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Cherenkov light lateral distribution function approximation that describes an individual extensive
air shower was found. It is designed for showers from various primary nuclei in the 1–100
PeV energy range with zenith angles up to 20◦ and distances from the shower axis of up to 500
meters. Approximation accuracy is better than 10%. Initially, the approximation was intended for
processing events of the SPHERE-2 experiment, but it can also be applied to any other experiment
that uses the Cherenkov light lateral distribution function at the ground level. A comparison was
made with simpler approximating functions used in the SPHERE-2 processing and in the TAIGA
experiment.
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1. Introduction

One of the main problems in cosmic ray physics is measurement of partial spectra from primary
cosmic rays (PCR). PCR particles with energies of up to 1015 eV can be detected by direct methods
using detectors mounted on satellites [1] and high altitude balloons [2]. The intensity of ultra high
energy particles (above 1015 eV) is so low that all measurements at such energies are currently
carried out by indirect methods based on the characteristics of extensive air showers (EASs).

For EAS measurements large ground detector arrays are most often used, for example, the
Pierre Auger Obervatory [3], TAIGA [4], the Telescope Array [5], the Yakutsk array [6, 7] and
others. However, the SPHERE-2 experiment used the balloon-borne detector. It registered Vavilov–
Cherenkov radiation (Cherenkov light, CL) reflected from the snow-covered ice of Lake Baikal.
This registration method allows to obtain data on the CL intensity from the near-axial region of an
EAS — the region which is most sensitive to the type of primary particle [8]. The detector was
located at 1 km above the snow surface and observed an area of about 900 m in diameter.

One goals of the SPHERE-2 experiment was to estimate the PCR mass composition. The
criteria for estimating the primary mass are based on the measured shape of the EAS CL lateral
distribution function (LDF) and are defined as the ratio of Cherenkov photon numbers within the
rings of different radii (up to 300 m). And since the shower core region, conventionally, from 0 to
100 m, carries important information on the primary particle mass, in order to extract the data on
the PCR mass the LDF approximation should be fairly accurate in the whole range from 0 up to
300–400 m.

2. Generation and processing of simulated vertical EAS events

Events used for approximation were simulated using CORSIKA7.5600 [9]. Each event was
modelled with the following primary parameters:

• primary particle energy (1, 10, 30, 100 PeV);
• shower incidence angle (10, 15, 20°);
• primary particle type (protons (p), nuclei: helium (He), nitrogen (N), iron (Fe));
• atmospheric model (two very different atmospheric models were considered: atmosphere

No.1 - a standard American atmosphere approximated by J. Linsley, and No.11 - the South
Pole atmosphere (MSIS-90-E) from CORSIKA);

• high energy hadron interaction model (QGSJET-01 [10], QGSJETII-04 [11]);
• observation level: set to the surface of Lake Baikal (455 m above the sea level).
Simulation resulted in arrays of 1280 × 1280 cells, 2.5 × 2.5 m2 each, filled with Cherenkov

photons coming from an individual EAS with given primary parameters. The array forms a
3200 × 3200 m2 data carpet centered on the shower axis, which characterizes the EAS CL LDF.
LDF from showers with small zenith angles can be considered as axially symmetric — for an
individual CL LDF variations in the relative photon counts within a thin ring of any given radius
was on average 10%. By averaging the number of photons in cells located at the same distance from
the shower axis a one dimensional LDF, which will further be used to analyze the approximations
described below, is obtained.
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3. Considered approximations of EAS CL LDF

Several approximations were considered in order to achieve a high enough accuracy of primary
particle mass estimation criteria calculations.

3.1 SPHERE-2 early approximation

Previously, in the SPHERE-2 experiment, an approximation which used a rational function for
the form (1) was implemented. It was also used for the Pamir-XXI project [12].

𝐹𝑜𝑙𝑑 (𝑝0, 𝑝1, 𝑝2, 𝑅) =
𝑝0

(1 + 𝑝1 · 𝑅 + 𝑝2 · 𝑅2)
(1)

The parameters were found using the MINUIT [13] package and the least squares method.
The MINUIT package uses the gradient descent method to minimize the multi-parameter function
𝐹𝐶𝑁 (2), which is defined as the sum of squared deviations of data points 𝐼 (𝑅) from the proposed
approximating function 𝐹𝑜𝑙𝑑 .

