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Endpoint factorization and NLP resummation of gluon thrust Martin Beneke

1. Introduction

The endpoint factorization and next-to-leading power (NLP) resummation of gluon thrust employing
renormalization group (RG) methods has recently been presented in [1]. This proceeding highlights
the key insights alongside showcasing the main results. For precise definitions and technicalities of
the derivation, we direct the interested reader to the original publication.

In the past, hadronic event shape variables in the two-jet region were of great importance
in the development of diagrammatic resummation methods for QCD [2, 3]. Later, the advent of
soft-collinear effective theory (SCET) enabled the accuracy of resummation to be further improved.
This was first shown for the thrust variable T [4], defined as
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where the index i sums over all final state hadrons (partons). As 7 = 1 — T — 0, back-to-back

ey

T = maxj

jets are formed by the particles, and large logarithms In 7 appear at every order in «;, signalling
a breakdown in perturbation theory. This phenomenon has been scrutinized in great detail for the
quark-antiquark two-jet process that contributes at leading power (LP) in the T expansion.

In the work presented here, we instead focus on the “gluon thrust” phase-space region where
at leading order (LO) the gluon recoils a quark-antiquark pair

ee” =y —[gle +[qqle. (2)

The gluon and the quark-antiquark jets are chosen to be in the collinear and anticollinear directions,
respectively. As shown in figure 1, this process begins at O(ay) and it is of particular interest in our
investigations as in the limit of 7 — 0 the LP [In 7 /7], soft-gluon behaviour is absent. Instead, the
process begins at NLP in the T expansion, with the leading term being a In 7.

The study of power corrections in a multitude of contexts has recently gathered considerable
attention. However, as we discuss below, further rapid progress has thus far been hindered by
the ubiquitous appearance of endpoint divergences in convolution integrals between the hard,
(anti-) collinear, and soft functions in the NLP factorization theorems, such as for the Drell-Yan
threshold [5]. We address this key conceptual issue in the context of gluon thrust, as it allows us to
focus on the problem of endpoint divergences without needing to address additional difficulties such
as factorization of parton distribution functions, which would affect Drell-Yan and DIS processes.

The result for the all-order logarithmic structure of “gluon thrust” at the double logarithmic (DL)
accuracy was first written down in [6] and later derived from d-dimensional consistency relations
in [7]. An interesting feature of this result is the unconventional “quark” Sudakov form factor,
which arises due to the colour mismatch between the back-to-back energetic particles when either
the quark or anti-quark in the gg-jet becomes soft, causing the double logarithms to be proportional
to the difference of the colour charges, C4 — Cr. Despite the progress in the description of this
process within SCET [6-8], it has not yet been possible to improve the resummation accuracy
beyond DL order due to the presence of endpoint-divergences in the relevant convolution integrals.

In this work, we develop the refactorization ideas employed for the DIS process [7], and Higgs
decay to two photons through light-quark loops [9, 10] in order to derive a SCET} NLP factorization
theorem valid in d = 4 dimensions. To arrive at this result, we make use of standard factorization
within SCET combined with endpoint factorization.
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Figure 1: Diagrams contributing to gluon thrust at leading @, order in QCD.

2. Heuristic discussion

In this section, we present a sketch of the factorization formula in the EFT framework, which aids
in motivating the endpoint rearrangement and subtraction terms introduced below. At O(«;), there
are two ways to induce the gluon jet:

I Both the quark and the anti-quark can carry large anti-collinear momentum and create a single
jet recoiling against the collinear gluon.

I Either the quark or the anti-quark is anti-collinear and balances the collinear gluon momentum,
in which case the other fermion is soft.

