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1. Introduction
The goal of our work is to compute precise results for the hybrid static potentials Π𝑢 and
at short quark-antiquark separations using SU(3) lattice Yang-Mills theory. The hybrid static
potentials Π𝑢 and Σ−𝑢 describe the two lowest excitations of the gluon field surrounding a static
quark-antiquark pair as a function of the quark-antiquark separation. For the related heavy hybrid
mesons, exotic quantum number combinations 𝐽 𝑃𝐶 are possible due to the non-trivial quantum
numbers of the gluonic excitation. They are – like tetraquarks and glueballs – an active field of
research in experiments as well as in theory (for recent reviews see e.g. [1–6]). Lattice field theory
¯ or 𝑐𝑐
results for hybrid static potentials are an essential input for mass calculations of heavy 𝑏𝑏
¯
hybrid mesons within the Born-Oppenheimer approximation [7–11]. Refined Born-Oppenheimer
approaches also include heavy quark spin effects or the coupling of different channels [12–14].
For reliable predictions of heavy hybrid meson masses within such approaches precise lattice
field theory results and parametrizations for the corresponding static potentials are important. To
improve on existing lattice field theory computations of hybrid static potentials [7, 11, 15–21],
we use lattice spacings significantly smaller than those used in existing works. This allows us to
remove lattice discretization errors at tree level of perturbation theory and to some extent at leading
order in 𝑎 2 . We obtain improved lattice results and parametrizations consistent with continuum
limit results for the hybrid static potentials Π𝑢 and Σ−𝑢 within statistical errors.
Σ−𝑢

We generated five ensembles of pure SU(3) gauge field configurations with the CL2QCD
software package [22] using a Monte Carlo heatbath algorithm and the standard Wilson plaquette
action. The ensembles 𝐴, 𝐵, 𝐶 and 𝐷 (listed in Table 1) were generated with gauge couplings
𝛽 = 6.000, 6.284, 6.451 and 6.594, which correspond to lattice spacings
𝑎 = 0.093 fm, 0.060 fm, 0.048 fm and 0.040 fm, respectively. The scale is set according to a
parametrization of ln(𝑎/𝑟 0 ) from Ref. [23] and by identifying 𝑟 0 with 0.5 fm. To achieve a
reduction of statistical errors, a multilevel algorithm [24] was used on ensembles 𝐴, 𝐵, 𝐶 and 𝐷.
We confirmed that finite volume effects are negligible for the physical lattice volumes of ensembles
𝐴, 𝐵, 𝐶 and 𝐷, which are 𝑇 ×𝐿 3 ≈ 2.4 fm×(1.2 fm) 3 . Moreover, we checked that the measurements
are neither affected by large autocorrelations nor topology freezing. For details on the exclusion
ensemble

𝛽

𝑎 in fm [23]

(𝐿/𝑎) 3 × 𝑇/𝑎

𝐴

6.000

0.093

123 × 26

𝐵

6.284

0.060

203 × 40

𝐶

6.451

0.048

263 × 50

𝐷

6.594

0.040

303 × 60

𝐴HYP2

6.000

0.093

243 × 48

Table 1: Gauge link ensembles.
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of systematic errors from the finite volume, topology and also possible decays into glueballs see
Ref. [25].
We also include lattice results from ensemble 𝐴HYP2 , which were obtained in the context of a
preceeding project and publication [11]. The lattice spacing is the same as for ensemble 𝐴 but, due
to the larger lattice volume, larger quark-antiquark separations up to 𝑟 ≤ 1.12 fm were accessible.
In contrast to results from ensembles 𝐴, 𝐵, 𝐶 and 𝐷, results from ensemble 𝐴HYP2 were computed
with HYP2-smeared temporal links [26–28], which reduces the self energy of the static quarks but
increases discretization errors at small 𝑟/𝑎.

We compute hybrid static potentials from Wilson loop-like correlation functions on the five
ensembles 𝑒 ∈ { 𝐴, 𝐵, 𝐶, 𝐷, 𝐴HYP2 }. In contrast to standard Wilson loops related to the ordinary
static potential with quantum numbers Λ 𝜖𝜂 = Σ+𝑔 , the spatial link paths of the hybrid Wilson
loops include suitable insertions to generate the non-trivial quantum numbers of hybrid static
potentials. The quantum numbers Λ 𝜖𝜂 denote the orbital angular momentum along the quarkantiquark separation axis, Λ = Σ(= 0), Π(= 1), Δ(= 2), . . ., the behavior under combined parity
and charge conjugation, 𝜂 = 𝑔(= +), 𝑢(= −), and the behavior under reflection along an axis
orthogonal to the quark separation axis, 𝜖 = +, −. To compute the potentials Π𝑢 and Σ−𝑢 , we
use the insertions 𝑆III,1 and 𝑆IV,2 , which were defined and optimized for maximal ground state
overlaps in Ref. [11]. To further increase the ground state overlaps, spatial links are smeared with
APE-smearing on all ensembles with 𝛼APE = 0.5, where the number of smearing steps 𝑁APE was
increased with decreasing lattice spacing (see Ref. [25] for details).
The static potentials 𝑎𝑉Λ𝑒 𝜖 (𝑟) are extracted by plateau fits of the corresponding effective
𝜂
potentials at large temporal separations of the Wilson loops. Our SU(3) lattice Yang-Mills theory
results for the ordinary static potential and the two lowest hybrid static potentials are presented in
Figure 1. To show the lattice data from all ensembles together in a meaningful plot in Figure 1, we
set 𝑉Σ𝑒+ (𝑟 = 0.5𝑟 0 ) = 0 for 𝑒 ∈ { 𝐴, 𝐵, 𝐶, 𝐷, 𝐴HYP2 } to compensate for the ensemble-dependent
𝑔
self energy of the static quarks.
At our level of statistical precision, lattice discretization errors lead to large discrepancies
between lattice results from different ensembles covering the same range of physical quark-antiquark
separations. This is visualized in Figure 2 for the ordinary static potential. In the following section 4
we discuss how to remove discretization errors to a large extent. After that, in section 5, we are able
to provide a common parametrization of all available lattice data sets representing their continuum
limit.