𝐹𝐶𝑁 (𝑝0, 𝑝1, 𝑝2) =
∑︁
𝑅

(𝐼 (𝑅) − 𝐹𝑜𝑙𝑑 (𝑝0, 𝑝1, 𝑝2, 𝑅))2 (2)

Figure 1a shows a LDF of an event originating from a 10 PeV proton with a 15◦ zenith angle
in atmosphere model 1 with the QGSJETII-04 model. From the presented plot it can be seen that
the errors 𝑑 = (𝐼 (𝑅) − 𝐹𝑜𝑙𝑑)/𝐼 (𝑅) increase with the distance from the shower axis and these errors
are rather high. The relative deviation of the approximating curve from the simulated points is
about 15% at distances below 200 meters from the shower axis. At distances above 300 meters, the
errors exceed 50%. Therefore, another form of the approximation was considered, which was used
earlier in the TAIGA experiment.

3.2 The TAIGA approximation

An EAS CL LDF approximation which was used under similar conditions in the Tunka-25
experiment (their cite was located near Lake Baikal at the same altitude) was taken from [14]. The
coefficients are given with the corrections from the authors (provided in a private communication).

1. LDF steepness parameter: 𝑃 = 𝐼 (100)/𝐼 (200), where 𝐼 (100) is the number of photons at a
distance of 𝑅 = 100 meters from the shower axis. The following 4 parameters depend on it:

𝑅0 = exp(6.79 − 0.564 · 𝑃) (3)
𝑅𝑘𝑛 = 207 − 24.5 · 𝑃 (4)

𝑏 =

{
4.8367 − 2.8261 · log(6.5 − 𝑃), 𝑃 < 6
4.8367 − 2.8261 · log(6.5 − 6), 𝑃 >= 6

(5)

𝑄𝑘𝑛 = 𝐼 (175) ·
(
𝑅𝑘𝑛

175

)−2.2
(6)
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2. Three different functions are used in three areas:

𝑓 (𝑅0, 𝑅𝑘𝑛, 𝑏, 𝑅) =



exp
(
𝑅𝑘𝑛 − 𝑅

𝑅0
·
(
1 + 3

(𝑅 + 3)

))
, 30 < 𝑅 < 𝑅𝑘𝑛(

𝑅𝑘𝑛

𝑅

)2.2
, 𝑅𝑘𝑛 ≤ 𝑅 ≤ 200(

𝑅𝑘𝑛

200

)2.2
·
(
(𝑅/200 + 1)

2

)−𝑏
, 𝑅 > 200

(7)

3. Final function:
𝑄(𝑅0, 𝑅𝑘𝑛, 𝑏, 𝑄𝑘𝑛, 𝑅) = 𝑄𝑘𝑛 · 𝑓 (𝑅0, 𝑅𝑘𝑛, 𝑏, 𝑅) (8)

From the results presented on the right panel of fig. 1b it follows that the main error accumulates
in the first 100 meters. But it is precisely this part that is significant for further processing of events,
since the criteria for estimating the primary mass is essentially based on the LDF shape in the
near-axial region. Therefore, again, another type of approximation was considered.

3.3 The new approximation of SPHERE-2

The CL LDF has a clear feature: the steepness of the function changes at around 70–150 meters
from the shower axis (the specific value depends on the given primary parameters).

A class of rational approximations by a single function with a different number of parameters
was considered. The LDF is described with high accuracy by a rational function in the section
before the slope change and is also quite accurately described by a function of the same type in
the section after that, but with different parameters. Thus an approximation (9) with weights (10)
turned out to be accurate enough with a reasonable number of parameters.

𝐹𝑛𝑒𝑤 =
𝑝0

(1 + 𝑝1𝑅 + 𝑝2𝑅2 + 𝑝3𝑅3)
× 𝜔1 +

𝑝4

(1 + 𝑝5𝑅 + 𝑝6𝑅2)
× 𝜔2 (9)


𝜔1 =

1
(1 + exp(𝑅−𝑅𝑐ℎ )/𝑠)

𝜔2 =
1

(1 + exp−(𝑅−𝑅𝑐ℎ )/𝑠)

(10)

For 𝑅 < 𝑅𝑐ℎ : 𝜔2 << 1, the first term, which is responsible for the region up to the slope
change radius 𝑅𝑐ℎ, is the most significant. For 𝑅 > 𝑅𝑐ℎ : 𝜔1 << 1, the second term, which is
responsible for the region after the slope change radius, is more significant. The optimal value of
the parameter 𝑠 = 8 m was chosen so as not to clutter up the already multi-parameter function. The
search for parameters was performed by the least squares method.

