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AR Sco is an intriguing binary system that contains both a white and red dwarf. The spin rate of
the white dwarf has been observed to slow down with time, analogous to rotation-powered radio
pulsars; it has thus been dubbed a "white dwarf pulsar”. We previously fit the traditional radio
pulsar rotating vector model to linearly polarized optical data from this source, constraining the
system geometry and white dwarf mass. Next, using a much more extensive dataset from the
South African Astronomical Observatory (SAAO) HIPPO Polarimeter on their 1.9-m telescope,
we also explored the application of the same geometric model to the orbitally phase-resolved
optical polarimetric data. The optical emission is thought to be due to non-thermal synchrotron
radiation. We constrained the magnetic inclination angle and the observer angle at different orbital
phases. Now, we have constructed a much more sophisticated emission model, solving the particle
dynamics from first principles, including a generalized radiation reaction force, and implementing
similar techniques to what were used in a pulsar emission code developed by A.K. Harding and
collaborators to produce sky maps, light curves and spectra. We present our results of the particle
pitch-angle evolution and Lorentz-factor evolution for different scenarios, as well as studying
the impact of using generalised dynamical equations vs. a super-relativistic approximation only
since our equations can also be applied to non-relativistic motion. Additionally, we investigate a
magnetic mirror scenario, similar to that of Takata et al. (2017), and show the importance of not
being constrained by assumptions of super-relativistic particles with small pitch angles. We also
present some test cases that confirm the accuracy of our calculations. Finally, we discuss how we
calculated the curvature and synchrotron radiation to obtain our emission maps, light curves and
spectra as well as our future plans to calculate the phase-resolved polarisation properties of AR
Sco.
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1. Introduction

AR Sco is a close white dwarf (WD) binary system observed to have pulsed non-thermal
emission peaking in the optical range [1]. The autors inferred a spin period of 117s and an
orbital period of 3.56h. Additionally, they found the M-dwarf companion to be located inside the
magnetosphere of the WD. Extensive observations by [2] allowed them to constrain a spin-down
rate for the WD. Observations by [3] found the optical emission to be highly linearly polarised
(up to 40%), found a 180° polarisation angle swing and infered a B-field of ~ 5 x 108G. The
system also shows no indication of an accretion disk [1] as well as no accretion column [4]. In our
previous work we fit a standard rotating vector model (RVM) to the polarisation angle data of AR
Sco, constraining the magnetic inclination angle and observer angle [5]. This suggests the pulsed
non-thermal emission is coming from inside the WD close to its magnetic poles. In a follow up
paper we fitted the RVM to extensive polarisation angle data of AR Sco covering the orbital period
of the system [6].

There have been various models proposed to reproduce the emission and polarisation signatures
of AR Sco. None have been able to sufficiently produce light curves, spectra and polarisations curves
over the spin and orbital phases. We thus aim to develop a general emission and polarisation model
to reproduce the observations of AR Sco and similar sources. In this proceedings paper we discuss
how we solved our particle dynamics in Section 2.1 and show our implementation of the radiation-
reaction force(RRF) in Section 2.2. We show our results from reproducing the magnetic mirror
model by 3 in Section 3 and make concluding remarks in Section 4.

2. Method

In this section we will discussed how we solved the particle dynamics with and without radiative
losses for the particles as well as the accuracy tests we implemented.
2.1 Particle Dynamics

To find the particles’ momentum and position at the next given time step we solved the Lorentz-
force equation in cgs units:

d_p e E.,.& (1)
dt ‘/mzc4+p2c2

where p is the particle momentum, e is the particle charge, E is the electric field, B is the
magnetic field, m is the particle mass and c the speed of light in a vacuum. To obtain Equation
(1), one uses p = ymv with y = /m2c* + p2c2/mc?, which comes from the particle energy
ymc? = \Jm2c* + p2c2. Equation (1) was written in terms of the particle’s momentum to take into
account relativistic aberrations. To solve this ordinary differential equation (ODE) we use higher
order solvers with embedded lower order methods in the Runge-Kutta family of solvers. These
implicit methods allows us to estimate a truncation error T, with the absolute difference between
the 2 order results. With T, we can calculate an adaptive time step using [7]:
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Figure 1: Panel a) is the particle trajectory for a constant B-field. b) is the trajectory for a changing B-field
in a constant direction. c) is the trajectory for a static magnetic dipole field for a low B-field. d) is similar to
c) but for a large B-field.

where At is the time step, TOL is the chosen tolerance for T, and p is the order of the chosen
numerical method. Soderlind [7] gives an equation for a limiting time step Af; for the maximum
and minimum step size increase and decrease.

At = Aty

Aty — At
1 + karctan (M)] , 3)
kAt,

with x € [0.7,2.0]. We investigated various higher order numerical integrators and when balancing
accuracy and runtime we chose the Dormand-Prince 8(7) [8] which was found to be about three
times faster than the well known Runge-Kutta Fehlberg 4(5) scheme. Similar to other authors
when talking about these schemes the accuracy order of the scheme is given after the scheme name
followed by the error accuracy order in brackets.

