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The document introduces two new methods on the implementation of flavour tagging uncertainties
in ATLAS physics analyses. In order to reduce the number of flavor-tagging calibration uncer-
tainties, the physics analyses use an eigenvector decomposition approach. However, the resulting
flavour tagging eigenvectors are in general not the same across flavour tagging selections, so the
uncertainties can not be directly correlated in combination analyses. A new method, called eigen-
vector recomposition, has been designed to overcome this problem. This proceeding describes
the method and gives practical examples about its usage in physics analyses, focusing on the
𝑉𝐻, 𝐻 → 𝑏𝑏 analysis.
The second development involves the flavour tagging uncertainties in analyses with high-transverse
momentum jets. The in-situ calibration of the flavour tagging uncertainties is computed using
events with jet-pT spectra up to 140-250 GeV and used through all the jet-pT spectrum. There-
fore, at higher transverse momenta the calibration needs dedicated extrapolation uncertainties in
order to account for possible deviations from the central value. The second part of the document
describes the method used to extract these extrapolation uncertainties starting from Z’ simulated
events.
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1. Eigenvector recomposition

About ∼100 separate uncertainty sources are accounted for in the 𝑏-jet calibration analysis.
As described in [4], an eigenvector decomposition method is used to reduce the number of flavor-
tagging uncertainty components in the analyses to O(10) while correctly preserving correlations
across jet kinematic bins. The eigenvectors are closely related to the diagonalization of a specific
covariance matrix, so they can not be directly correlated across analyses, as they correspond to
different combinations of the same sources of uncertainties. This study introduces the concept of
eigenvector recomposition.
The full mathematical derivation of the recomposition method can be found in Ref. [4]

1.1 Mathematical description

The covariance matrix V𝑖 𝑗 of the scale factors between two different pT bins (𝑖, 𝑗 ∈ {1,..., 𝑁})
is given by:

𝑉𝑖 𝑗 =

𝑀∑︁
𝑘=1

𝑢𝑖𝑘 𝑢 𝑗𝑘 , (1)

where 𝑖 and 𝑗 are pT-bin indices, 𝑘 denotes the uncertainty component and 𝑢 the bin-dependent
SF uncertainty amplitude. The diagonalisation of V𝑖 𝑗 leads to 𝑁 eigenvectors (𝜈) and 𝑁 eigenvalues
(𝜆), one for each dimension of the covariance matrix. The 𝑖𝑡ℎ pT bin of 𝑘 𝑡ℎ eigenvector uncertainty is:
𝑢̃𝑖𝑘 = 𝜆𝑘𝑣𝑖𝑘 . The total SF variation in each pT bin 𝑖, referred to as 𝑇𝑖 , can be expressed as:

𝑇𝑖 =

𝐿∑︁
𝑘=1

𝜃𝑘𝜆𝑘𝑣𝑖𝑘 =

𝐿∑︁
𝑘=1

𝜃𝑘 𝑢̃𝑖𝑘 (2)

where 𝑘 ∈ {1, ..., 𝐿}, is the eigenvector index and 𝜃𝑘 are the nuisance parameters used in
the analysis. At the same time, 𝑇𝑖 can also be expressed as a function of the original sources of
systematic uncertainties:

𝑇𝑖 =

𝑀∑︁
𝑗=1

𝜂 𝑗𝑢𝑖 𝑗 (3)

where 𝜂 𝑗 is one of the 𝑀 nuisance parameters representing the original sources of systematic
uncertainties. This leads to an equality that can be written shortly as: ®𝜂 ·𝑈 = ®𝜃 · 𝑈̃, where 𝑈̃ is a
matrix with rank 𝐿 and its right inverse 𝑈̃−1

right = 𝑈̃𝑇 (𝑈̃𝑈̃𝑇 )−1 is a pseudo-inverse (Moore–Penrose
inverse) of 𝑈̃ and therefore must be unique. Thus, multiplying the expression above by 𝑈̃−1

right leads
to an expression for ®𝜃 in terms of ®𝜂: ®𝜃 = ®𝜂 · 𝑈 · 𝑈̃−1

right. One can hence define a dimension 𝑀 × 𝐿

matrix: ℜ ≡ 𝑈 𝑈̃−1
right that translates the uncertainties between the original set and the eigenvector

decomposed uncertainty set.

1.2 Implementation

Physics analyses using maximum-likelihood fit to extract their parameters of interest with the
diagonalized 𝑏-tagging uncertainties encoded in the nuisance parameters 𝜃 can be expressed as:
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L = 𝐿 ( ®𝜇, 𝜃1, 𝜃2, ..., 𝜃𝐿)𝑃(𝜃1)𝑃(𝜃2)...𝑃(𝜃𝐿), (4)

where ®𝜇 is the vector of the parameters of interest, and the 𝑃(𝜃𝑘) represent the Gaussian priors
centered at zero and with variance set to unity for the flavour tagging eigenvectors. The aim of the
eigenvector recomposition approach is to transform the likelihood function in Eq. 4 into likelihood
function depending on original nuisance parameters 𝜂:

L = 𝐿 ( ®𝜇, 𝜂1, 𝜂2, ..., 𝜂𝑀 )𝑃(𝜂1)𝑃(𝜂2)...𝑃(𝜂𝑀 ), (5)

The nuisance parameters 𝜃 (after diagonalization) and the nuisance parameters 𝜂 (before
diagonalization) represent the exact same uncertainties in the space of the 𝑏-tagging scale factors,
i.e. the same central values and same covariance matrix. Concisely, in order to modify Eq. 4 to
make it identical to Eq. 5 the eigenvector recomposition tool replace 𝜃 priors by 𝜂 priors and replace
𝜃 in 𝐿 by 𝜂 using Eq. 3

2. High-pT extrapolation uncertainties

The second development introduced in this note involves the treatment of the calibration
uncertainties for high-pT jets, in particular in the extrapolation regime above the highest pT of the
in-situ flavour tagging calibration. In these regions in fact the calibration uncertainties need to
be complemented by additional high pT extrapolation uncertainties calculated from simulation, in
order to account for possible deviations from the Scale Factor (SF) values. extrapolated from the
lower jet pT.

