

𝑖 𝑝𝑖 = 𝑞, 𝑄2 = 𝑞2), while 𝛼 and 𝛽 label initial and final-state partons. The parameter 𝐷 enters the
definition of 𝑘ness

𝑇
and the symbol ⟨T𝛼 · T𝛽⟩ stands for the born-normalised colour-correlated tree

level matrix element for the partonic process contributing to 𝑑𝜎̂
F+N jets
LO 𝑐𝑑

(a sum over all the possible
final-state parton flavours is understood).

The hard-collinear coefficient HF+N jets
𝑐𝑑;𝑎𝑏 , which has to be convoluted with the partonic cross

section 𝑑𝜎̂
F+N jets
LO 𝑐𝑑

, can be schematically written as

HF+N jets
𝑐𝑑;𝑎𝑏 = (HS)𝑐𝑑𝐶𝑐𝑎𝐶𝑑𝑏

∏
𝑖=1,...,𝑁

𝐽𝑖 , (4)

where𝐶𝑐𝑎 and𝐶𝑑𝑏 are the customary collinear functions appearing in the 𝑞𝑇 subtraction formalism,
𝐽𝑖 are the jet functions describing collinear radiation to each of the final-state parton 𝑖. The explicit
expressions of the jet functions are provided in the Appendix of Ref. [7].

The contribution (HS)𝑐𝑑 is given by

(HS)𝑐𝑑 =
⟨M𝑐𝑑 | S |M𝑐𝑑⟩

|M (0)
𝑐𝑑

|2
(5)

where |M𝑐𝑑⟩ is the UV renormalised virtual amplitude after the subtraction of infrared singularities,
which admits a perturbative expansion in 𝛼S(𝜇𝑅). The soft-parton factor S is an operator in colour
space and can be expanded as

S = 1 + 𝛼S(𝜇𝑅)
𝜋

S(1) + O(𝛼2
S) , (6)
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where S(1) is related to the integral, over the radiation phase space, of the soft-subtracted current
J2

sub. Again, for more details, we refer to the Appendix of Ref. [7].
Before concluding this section, we remind that the subtraction formula in Eq. (2) is valid for

an arbitrary number of jets. We will show in the following how the subtraction works in the case of
processes with one and two jets at Born level.

3. Phenomenological applications

We consider proton-proton collisions at the LHC with
√
𝑠 = 13 TeV and, for all processes we studied,

we set the following parameters:

𝐺𝐹 = 1.16639 × 10−5 𝐺𝑒𝑉−2 (𝐺𝜇 − 𝑠𝑐ℎ𝑒𝑚𝑒)
𝑚𝑍 = 91.1876𝐺𝑒𝑉 , Γ𝑍 = 2.4952𝐺𝑒𝑉

𝑚𝑊 = 80.385𝐺𝑒𝑉 , 𝑚𝐻 = 125𝐺𝑒𝑉

anti-𝑘𝑇 clustering algorithm with 𝑅 = 0.4

NNPDF_nlo_as_0118 .

We have first applied Eq. (2) to compute the cross section of 𝐻 + jet production.
We require the leading jet to have 𝑝

𝑗

𝑇
> 30 GeV, we choose the scales 𝜇𝐹 = 𝜇𝑅 = 𝑚𝐻 and we

set 𝐷 = 1 in the definition of 𝑘ness
𝑇

. In order to compare the behaviour of our slicing variable against

1-jettiness, we define a dimensionless variable 𝑟 = T1/
√︃
𝑚2

𝐻
+ (𝑝 𝑗

𝑇
)2 (𝑟 = 𝑘ness

𝑇
/
√︃
𝑚2

𝐻
+ (𝑝 𝑗

𝑇
)2),

where
√︃
𝑚2

𝐻
+ (𝑝 𝑗

𝑇
)2 corresponds to the hard scale 𝑀 in Eq. (2).

0.2 0.4 0.6 0.8 1.0

0.00

0.05

0.10

0.15

0.20

0.25

0.30

Figure 1: The NLO correction Δ𝜎 for the 𝐻 + jet cross section computed with 1-jettiness (red points)
and 1-𝑘ness

𝑇
(orange). The 𝑟cut dependence is compared to the (𝑟cut independent) result obtained with dipole

subtraction using MCFM (blue).

In Fig. 1 we study the behavior of the NLO correctionΔ𝜎 as a function of 𝑟cut for the jettiness and
𝑘ness
𝑇

calculations, normalised to the result obtained with Catani-Seymour (CS) dipole subtraction.
The main message is that both jettiness and 𝑘ness

𝑇
results nicely converge to the expected one but

the 𝑟cut dependence is very different for the two calculations. In the case of jettiness, the missing
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power corrections are logarithmically enhanced while, in the case of 𝑘ness
𝑇

, the 𝑟cut dependence is
consistent with a purely linear behavior. This implies that one could choose a sufficiently large
value of 𝑟cut (e.g. 𝑟cut = 1%) without missing a big portion (≈ 3%) of the exact cross section and
avoiding numerical instabilities in the integration of 𝑑𝜎̂F+(N+1) jets

LO |𝑘ness
𝑇

/𝑀>𝑟cut , due to too small 𝑟cut

values.

Figure 2: The NLO correction Δ𝜎 for the dĳet cross section computed with 2-𝑘ness
𝑇

(orange). The 𝑟cut
dependence is compared to the (𝑟cut independent) result obtained with dipole subtraction using MATRIX
(green).