Both situations provide identical power suppression in 7, and the further evolution of the process
is governed by LP interactions. However, the separation into possibilities I and II introduces an
ambiguity in what is precisely meant by the “soft” and “anti-collinear” modes. If we begin with
configuration I and lower the large anti-collinear momentum of either the quark or the anti-quark,
eventually it will become soft, at which point it should in fact be counted as a contribution to
situation II rather than I. As long as the definition of the jet is infrared safe, this separation is not an
issue for fixed-order computations. It is a problem, however, if the goal is to perform resummation
since, in this case, a clear separation of soft and (anti) collinear modes is required in order to
disentangle large logarithms into single-scale pieces. This tension between the mathematical
description of the modes and the physical picture is the origin of the endpoint-divergences which
appear in convolution integrals of the NLP factorization theorems.

We now focus on the Feynman diagrams in figure 1 and analyze possibilities I and II from
the point of view of SCET. Starting with I, later referred to as “B-type”, we see that the internal
propagator in the left diagram carries hard momentum g, = p, + p, (since p, is collinear and p,
anti-collinear). As the intermediate propagator is hard, g2 ~ @72, it is integrated out, and the hard
scattering vertex in SCET directly produces a ggg state. This is shown in the left-most diagram of
figure 2. Only the total momentum of the gg anti-collinear pair is fixed by momentum conservation,
while the amplitude depends on the fraction of the momentum carried by each particle. In the case
where one of these fractions becomes vanishingly small, the corresponding parton is effectively soft
and should be counted as possibility II, which we later refer to as the “A-type” contribution. Here,
the g,-intermediate propagator, or g for the soft anti-quark case, ceases to be hard. Therefore,
the hard scattering vertex is the LP y* — ¢4 process and the entire momentum of the energetic
quark (or anti-quark) is subsequently transferred to the gluon, rendering the daughter fermion soft.
In SCET, such a situation is described by an insertion of a power-suppressed SCET Lagrangian
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Figure 2: Representation of the gluon-thrust amplitude in the two-jet region in SCET.

interaction term .E(I;, which constitutes soft (anti-) quark emission, as depicted in the middle and
right-most diagrams of figure 2.

The fact that there exists an overlap region where the limits of two different expressions can
describe the same physical process is central to the idea of endpoint factorization. Before we make
these concepts concrete, let us start with the following schematic discussion. In Laplace space,
the factorization theorem for two-hemisphere invariant mass distribution of gluon thrust takes the
following form:

| _do AR (@ : /
— = [ dwdw’ |CY"x T;" X Je (0, ") ® Snip (0, ")
(o)) dSRdSL 0 ¢
1-A/Q :
+ / drdr’ CBY(r)CE (') © T2 (r,r') x T x S, 3)
A/Q

In this formula, the hard matching coeflicients are denoted by C, the jet functions by J and the
soft functions by S. In the arguments of functions, we only retain the dependence on convolution
variables which contain divergent integrals. The w and w’ soft-collinear convolutions diverge loga-
rithmically for w, w’ — oo, and the r, r” hard-anti-collinear convolution integrals are logarithmically
divergent for r,r’ — 0, 1.

The soft function Snyip contains the soft quark from situation II. In the overlap region, this
soft quark carries a large soft momentum w and could be thought of as being a part of the jéqq
anti-collinear function appearing in the bottom line of (3), with a small anti-collinear momentum
fraction r. Taking away this quark from Syip leaves behind only $(®) therefore in total Sy p — S@,
jé@ — jéqq, and the hard process changes from AO-type to B1-type. Hence, in these limits, the
integrands of the two terms in (3) should be identical. This fact allows us, in the singular limits,
to perform a rearrangement at the integrand level, such that both terms are individually finite. At
this stage, we can employ standard RG techniques to resum the logarithms in the hard, jet, and soft
functions, as we show in more detail in the following sections.

