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Obtaining precise theoretical predictions for both production and decay processes of heavy new
particles is of great importance to constrain the allowed parameter spaces of Beyond-the-Standard-
Model (BSM) theories, and to properly assess the sensitivity for discoveries and for discriminating
between different possible BSM scenarios. In this context, it is well known that large logarithmic
corrections can appear in the presence of widely separated mass scales. We point out the existence
of a new type of possible large, Sudakov-like, logarithms in external-leg corrections of heavy
scalars. To the difference of usual Sudakov logarithms, these can furthermore potentially be
enhanced by large trilinear couplings. Such large logarithms are associated with infrared singular-
ities and we review several techniques to address these at one loop. In addition to this discussion,
we also present the derivation of the two-loop corrections containing this type of large logarithms,
pointing out in this context the importance of adopting an on-shell renormalisation scheme. Fi-
nally, we illustrate our calculations and examine the possible magnitude of these corrections for a
simple scalar toy model as well as for decay processes involving heavy stop quarks in the Minimal
Supersymmetric Standard Model and a heavy Higgs boson in the Next-to-Two-Higgs-Doublet
Model.
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1. Introduction

The discovery of a 125-GeV Higgs boson at the CERN LHC has completed the particle
spectrum of the Standard Model (SM) and confirmed the role of the scalar sector in the realisation
of the electroweak phase transition. However, numerous arguments continue to signal the need
for Beyond-the-Standard-Model (BSM) physics, both from the experimental side (e.g. the baryon
asymmetry of the Universe, or the existence of dark matter) or from theory (e.g. the gauge hierarchy
problem). Many of the BSM theories, devised to address deficiencies of the SM, contain extended
scalar sectors – for instance scalar partners in supersymmetric (SUSY) models, or additional Higgs
bosons in both SUSY or bottom-up extensions of the SM.

In order to correctly assess the discovery sensitivities of BSM scalar and to determine the viable
parameter space of BSMmodels in a reliable way, precise theoretical predictions for the production
and decay processes of the new scalars are needed. Meanwhile, the current lack of experimental
findings tends to favour1 heavier masses for the BSM states.

Calculations in Quantum Field Theory are known to be plagued by large logarithmic contri-
butions when widely separated mass scale are present in the considered scenario, leading to a loss
of accuracy of the computation. A first example of such terms are logarithms of the ratio of heavy
and light mass scales that occur in the calculation of observables at low scales and that can be
resummed using Effective-Field-Theory (EFT) techniques – this is e.g. the case for Higgs mass
calculations in SUSY scenarios with heavy scalar top (stop) quarks, see the review [1]. Another
type of contributions are Sudakov logarithms, which can appear both in QCD [2] and electroweak
(see e.g. Refs. [3]) computations and can be treated by exponentiation or using techniques from
Soft-Colinear Effective Theory (SCET) [4] – see also Refs. [5] for some (model-specific) applica-
tions of SCET techniques to the decay of BSM particles into SM ones. In Ref. [6], we pointed out
the existence of a new type of large Sudakov-like logarithmic contributions, arising in external-leg
corrections of heavy scalars and that can be enhanced by sizeable trilinear couplings. We carried
out a detailed analysis of the origin and possible magnitude of these terms, which we summarise in
these proceedings.

2. Large logarithms in external-leg corrections

To illustrate in a clear manner our discussion of large logarithmic contributions in external-leg
corrections, we consider first a toy model of three real scalars, q8 (8 = 1, 2, 3), and one Dirac fermion
j. Themodel is endowedwith a global, unbroken,Z2 symmetry underwhich q1 → −q1, q2 → −q2,
q3 → q3, and j → j. In the following, we consider hierarchical mass scenarios, in which q1 is
light (or massless) while q2 and q3 are heavy and at approximately the same mass (<2 ∼ <3). Due
to the Z2 symmetry, the possible couplings of the model are constrained. In particular, only q3 can
couple to fermions. Moreover, for the discussion of large logarithms, trilinear scalar couplings will
play a central role, and among them the most important is the light-heavy-heavy coupling between
q1, q2, q3, which we denote �123. To summarise, the interaction terms that will play an important