In order to be convinced that the missing power corrections are at most linear at NLO, we
studied also processes with 2 jets at Born level. In Fig. 2 we present preliminary results for dĳet
production. We impose a cut of 30 GeV on the transverse momentum of the jets and we require
𝜇𝐹 = 𝜇𝑅 = 𝑚𝑍 . We arbitrarily choose 𝐷 = 1 in the definition of 𝑘ness

𝑇
and the hard scale 𝑀 is set

to the invariant mass of the dĳet system.
As in the case of 𝐻+jet, the result nicely converges to the CS computation and the 𝑟cut

dependence is compatible with a purely linear behaviour. Compared to Fig. 1, it seems that the
coefficient of the linear power corrections is larger and, at 𝑟cut = 1%, we are off by 20% with respect
to the exact result. Nevertheless, a purely linear behavior would in general imply a faster convergence
of the computation with respect to logarithmically enhanced missing power corrections.

Finally, we have considered 𝑍 + 2 jet production, by imposing the following fiducial cuts:

66𝐺𝑒𝑉 ≤ 𝑚ℓℓ ≤ 116𝐺𝑒𝑉

𝑝
𝑗

𝑇
> 30𝐺𝑒𝑉 , |𝜂 | < 4.5

𝑝𝑙𝑇 ≥ 20𝐺𝑒𝑉 , |𝜂ℓ | ≤ 2.5

Δ𝑅ℓℓ > 0.2 , Δ𝑅ℓ 𝑗 > 0.5 .

The factorization and renormalization scales are set to 𝑚𝑍 , the hard scale 𝑀 corresponds to the
transverse mass of the dilepton system and the parameter 𝐷 is set to 𝐷 = 0.1 in this case.

In Fig. 3 (left panels) we show the 𝑝𝑇 distribution of the hardest jet at LO and NLO, computed
with 𝑘ness

𝑇
subtraction (using 𝑟cut = 0.05%) and with CS. In the ratio panel, we observe an excellent

agreement between the two results at the few permille level, confirming again the goodness of 𝑘ness
𝑇

as a slicing variable. The three panels on the right display the NLO correctionΔ𝜎 as a function of 𝑟cut

in the (anti-)quark-gluon, gluon-gluon and (anti-)quark-(anti-)quark partonic channels compared
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to the corresponding result obtained with CS. As found for the other processes, the results nicely
converge to the CS values in all the channels, and also in this case the 𝑟cut dependence is linear.

0

100

200

300

400

500

600

d
σ
/
d
p
j

1

T
[f

b
/
G

e
V

]

pp→ `+`− + 2j +X

LO

NLO (CS)

NLO (rcut = 0.05%)

30 50 70 90 110 130 150

pj1
T

[GeV]

0.99

1.00

1.01
Ratio to CS NLO

−0.1
0.0
0.1
0.2
0.3

qg + q̄g

|∆σ(rcut)/∆σNLO − 1|

−0.05
0.00
0.05
0.10

gg

σ
2−kness

T

NLO (rcut) σNLO

0.05 0.2 0.4 0.6 0.8 1.0

rcut [%]

−0.1
0.0
0.1
0.2
0.3

qq + q̄q + q̄q̄

Figure 3: 𝑍 + 2 jet production at NLO: 𝑘ness
𝑇

-subtraction against CS. The 𝑝𝑇 distribution of the leading jet
(left panels) at LO (yellow) and NLO (orange: 𝑘ness

𝑇
, blue: CS). NLO corrections Δ𝜎 as a function of 𝑟cut in

the three partonic channels (right panels).

So far, we have shown how 𝑘ness
𝑇

behaves as a slicing variable. In view of potential applications
of 𝑘ness

𝑇
as a probe of jet production in hadron collisions, we have also studied the stability of our

new variable under hadronization and MPI. For the details on the outcome of our study, we will
refer to Ref. [7].

4. Conclusions

In this contribution we have discussed the new global observable 𝑘ness
𝑇

introduced in Ref. [7].
The variable represents and effective transverse momentum controlling the singularities of the

𝑁 + 1-jet cross section when the additional jet is unresolved. We have shown that 𝑘ness
𝑇

can be used
as a slicing variable to formulate a non-local subtraction method, analogously to what is done for
𝑞𝑇 and jettiness. We have computed all necessary ingredients to build the subtraction at NLO and
we have used the results to evaluate the NLO cross section for processes with one and two jets at
Born level, finding complete agreement with the predictions obtained with standard tools.

The missing power corrections are under much better control and are purely linear. We verified
that this scaling behavior, which is due to the fact that 𝑘ness

𝑇
is an effective transverse momentum,

is still linear for process with three jets and we expect that it holds for an arbitrary number of jets,
since no additional perturbative ingredients appear beyond the three jet case. The extension of the
𝑘ness
𝑇

subtraction method at NNLO would require a significant amount of conceptual and theoretical
work, but the perturbative coefficients entering the NLO and NNLO fixed-order computation are
fundamental ingredients to study the all-order structure of 𝑘ness

𝑇
via a resummation procedure.

We also expect that, being an effective transverse momentum, 𝑘ness
𝑇

could be used as a resolution
variable when matching fixed-order computations with 𝑘𝑇 -ordered parton showers.
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