3. Bare factorization theorem

Before focusing on endpoint factorization, we state the results of the derivation of the d-dimensional
SCET factorization formula for gluon thrust [1]. To start, we integrate out the hard modes and
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match the electromagnetic current to
00 = [ adiED felimyxelin) + ¢ o 0

+ Z /dtdfldfz EI-BI(Z, f], 1_2) )25(271I’l_)r';wﬂw_v(ln+))(5(l_2n_) + ... (4)
i=1,2
In the first line, we have the LP hard scattering vertex, which produces a back-to-back quark-antiquark
pair. It contributes to gluon thrust through a time-ordered product with the O(2) suppressed SCET
Lagrangian [11] term

Leg(x) = Gs(x-)Ac L () xe(x) + hoc., ®)

which transforms a collinear quark into a collinear gluon and a soft quark. The soft quark argument
M

M
x is defined as x{ = (ny - x)n%. In the second line of (4), we have the O(1) suppressed “B-type”
SCET operator, which produces a collinear gluon and an anti-collinear quark-antiquark pair directly,
see the left-most diagram in figure 2. The relevant Dirac structures in the B-type operator are

I he
oY =i, 0 ==l (6)

The remaining steps of the derivation are fairly standard. The collinear, anti-collinear and soft
fields are decoupled at LP by the redefinition of the collinear field with the soft Wilson line [12]
Y (x) =Pexp [igs fooo dsn_Ag(x + sn_)]. We then square the matrix elements, sum and integrate
over all possible final states. Since the final state | X) = |X.)|Xz)|X;) is made up of corresponding
modes, the matrix element factorizes into collinear, anti-collinear and soft functions. Following
this prescription for the two terms in (4) gives rise to the A-type and B-type contributions to
the factorization formula, for which we present the results separately. We give results for the
two-hemisphere invariant-mass distribution, which is related to the thrust distribution by

d M3 + M? d
—0=/dM12QdMI%6 r— R > L 20- 5 (7)
dr 0 dMdM;

For the A-type contribution we find

Ldo-

_2CF Aozzo0 r 7 (@D ag2
O_QW'A—type = ?f(fﬂc (]! 5 dl,dl_ | dwdw” I (Mg - QL)

X {Jc(MI% -0l w,&") Sniplln I 0, 0") + jc(MI% - 0L, w,0") Sxep(ly, I, 0, ") }, (8)

and for the B-type

1 do _ 2CF a 1 ~Blx/ 2 .\ Bl 2
oo a2 P = g/ (6)/0 didl ) / war NG O

i,i’=1,2
x{aﬁ,jgf‘f“)(M,% = QLo rr') + (1= 6:) T2 (MR - 0L, r'>} L(ME - QL) S, L)

In the above equations, f(e) is a d-dimensional factor with f(0) = 1 in four dimensions. The
precise operator definitions for all the functions, along with the lowest-order results, can be found
in sections 3.1 and 3.2 of [1] for the A and B-type parts, respectively.
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3.1 Tree-level evaluation

It is instructive to investigate the structure of the expressions already at the lowest order. We take
the tree-level results for all required functions from [1] and insert them into equations (8) and (10)
which yields the following expressions. The A-type soft-quark term is

1 d* _a 2ch(e)e67E 5t (M2P\° ot (MB) (M2 © 0
oo dMLavE Lo T an 02 Ti-a | Villgwe| ~T=e @) |10

tree

where the e-pole originates from the logarithmic divergence in the flw dw/w integral for large w
values. The soft-antiquark term is identical to the above. Turning to the B-type term, we find

1 & 5 4 M2\ rQ2-
d*o ag 4Cp ) 2-e) (11)

€ +
s o = o g O\ | ) ey

tree

Here, the e-pole is due to a logarithmic divergence in the integral over the momentum fraction r as
r — 0 and r — 1. Summing both contributions, and taking the limit e — 0, we arrive at

1 d°¢c  aCfp 1
o0 dM} dM7, T Q?

{6+(Mi>

Q—2 - 1‘ —6+(M2)} (12)
"2 r
R
After accounting for the soft-antiquark contribution to the A-type term, the e-poles cancel in the sum
of A-type and B-type expressions, as it is needed since gluon-thrust is an infrared safe observable.
We also reproduce the coefficient —a;Cr /7 of the In T term in [13] after converting to thrust.