1Another possibility would be that BSM states are light, but have only very small couplings to the SM sector. However,
we will not consider this option in the present work.
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role in the following are

Lint. ⊃ −�123q1q2q3 + H3 j̄jq3 . (1)

As a prototype of decays of a scalar into two fermions, or of a fermion into a scalar and a fermion,
in realistic models, we investigate the decay q3 → j̄j. At tree level, the calculation of the decay
width for this process is straightforward and yields Γ(0) (q3 → j̄j) = <3H

2
3/(8c) (1− 4<2

j/<2
3)

3/2,
where<3 and<j denote the masses of q3 and of j. From the one-loop order, one must also include
external scalar- and fermion-leg as well as vertex corrections, however restricting our attention
exclusively to corrections involving trilinear couplings, only external-leg corrections of scalars
need to be considered. These are included via LSZ factors and can be written (up to two loops) as

Γ̂(q3 → jj̄) = Γ(0) (q3 → jj̄)
[
1 + ΔΓ̂(1) + ΔΓ̂(2)

]
(2)

= Γ(0) (q3 → jj̄)
[
1 −ReΣ̂(1) ′33 (<

2
3) −ReΣ̂(2) ′33 (<

2
3) +

(
ReΣ̂(1) ′33 (<

2
3)
)2

−1
2
(
ImΣ̂(1) ′33 (<

2
3)
)2 + ImΣ̂(1)33 (<

2
3) · ImΣ̂

(1) ′′
33 (<

2
3) + O(3-loops)

]
,

where Σ̂(1)33 (<
2
3) (Σ̂

(2)
33 (<

2
3)) denotes the renormalised one-loop (two-loop) self-energy of q3 eval-

uated at external momentum equal to ?2 = <2
3 and the prime denotes the derivative with respect

with respect to ?2. At one-loop order, the term involving �123, namely

ΔΓ̂(1) ⊃ − 1
16c2Re

[
(�123)2

3

3?2 �0(?2, <2
1, <

2
2)
]
?2=<2

3

, (3)

becomes infrared (IR) divergent if <1 → 0 and <2 → <3 (in this expression, �0 is the usual
Passarino-Veltman function [7]). If on the one hand<2 = <3, then the IR divergence is regulated by
<1 and the derivative of the �0 function becomes 3

3?2 �0(?2, <2
1, <

2
3) |?2=<2

3
= [1/2 log(<2

3/<
2
1) −

1 + O(<2
1/<

2
3)]/<

2
3. On the other hand, when <1 = 0, the IR divergence is regulated by the

difference of the squared masses of q2 and q3 and the �0 derivative is 3

3?2 �0(?2, 0, <2
2) |?2=<2

3
=[

log <2
3

<2
2−<

2
3
− 1 + O(<

2
2−<

2
3

<2
3
)
]
/<2

3. A further complication associated with this term is that the

apparent suppression by <−2
3 is compensated by the prefactor �2

123 ∼ <
2
3.

The appearance of IR divergences in the computation of a decay width is, however, not an
unknown phenomenon, and several methods can allow treating these. A first option, inspired by
solutions to the Goldstone boson catastrophe (see Refs. [8]), is to resum contributions involving
the light scalar q1. With this approach, the IR divergence is interpreted as stemming from an
inappropriate perturbative expansion – because in a scenario with a large mass hierarchy, the
light scalar mass receives significant radiative corrections, meaning that in turn diagrams with an
insertion of a q1 self-energy will typically be large. However, the physical interpretation of the
resummed decay width, in particular in terms of what physical observable it should be compared to,
is not clear. Another approach is to apply the Kinoshita-Lee-Nauenberg theorem [9] and include in
the calculation the soft q1 radiation process q2 → q1 j̄j – thereby interpreting the IR divergence as
stemming from a lack of inclusiveness of the computed observable. Nevertheless, the situation can
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occur that either <1 or <2
2 −<

2
3 are large enough for the q3 → j̄j and q2 → q1 j̄j processes to be

distinguished experimentally. In such a case, a large and unsupressed – due to the (�123/<3)2 ∼ 1
prefactor – logarithmic term remains in the one-loop contribution to the decay width. This poses
the questions of the size of similar effects in higher-order contributions, and of whether some
resummation, for instance using techniques inspired by SCET, would be necessary.