𝐹𝐶𝑁 (𝑝0, ..., 𝑝6, 𝑅𝑐ℎ) =
∑︁
𝑅

(𝐼 (𝑅) − 𝐹𝑛𝑒𝑤 (𝑝0, ..., 𝑝6, 𝑅𝑐ℎ, 𝑅))2 (11)

Characteristic initial values of the approximation parameters were the following: 𝑝0 =

107photon m−2, 𝑝1 = 0.1 m−1, 𝑝2 = −0.001 m−2, 𝑝3 = 10−5 m−3, 𝑝4 = 5 · 105 photon m−2,
𝑝5 = −0.01 m−1, 𝑝6 = 6 · 10−5 m−2, 𝑅𝑐ℎ = 160 m.
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a) SPHERE-2 early approximation

b) TAIGA approximation

c) SPHERE-2 new approximation

Figure 1: Approximations for a 10 PeV proton CL LDF with a zenith angle 15◦ in atmosphere model 1,
QGSJETII-04 model. Left panels show the LDF data: orange dots stand for the simulation data, curves
denote the approximations. Right panels show the relative deviations of the curves from the points. Pair
a) shows the old SPHERE-2 approximation data, pair b) describes the TAIGA approximation, and pair c)
deals with the new SPHERE-2 approximation. FCN values in the point of minimum indicate the quality of
approximation.
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Figure 2: Left panel shows the LDF data: orange dots stand for the simulation data, curves denote the
corresponding approximations. Right panel shows the relative deviation of the curves from the points. FCN
values in the point of minimum indicate the quality of approximation.

Figure 1c shows the approximation by the new function (9). From the presented plot it can be
seen that errors increase with the distance and do not exceed 7% up to 500 m from the shower axis
for the selected individual simulated event.

3.4 Approximation comparison

In fig. 2, a graph is presented, which displays all of the approximations considered above.
Among them, the 𝐹𝑛𝑒𝑤 function has the smallest relative errors in the 0–500 m range. The value of
the 𝐹𝐶𝑁 function at the minimum is the smallest for 𝐹𝑛𝑒𝑤 . This trend persists for other primary
parameters as well.

In fig. 3 EAS LDFs of simulated events and the corresponding approximations by the new
function 𝐹𝑛𝑒𝑤 for various primary parameters are presented:

• Fig. 3a — various primary particles with an energy of 𝐸 = 30 PeV, 15◦ zenith angle,
atmosphere model 1, QGSJETII-04 interactions model;

• Fig. 3b — different energies of the primary proton, 15◦ zenith angle, atmosphere model 1,
QGSJETII-04 interactions model;

• Fig. 3c — different zenith angles of a 10 PeV primary proton in atmosphere model 1 with
the QGSJETII-04 interactions model;

• Fig. 3d — various interaction models for showers from a 10 PeV primary proton with a 15◦s
zenith angle in the atmosphere model 1.

The new approximation 𝐹𝑛𝑒𝑤 in the 2–400 meters area deviates from the simulated LDF by
no more than 2%, and changes in the primary parameters do not affect the overall quality of the
approximation.
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a) Various primary particles b) Various particle energies

c) Different zenith angles of a particle d) Various interaction models

Figure 3: LDF data: orange dots stand for the simulation data, curves denote the corresponding approxima-
tions. Graph a) shows LDF for various primary particles, graph b) for various particle energies, graph c) for
different zenith angles of a particle, graph d) for various interaction models.

4. Conclusion

Function 𝐹𝑛𝑒𝑤 approximates the EAS CL LDF and deviates from the simulated data by less
than 10% within the 500 m distance from the shower axis. The approximation has been verified in
the energy range of 1–100 PeV, at 455 meters above sea level, for shower zenith angles not exceeding
20◦ (fig. 3). For the majority of events at distances within the 2–400 m range the approximation
error does not exceed 2% (fig. 1c). At distances beyond 400 m, an increase in the error is observed,
depending on the considered individual EAS event, the deviation can reach up to 10%. However,
such an increase in the error is not critical, since it is the region near the shower axis that is the most
important for primary mass estimation. The presented approximation makes it possible to increase
the accuracy of subsequent analysis, such as the estimation of the primary particle energy, as well
as its mass.
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