The single logarithm in (12) comes from dimensionally regulated convolution integrals that are
divergent in d = 4. However, in order to perform resummation, we must define renormalized hard,
(anti) collinear, and soft functions and set ¢ — 0 before the convolution integrals are performed.
This order of proceeding is at this point ill-defined, and in what follows, we explain how this problem
can be solved. Before proceeding, we make a helpful tree-level observation. Considering (8) with
tree-level expressions for the appearing functions, we can expand the integrand in the limit of large
w, w’ before performing the convolutions and arrive at the expression

a’s 2CF + 2
i 0F 0" (My)

sw=-w) (o) w( Mo ) 03

ww'  T(l-¢€) \Quiee

for the integrand of the w, w’ integral. Similarly for the B-type term, inserting tree-level results into
(10), expanding the integrand in the small-7 limit, and only then performing the d/,d[_ integrals
yields

a's 2CF
4n Q2

for the r, r’ integrand. The expression in (14) is identical to one in (13) if we identify r = w/Q,

st 2

’ 2 —€
(r=r)_f( (MRr) "

rr’ T(1-e€) " 2eVE

r’ = w’/Q. From the heuristic discussion given in section 2, it is apparent that the agreement is not
a coincidence, but rather it must hold to all orders in @ expansion. We formalize these statements
next.
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Figure 3: Representation of the B1 matching coefficient factorization in the soft-quark limit given in (15).

4. Endpoint factorization

In this section, we use the coincidence of integrands of the A-type and B-type terms in the asymptotic
limits discussed above to rearrange and factorize the endpoint contributions so as to render the
convolution integrals finite. Similar techniques were previously used in amplitude-factorization
problems to derive endpoint factorization for exclusive B decays to P-wave charmonia [14], which
uses both SCET and non-relativistic QCD, and Higgs decay to two photons [10], which is a SCETy
process. Gluon thrust, on the other hand, is a cross-section level SCET] problem, but the main
mechanism that achieves endpoint factorization resembles the above-mentioned cases.

4.1 B1 matching coefficients in the soft-collinear limit

A key ingredient in the endpoint factorization discussion is the factorization property of the ClBl
coeflicient function of the ggg SCET B1 operators in the r — 0, 1 limits. The endpoint divergence
in this contribution arises because the intermediate quark or anti-quark goes on-shell, see figure 1.
The matching coeflicient in the original definition is a single-scale, hard function. However, for
r — 0 (soft quark) and r — 1 (soft anti-quark) cases it becomes a two-scale object and can be itself
factorized as follows [7]:
Bl (,.)2

CcBl(Q? r) = CA(0%) x M +0(). (15)
Now, the two scales Q% and rQ? are separated into the LP hard matching coefficient, and a new
coefficient DB!(rQ?), which depends on the endpoint-scale Q. The matching coefficient DB!(p?)
is a universal function that will appear in different processes involving soft quark emission. The
DL resummation of DB!(p?) has been derived in [7]. It comprises the all-order (C4 — Cg)"
colour coefficient that appears to be characteristic in soft quark emissions [6, 7, 15]. The identical
coefficient also enters the ggH amplitude with a bottom-quark loop and was computed recently
at two-loops [16]. The DB!(p?) coeflicient and its evolution equation can be obtained from the
corresponding B1 operator coefficients and anomalous dimension [17, 18] by taking the limit» — 0.
The extraction of the anomalous dimension resembles to the derivation of the asymptotic kernel for
the QED light-meson light-cone distribution amplitude [19], see also [10]. For the derivation and
results, we refer to appendix A of [1]. When the gluon is replaced by a photon, the abelian version
of DB!(p?) corresponds to the jet function in the LP factorization of B — y£v [20], and in the NLP
endpoint factorization of the H — yy amplitude [10]. In the abelian case, the evolution up to two
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loops was inferred from renormalization-group consistency of the B — y{v observable [21]. The
one-loop evolution kernel of the jet function has also been obtained by direct computation in [22].