To answer these questions, we compute the two-loop external-leg contributions of order
O(�4

123). These involve derivativeswith respect to externalmomentumof two-loop self-energy inte-
grals, namely)11234(<2

2, <
2
2, <

2
1, <

2
3, <

2
1),)11234(<2

1, <
2
1, <

2
2, <

2
2, <

2
3), and)12345(<2

2, <
2
1, <

2
3, <

2
1, <

2
2)

(using the )-integral notations from e.g. Ref. [10]), evaluated at ?2 = <2
3. Although for finite exter-

nal momenta analytical expressions for two-loop self-energy integrals, or their derivatives, are not
known for general internal masses, we calculate for the case <2

1 = n and <
2
2 = <

2
3 = <

2 the leading
pieces of these derivatives in powers of n/<2, employing the systems of differential equations
between self-energy integrals as well as analytical expressions from Ref. [11] together with results
from Refs. [12]. Combining these results, we obtain for the two-loop corrections to the q3 → j̄j

decay width in terms of MS-renormalised parameters

ΔΓ̂(2) ⊃
�4

123
256c4<4

[
<2ln<2

2n
− <c(4 + ln<2)

8
√
n

+ 17
9
− c

2

8
+ 1

8
ln2 <

2

n
+ 1

6
lnn + 1

12
ln<2

+ c2 ln 2 − 3
2
Z (3)

]
, (4)

where lnG ≡ ln G/&2, & being the renormalisation scale. In addition to a ln n term, this MS result
contains a ln2 n term as well as dangerous power-enhanced terms of the form <2/n and </

√
n .

Other renormalisation schemes will however prove more appropriate, as we will see in the following
numerical examples. The finite counterterms2 for the scalar masses (X (1)<2

1 and X
(1)<2

2) and for the
trilinear coupling �123 (X (1)�123) enter via the following subloop-renormalisation contributions

Σ̂
(2, subloop)
33 (?2) =

�2
123

256c4

[
2X (1)�123
�123

�0(?2, <2
1, <

2
2) + X

(1)<2
1
m

m<2
1
�0(?2, <2

1, <
2
2)

+ X (1)<2
2
m

m<2
2
�0(?2, <2

1, <
2
2)
]
. (5)

We find that the contributions from on-shell (OS) mass counterterms have precisely the form
required to cancel the dangerous 1/n and 1/

√
n terms in the two-loop external-leg corrections

stemming from genuine two-loop diagrams – see eq. (4). Next, for the trilinear coupling, different
schemes can be considered: (i) first, the simplest possibility would be to keep an MS renormali-
sation, i.e. X (1)�123

��finite = 0; (ii) we can adopt a (process-dependent) OS scheme for �123 and fix
X (1)�123

��finite by the requirement of ensuring that the OS-renormalised loop-corrected amplitude
for the q2 → q1q3 process remains equal to the tree-level amplitude; (iii) we can devise a custom
renormalisation scheme, which we name “no-log-sq.”, to cancel the ln2 n term in the two-loop
external-leg corrections to the q3 → j̄j decay width (it should be emphasised that the ln2 n does
not disappear entirely from the computation, and that it would reappear if one were to extract the
value of �123 in this scheme from a physical observable). Detailed results forΔΓ̂(2) in these different
schemes are provided in Ref. [6].

2Note that we choose to retain an MS prescription for the field renormalisation.

4



P
o
S
(
L
L
2
0
2
2
)
0
7
8

External-leg corrections as an origin of large logarithms Johannes Braathen

10−3 10−2 10−1 100 101 102

m1 [GeV]

−0.8

−0.7

−0.6

−0.5

−0.4

−0.3

−0.2

−0.1

0.0

Γ̂
(n

) /
Γ

(0
)
−

1

0L

1L

2L, OS scheme for A123

2L, MS scheme for A123

2L, ’no-log-sq’ scheme for A123

10−3 10−2 10−1 100 101 102

m1 [GeV]

10−2

100

102

104

106

108

1010

∆
Γ̂

(2
) /

(1
+

∆
Γ̂

(1
) )

OS scheme for A123

MS scheme for A123

’no-log-sq’ scheme for A123

full MS scheme (Q = m3)

full MS scheme (Q = 2m3)

φ3 → χχ̄ decay width

Figure 1: The one- and two-loop external q3 leg corrections to the q3 → j̄j decay width as a function of<1.
Left: one- and two-loop results for the decay width, shown relative to the tree-level result; right: two-loop
corrections shown relative to the one-loop result. We have chosen <2 = <3 = 1 TeV, H3 = 1, �123 = 3 TeV,
while the other trilinear couplings are set to zero.