2.1 Derivation of the extrapolation uncertainties

The pT value that determines the division between high pT region and the standard in-situ
calibration region is called the pT reference point. The SFs in the extrapolation region are related
to the SFs at the highest pT reference point of the in-situ calibration region by:

𝑆𝐹pT = 𝑆𝐹pT,𝑟𝑒 𝑓 · 𝑅(pT) (6)

where R is a factor depending on pT. The value of 𝑅 is assumed to be equal to one since the
SFs do not have a strong dependence on pT, as reported in Ref. [3, 5]. However, 𝑅 has associated
uncertainties that need to be evaluated since it is used to express Δ𝑟𝑒𝑙 (𝑆𝐹pT), the relative uncertainty
of the SF in the high-pT extrapolation region:

Δ𝑟𝑒𝑙 (𝑆𝐹pT) = Δ𝑟𝑒𝑙 (𝑆𝐹pT,𝑟𝑒 𝑓 ) + Δ𝑟𝑒𝑙 (𝑅) (7)

The relative variation of 𝑅 is evaluated from Monte-Carlo samples as described below1. It is
assumed that the potential relative variations of the efficiency in data is equal to MC. Therefore,

1Please note that the statistical uncertainties in the high-pT region are inherited from the statistical uncertainties of
the highest pT bin in the standard calibration region. Therefore in the current procedure, only the systematic variations
are evaluated in the high pT region.

3



P
o
S
(
L
H
C
P
2
0
2
2
)
3
2
2

Developments on the treatment of FTAG uncertainties in ATLAS Yan Ke

given the variation of the MC b-tagging efficiency, corresponding to a specific source of uncertainty
the scale factor is varied correspondingly by:

𝑆𝐹′ =
𝜖𝑑𝑎𝑡𝑎 + Δ(𝜖𝑑𝑎𝑡𝑎)

𝜖𝑀𝐶

=
𝜖𝑑𝑎𝑡𝑎 (1 + Δ𝑟𝑒𝑙 (𝜖𝑀𝐶))

𝜖𝑀𝐶

= 𝑆𝐹 (1 + Δ𝑟𝑒𝑙 (𝜖𝑀𝐶)) (8)

Based on the result above, the variation on 𝑅 becomes:

𝑅′ ≈ 𝑅 · (1 + Δ𝑟𝑒𝑙 (𝜖𝑀𝐶,𝑝𝑇 ) − Δ𝑟𝑒𝑙 (𝜖𝑀𝐶,𝑝𝑇 ,𝑟𝑒 𝑓 )) (9)

Therefore the relative uncertainty on 𝑅 is:

Δ𝑟𝑒𝑙 (𝑅) ≈ Δ𝑟𝑒𝑙 (𝜖𝑀𝐶,𝑝𝑇 ) − Δ𝑟𝑒𝑙 (𝜖𝑀𝐶,𝑝𝑇 ,𝑟𝑒 𝑓 ) (10)

where from Eq. 9 to 10 the assumption 𝑅 = 1 is used. Combining Eq. 10 with Eq. 7, the SF
extrapolation uncertainty is:

Δ𝑟𝑒𝑙 (𝑆𝐹𝑝𝑇 ) = Δ𝑟𝑒𝑙 (𝑆𝐹𝑝𝑇,𝑟𝑒 𝑓
) + Δ𝑟𝑒𝑙 (𝜖𝑀𝐶,𝑝𝑇 ) − Δ𝑟𝑒𝑙 (𝜖𝑀𝐶,𝑝𝑇,𝑟𝑒 𝑓

) (11)

2.2 Results

The extrapolation uncertainties are computed using simulated 𝑍 ′ → 𝑞𝑞 (𝑞 = 𝑢𝑑𝑠, 𝑐, 𝑏) events
with a Z’ mass of 3 TeV to enhance the high-𝑝𝑇 region. The jets in the sample are reconstructed
as Variable-Radius (VR) track-jets [7]. The extrapolation uncertainties are evaluated separately for
truth 𝑏-, 𝑐- and 𝑙𝑖𝑔ℎ𝑡-jets.

Figure 1: Monte Carlo based extrapolation uncertainties for the DL1r tagger applied to Variable Radius track jets as
a function of the reconstructed 𝑏-jet pT (black curve). The contribution from experimental uncertainties affecting the
reconstruction of tracks is shown in orange. Theoretical uncertainties on the modelling of the jet fragmentation are
drawn in green. The total variation is obtained summing in quadrature the single contributions. The figure refers to the
60-70% Working Point interval of the pseudo-continuous 𝑏-tagging calibration, which is a simultaneous calibration of a
binned version of the continuous b-tagging score distribution, expressed in intervals of the b-tagging efficiency [2]. The
uncertainties are evaluated largely following the method described in Ref. [1]. The events are required to have 𝑏-hadron
𝑝𝑇 ≤ 1000 GeV. The monotonic requirement described in Ref. [1] is now dropped and the extrapolation uncertainties
are applied to 𝑝𝑇 ≥ 250 GeV jets.

Figure 1 shows an example of extrapolation uncertainties for 𝑏-jets. More plots are available
in Ref. [6]. The total uncertainty is the quadrature sum of the individual uncertainties. Eigenvector
decomposition is done separately on extrapolation uncertainties and in-situ calibration uncertainties.
Two eigenvector set is ready to be used in physics analyses.
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