4.2 Endpoint factorization consistency conditions

As motivated in section 2 and confirmed explicitly above at O(a,), we expect the integrands of the
A- and B-type terms to have the same asymptotic limits to all orders, which is a prerequisite for
endpoint factorization. Concretely, the limit of the anti-collinear momentum n_ - pz = rQ,r’'Q —
0 in the B-type term should match the limit n_ - k = w,w’ — oo of the corresponding soft
momentum component in the A-type term. The above picture is formalized by the two refactorization
conditions [1]:

DBl DB (o’ 1
O T Pe) = g0 DL WD, ’ (1o
W w’ U_)(/)
and
(1) 0 i(q)(sR) §NLP (SR, SL, W, ") |w<,)_)oo
_ &q4q(8) 7 <lg)
=J; (sgo 7, 7") S (sR, SL)'rm:w(')/Q—w' (7

For large w, the soft quark field in Snrp turns anti-collinear, g,Y;,. — Xe, so it moves from Sni p to
jeqq(g). Removing ¢,Y,,_ from Snip leaves the LP soft function 5® and adding it as y¢ to je@
changes the anti-quark jet function into J'C_,qq_(g). In total, this results in SNLpf/:.@ — S(g)jg.qq_(g),
which is relation (II). At the same time, the quark fields in the A-type collinear function become
highly off-shell, which removes them from J.(p% w,w’). This leaves behind only the collinear
gluon, so CAY turns into CB!. Therefore, |CAY|?J. — |CB! |Zj'c(g), which is relation (I).

4.3 Endpoint factorization formula

We can now state the endpoint-finite factorization formula. To do so concisely, we use the double-
bracket notation introduced in [9] to denote the asymptotic behaviours of the various functions. In
functions of w, w’, rescale w — kw, w" — kw’ and take k — co. Then

[Sxep (s, -, w, @) = Snip (L4, Iy w, @) [ o x0), (18)
[[j(—:(pz’ w, w/)]] = «70(172, w, (,L),)|O(K—2) . (19)

The right-hand side of the above equation equals the right-hand side of the consistency relation (I).
Similarly, in functions of r,r’, rescale r — r«, r’ — r’« and take x — 0, or the corresponding
rescaling is applied to 7, 7*. Which of the two is meant, will be indicated by the subscript O or 1 on the
double bracket. Then [CP'(Q% )]0 = CP1(Q% r)low-1)» and [CFH(Q% i = CZHO% Plogey »
while [[CFl(Qz, N = |[C2B1(Q2, r)lo = 0. To implement the rearrangement of endpoint-singular
terms we introduce the scaleless integral

2C o ©o DBl DBl* ’ .

2L HOICOPTOTE [ dwdo UL DS o v )] @0
0 ‘ 0 w w’

which vanishes in d-dimensions. We split this integral in two terms I 5, I1 + I, = 0, with I; being

defined by w or w’ smaller than a parameter A and I, the complement region, as shown on the
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Figure 4: On the left we show the split of (20) into I} + I, according to the correspondingly indicated
regions in the w — w’ plane as described in the text below (20). In the overlap region in green the asymptotic
behaviour of the A- and B-type term must agree. On the right, we display the Laplace-space LL gluon thrust
distribution. Variation of the initial scales as described in the text yields the light-red band.

left-hand side of figure 4. In the complement region w, w’ > A, and the double-bracket asymptotic
behaviour can be used for functions of w, w’ in the A-type term. The endpoint rearrangement consists
of subtracting /; from the B-type term and /I, from the A-type term. The subtracted expressions are
now separately endpoint-finite, but depend on A which cancels exactly between the two terms as
long as we do not make further approximations. Starting with the A-type contribution,subtracting

from it the complement region I of the integral (20), and using the endpoint factorization conditions
results in

1 do 2Ck

o0 dondos lA—type = —|CAO|255@ / dwdw’ {j’c(sL, w, ") SNLP(SR, 5L, w, ")
0

Q

— 0w - MW — A) [Fe(s1, 0, ") [SNLP(SR 51, 0, )]

+ J (51, w, ") SnLp(sRs 5L, @, ') } (21

where we set f(€) = 1 as € — 0. The remaining part [; of the integral (20) is now combined with
i =i’ = 1 part of the B-type term, and after using refactorization conditions we have