In the left plot of fig. 1, we present the size of the one- (blue curve) and two-loop (red curves)
external-leg corrections to the q3 → j̄j decay width, relative to the tree-level prediction, as a
function of the light mass <1. We consider a parameter point with <2 = <3 = 1 TeV, H3 = 1, and
�123 = 3 TeV, while other trilinear couplings are set to zero (note that the red curves correspond to
different physical points because the renormalisation-scheme interpretation of �123 differs between
them). The straight line for the one-loop result with the semi-logarithmic scale corresponds exactly
to the logarithmic divergence with n = <2

1. At two loops, the MS and OS results (dashed and
solid curves respectively) are similar and exhibit a large impact from the two-loop corrections – for
<1 = 1 MeV they amount to about −1/3 of the one-loop effects – because of the ln2 n terms. In the
“no-log-sq.” scheme, the two-loop corrections are, as expected, significantly smaller (e.g. only 7%
of the one-loop contributions for <1 = 1 MeV) due to the absence of a ln2 n piece. In the right plot
of fig. 1, we compare the size of the two-loop external-leg corrections to the same q3 → j̄j decay
width relative to the one-loop result, as a function of <1, for different choices of renormalisation
prescriptions for the scalar masses and �123. For the black, red, and green curves, we renormalise
the scalar masses <1 and <2 in the OS scheme, while for �123 we use respectively the OS, MS,
and “no-log-sq.” schemes. For the magenta curves, we renormalise both the scalar masses and
the trilinear coupling in the MS scheme, taking two different values for the renormalisation scale
&, respectively & = <3 (dotted curve) and & = 2<3 (dot-dashed curve). As long as the scalar
masses are renormalised on-shell, the relative magnitude of the two-loop contributions remains
moderate (again, the custom “no-log-sq.” scheme leads to the the smallest effects). However, the
magenta curves illustrate the breakdown of the full MS calculation due to the 1/n and 1/

√
n terms:

indeed the two-loop contributions are both unphysically large and show a huge dependence on the
renormalisation scale. This example illustrates the importance of adopting an OS renormalisation of
masses in the decay width calculation (similar observations were made for instance in Refs. [13] in

5
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Figure 2: Left: Leading .C external-leg corrections to the decay of a gluino into a top quark and a left-
or right-handed stop quark in the MSSM. Right: Leading external-leg contributions in powers of -0 to the
ℎ3 → g+g− decay in the N2HDM. For both plots, one-loop results are shown in blue, while two-loop ones
are in red. The choices of parameters for the two models are given in the figures.

the context of Higgs mass calculations), and moreover poses the question of the size of external-leg
corrections at one and two loops in realistic models, to which we turn now.

3. Numerical investigations in the MSSM and N2HDM
In this section, we review some examples of results for external-leg contributions to realistic

decay processes in the Minimal Supersymmetric SM (MSSM) and the Next-to-Two-Higgs-Doublet
Model (N2HDM) – for both models we assume CP conservation. We refer the reader to Ref. [6]
for our definitions and conventions for these two models, as well as for our analytical results. First,
in the MSSM, we investigate the decay of a gluino into a top quark and a stop quark (either left-
or right-handed). Specifically, we consider scalar (stops in this case) external-leg contributions
involving the coupling .C ≡ �C + ` cot V – where �C is the trilinear stop coupling, ` is the Higgsino
mass parameter and cot V = 1/CV with CV the ratio of the vacuum expectation values of the neutral
components of the two Higgs doublets. The parameter .C enters in couplings between stop quarks
and the BSM scalars of the MSSM. Consequently, the mass hierarchy that we study is one where
the stop quarks are heavy and degenerate at a scale "SUSY that will be varied between 1 and 100
TeV while the BSM scalars play the role of the light (but not massless) scalars, with a fixed mass
scale of "� = 500 GeV. We present in the left hand plot of fig. 2 our results for the one- (blue
curves) and two-loop (red curves) corrections to the gluino decay as a function of the heavy mass
scale "SUSY, once again in relative size to the tree-level result and working in an OS scheme for
the scalar masses and .C . The solid (dashed) lines indicate the results for the decay involving a left-
(right-) handed stop quark. In addition to "� = 500 GeV, we fix for this figure .C =