To test the numerical schemes we use test scenarios with known particle trajectories, Lorentz-
factors, gyro-radii and drift components. The first scenario is a constant B-field, second is a
changing B-field, third is a low magnitude static dipole B-filed and fourth is a high magnitude static
dipole B-field. The 3D trajectories for each scenario are illustrated in Figure 1. We show these test
scenario results, benchmarks, elaborate on the particle dynamics and show the E X B-drift scenarios
in our upcoming paper Du Plessis et al (2023,in-prep).
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2.2 Radiation-Reaction Force

To add a general radiation-reaction force (RRF) to our particle dynamics we use the following
equation for Landau [9]:
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where v is the particle velocity and H is the external field thus H = B. The first term in Equation
(4) is the contribution from the temporal and spacial changes in the field. This first term is very
computationally expensive thus similar to [10] we evaluated the contribution of this first term and
found it to be negligible. We also included the super relativistic form of Equation (4) from [9] to
investigate the super-relativistic particle assumption and to save computation time for very large
Lorentz factors. The x-component of the equation is given by
26472 ) 2
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Since we have calculated the RRF we can calculate the energy radiated by the particle can be
calculated using the following equation [11]

h
Eraqg = / Frad A dts (6)
5]

where F;,4 is the RRF. Using Equation(6) we can confirm if the code is self consistent by adding
the particle energy with the energy radiated to get the total energy and compare this value to the
initial particle energy. This allows us to see how accurate our calculations are and if our system is
gaining or losing energy as is shown in Figure 2

Figure 2 shows an example chosen where the particle mirrors multiple times to illustrate the
accuracy of our results. The figure shows how the particle radiates its energy at each magnetic
mirror point represented by a sharp increase in the blue curve creating these step features. The
total energy is found to be very close to the initial particle energy with ~ 0.01% energy loss. The
accuracy can be increased by making the tolerance of the adaptive time step smaller at the cost of
a longer runtime. We will show and discuss more of the RRF benchmarks and applications to the
test scenarios in our upcoming paper Du Plessis et al (2023,in-prep).

3. Reproducing Takata et al

In this section we reproduce the magnetic mirror model proposed for AR Sco by [12] using
our general equations as well as our super-relativistic equations.
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Figure 2: The energy radiated by a particle given by the blue curve and particle energy given by the red
curve for a particle trapped in a magnetic dipole. The green curve is the sum of the red and blue curve with
the black curve representing the initial particle energy.

In their paper [12] use the transport equations from [13] but written in terms of the second
adiabatic invariant. The equations from [12] are given as:

dy __FL

dt tg
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where P is the momentum component perpendicular to the local B-field, y is the Lorentz-factor,

(N

ts =3mlc’/2e*B?>and P, = yBsin6 p- These equations assume that the particle is super relativistic
and have small pitch angles. For the comparison scenario parameters they assume a static vacuum
dipole B-field with zero magnetic inclination, a magnetic moment of uwp = 10> Gem?®, E = 0
since the electric field is screened, Yo = 50 and a pitch angle of 6, = arcsin(0.1). We use
their parameters to reproduce their results given in Figure 3. In Figure 3 the particle starts at the
companion and heads toward the pole of the WD where it encounters a magnetic mirror. The particle
radiates via synchrotron radiation as the particle then turns around due to the magnetic mirror and
heads to the other pole of the WD. We found that our super-relativistic results mostly agree with that
of [12] but our particle turns around at the magnetic mirror before their result. Our general results
disagree largely with that of [12]. For our general results the particle bounces between multiple
magnetic mirrors before the particle has lost the same amount of energy the particle losses at the
first mirror in their results.
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Figure 3: Lorentz-factor vs. the particle’s radial distance normalised with the binary separation. The green
dots are the digitised results from [12], the red curve is our results using Equation (5) and the blue curve
using Equation(4). The black line represents the predicted magnetic mirror point from [12].

4. Conclusion

To conclude in Sections 2.1 and 2.2 we show how we solved the particle dynamics and
introduced the RRF. We showed how we self consistently evaluate any energy gain or loss to
numerical inaccuracy in the system obtaining accurate results without sacrificing more runtime.
More in-depth results and benchmarks for the particle dynamics and test cases will be provided
in our upcoming article as well as additional £ X B-cases and the RRF cases. In the magnetic
mirror scenario proposed by [12] our results emphasise the importance of using the general particle
dynamics instead of assuming the particles are super relativistic with small pitch angles. The
super-relativistic assumption causes the particle to radiate much more at each mirror point affecting
the particle dynamics differently. This leads to the emission being observed at different phases,
different intensities, different mirror locations and different constraints on the particles trapped by
the mirrors.
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