I do 2Cr =)~ S
| B-type Q2F :];‘(g) S(g)(SR, SL) / drdr [
1 0

oo dsrdsy, -

i=i’=

0(1 - r)o(1 - r")CP*(r)CB' (r) T4 (sg, 7, 1)

—[1 =60 = AJ@)B( = A/ ICE* ()]0 [CE ()]0 [TEI® (sR, 1, r')]lo] : (22)

The i = i’ = 2 term with the anti-quark becoming soft takes a similar form and is explicitly provided
in[1].
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5. Resummation

Solving of the necessary RG equations for the objects appearing in the above factorization formulas
is discussed in detail in sections 5.1 and 5.2 of [1]. The final result for the leading-logarithmic
accurate resummed expression after all the individual pieces combined together reads in Laplace
space:

| EZH' 20 @) 2 —2CF A(pup,pe)
— e = 2 2B exp[ACHS (un o) +4CaS (s, )] X | 25
o0 dsgrdsy, Osr 4n .

1 “2CAA(s.pte)  pQO dw w —2(CF—CaA)A(usa-MnA)
NS spee 2 P e
SLSREVE Uy o w SReYE'usA

X exp [4 (Cr — Ca) S (ks> tnn)] (sge?E Q) Cr AWnHe) ACAA e ) (23)

with the functions S (v, i) and A, (v, u) defined as in [23]. We note that ,ufl A ~ wQand ,u? A~ W/SR
are w-dependent scales that appear inside the integrand for reasons explained in [1]. The importance
of next-to-leading logarithms can be studied by varying the various matching scales around the
values adopted in (23). We vary the three pairs of scales (up, tna), (e, ), (Us, Usa) by a factor

of 1/2 and 2 around their default scales. Taking the minimum and maximum values to compute
9s d

hand panel of figure 4 as the light-red band around the red curve (LL) that represents (23). For
comparison, the tree-level (LO) and linear-8y truncation of the LL expression are displayed. The

the scale variation. We show this for the normalized Laplace-space distribution in the right-

sizeable scale variation in the figure emphasizes the need for NLL resummation. The endpoint-
rearranged factorization formula presented in this work provides the starting point for this systematic
improvement.

6. Conclusion

In this work, we summarized the derivation of a novel endpoint factorization relation for the NLP
gluon-thrust distribution in the two-jet region, as achieved in [1]. This off-diagonal contribution
contains a gluon-initiated jet recoiling against a quark-antiquark pair, which involves subleading-
power cross-section level soft and jet functions. The framework shares many similarities with the
rearrangement employed for the resummation of the H — 7y bottom-loop amplitude [9, 10] and
allows for the first time to systematically remove endpoint divergences in the convolution integrals of
SCET] factorization theorems, opening the path to NLP resummation for collider observables with
soft quark emission. Employing the subtraction of endpoint divergences with the aid of operatorial
factorization conditions, we managed to reshuffle the factorization theorem such that the individual
terms are free from endpoint divergences and can be written in terms of renormalized hard, (anti)
collinear, and soft functions in four dimensions. At this point, standard RG techniques can be applied
to obtain the resummed integrands. In [1], we derived the anomalous dimensions of the NLP jet and
soft functions using RG consistency and endpoint factorization relations. We also calculated the
one-loop anomalous dimension for the hard matching coefficients, which enabled us to perform the
first resummation of the endpoint-divergent SCET] observable at the LL accuracy using exclusively

10
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RG methods. We verified that our results can recover the earlier results at DL accuracy [6, 7]
and we evaluated the numerical impact of the LL corrections. Our main result for gluon-thrust is
(23), which provides an expression for the two-hemisphere invariant mass distribution in Laplace
space. The next step in further exploration of NLP resummation is the extension of the present
work and related soft-quark emission processes to NLL accuracy, which requires the calculation
of renormalization kernels for the NLP soft and jet functions at order O(ay), and application of
the methods presented here to address endpoint divergent issues appearing in diagonal channels of
relevant processes.
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