√
6"SUSY

and CV = 2. We find that the one-loop corrections are moderate, giving rise to deviations of a few
percent from the tree-level result, while the two-loop effects are minute.

Turning next to the N2HDM, we investigate contributions to the decay of the heaviest CP-even
scalar ℎ3 into a pair of tau leptons involving the coupling -0. We define -0 in terms of Lagrangian

6
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trilinear couplings as -0 ≡ (01( − 02()/4 – where 01( , 02( are trilinear couplings between the two
doublets and the singlet of the N2HDM, defined as Lint. ⊃ −01( |Φ1 |2Φ(/2 − 02( |Φ2 |2Φ(/2. We
focus on a scenario with a mass hierarchy where the first two CP-even states ℎ1, ℎ2 and the would-be
Goldstone bosons are the light states – for simplicity we fix them at a common scale

√
n = 50 GeV –

while the third CP-even as well as the CP-odd and charged Higgs bosons are heavy and degenerate
at a scale <. We furthermore choose a large trilinear coupling -0 = 3<, fix CV = 1.26 and we
ensure that the mixing angle U3 is such that the factors of cosU3 associated with each power of the
coupling -0 (c.f. expressions in Ref. [6]) are not too suppressed while still evading experimental
limits – specifically we take sinU3 = 0.94. The results that we obtain are shown in the right plot
of fig. 2, as a function of the heavy mass scale < (varied between 1 and 100 TeV). The blue curve
indicates the one-loop result relative to the tree-level one, while the red curve includes also the
two-loop effects. For this scenario, we find that the one- and two-loop external-leg corrections
can be quite significant, due to the large number of diagrams contributing in the N2HDM – the
one-loop effects become as large as ∼ −27% for < = 100 TeV while the two-loop contributions
produce an additional shift of −8%. Although the external-leg corrections are larger in the N2HDM
than in the MSSM (due to the larger number of diagrams contributing in the former model) the
two-loop corrections remain well smaller than their one-loop counterparts, and the perturbative
expansion is clearly well-behaved. In conclusion, for both realistic models considered in this work,
a fixed-order computation appears to remain sufficient to obtain a reliable result for the investigated
decay processes, and it does not appear mandatory to develop a SCET-like resummation of the
logarithmic contributions.

4. Summary
Precise theory predictions are of paramount importance to properly assess BSM discovery

sensitivities, and to constrain parameter spaces of BSM models in light of experimental searches
for new states. In Ref. [6], we pointed out the existence of a new type of large Sudakov-like
logarithms, appearing in external-leg corrections of heavy scalars in presence of a mass hierarchy
between scalars. In contrast to usual Sudakov logarithms, these can be further enhanced by large
trilinear couplings. Working first at one-loop order, we showed how these logarithmic terms are
related to singularities in the IR limit, and we reviewed different methods to address the associated
divergences. Next, we computed the two-loop external-leg contributions involving large logarithms.
In this context, we demonstrated the importance of adopting an OS renormalisation scheme for the
scalar masses, in order to avoid unphysical enhancements of the corrections to the decay width.
Finally, we illustrated our results by examples of contributions to the decay of a gluino into a top
quark and a stop in the MSSM and to the decay of a heavy scalar into tau leptons in the N2HDM
– further examples and scenarios can be found in Ref. [6]. While we find potentially large effects
at one loop, the two-loop logarithmic terms remain well smaller than the one-loop contributions,
meaning that a SCET resummation does not seem compulsory to obtain reliable predictions.
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