4. Comparsion of two methods of tree-level improvement for the static potential
We now discuss and compare two commonly used methods (in the following referred to as
𝑟-method and 𝑉-method) to reduce lattice discretization errors for the static potential at tree level
of perturbation theory. To assess the effectiveness of both methods, we plot lattice field theory data
for the ordinary static potential for gauge group SU(2) at gauge coupling 𝛽 = 2.40 computed with
3
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Figure 2: Visualization of lattice discretization errors in the lattice data for Σ+𝑔 .
𝑉Σ+𝑔 (𝑟) as defined in Eq. (3) is subtracted
from the data shown in Figure 1.

Figure 1: SU(3) lattice field theory results for the ordinary static
potential Σ+𝑔 and the hybrid static potentials Π𝑢 and Σ−𝑢 from the
five ensembles 𝑒 ∈ {𝐴, 𝐵, 𝐶, 𝐷, 𝐴HYP2 }.

two different discretizations of the static action, the HYP2 static action and the standard EichtenHill static action. The two discretizations should lead to similar results, where discrepancies are
the consequence of lattice discretization errors. For the unimproved data shown in Figure 3a,
discretization errors are rather large, particularly pronounced at small 𝑟/𝑎. These errors also cause
a breaking of rotational symmetry, which is reflected by the discrepancy of data points from on-axis
Wilson loops and from off-axis Wilson loops with the same spatial separation, e.g. 𝑟/𝑎 = |r|/𝑎 = 3
with r/𝑎 = (3, 0, 0) and r/𝑎 = (2, 2, 1).
The 𝑟-method of improvement was introduced for the static force [29]. The basic idea is
to match the static force computed on the lattice at tree level of perturbation theory with the
corresponding continuum result. Later, the 𝑟-method was also adopted for the static potential [23].
A static potential data point is shifted from its original separation 𝑟 to an improved separation 𝑟 impr
defined via (4𝜋𝑟 impr ) −1 = 𝐺 (r/𝑎)/𝑎, where 𝐺 (r/𝑎) represents the lattice propagator at tree level,
which depends on the discretization of the static action. The resulting improved data is presented
in Figure 3b. There is still a sizable discrepancy resulting from an overcorrection of data points. A
universal parametrization of the two lattice data sets with small 𝜒2 /dof ≈ 1 is not possible.
One can try to cope with the remaining discretization errors, e.g. by adding systematic errors
to data points at small 𝑟 to reduce their weight in subsequent fits or by multiplying the data with
a correction factor [30–33]. We have explored a different strategy. First we have checked that
the overcorrection can be consistently described by Δ̄lat = 𝜎(𝑟 − 𝑟 impr ), where 𝜎 denotes a fit
parameter closely related to the string tension. This expression can be motivated by noting that
a Cornell ansatz 𝑉0 − 𝛼/𝑟 + 𝜎𝑟 is a reasonable description of the ordinary static potential and
by assuming that one-gluon exchange is strongly related to the 𝛼/𝑟 term, but not to the other
4
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Figure 3: Unimproved and improved SU(2) lattice field theory data for the ordinary static potential at gauge
coupling 𝛽 = 2.40 for two different discretizations of the static action.

𝑟-dependent term 𝜎𝑟. A significant part of the remaining discretization errors can be removed
by subtracting the overcorrection term Δ̄lat = 𝜎(𝑟 − 𝑟 impr ) from the 𝑟-improved lattice data points
for the static potential. 𝜎 should be determined by a fit of 𝑉0 − 𝛼/𝑟 + 𝜎𝑟 to lattice data points
at larger 𝑟/𝑎, where discretization errors are negligible. We plan to discuss this in more detail in
an upcoming publication. We note that such an additional correction is not necessary for a treelevel improvement of the static force, since the problematic linear term 𝜎𝑟 in the static potential
corresponds to a constant term in the static force which is independent of 𝑟.
The alternative 𝑉-method [26, 34] corrects the static potential by subtracting the difference between the lattice static potential at tree level, which is proportional to 𝐺 (r/𝑎)/𝑎, and the continuum
static potential at tree-level, which is proportional to 1/𝑟, from the full lattice static potential, i.e.


𝐺 𝑒 (r/𝑎)
lat,𝑒
𝑒
0 1
𝑒
𝑒
𝑉Σ+𝑔 (𝑟) → 𝑉Σ+𝑔 (𝑟) − Δ𝑉Σ+ (𝑟) = 𝑉Σ+𝑔 (𝑟) − 𝛼
−
.
(1)
𝑔
𝑟
𝑎
𝛼 0 is determined by a fit to the unimproved data as discussed in section 5 and is related to the
strong coupling constant. The improved data 𝑉Σ𝑒+ (𝑟) − Δ𝑉Σlat,𝑒
+ (𝑟) is presented in Figure 3c. It can
𝑔
𝑔
be consistently described by a smooth curve and rotational symmetry is restored within statistical
errors (see the zoomed plot in Figure 3c).
The important conclusion of this section is that the 𝑉-method is clearly superior to the 𝑟method when computing the static potential. On the contrary, for the static force we expect that
both methods perform on a similar level.
5
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5. Parametrizations of the hybrid static potentials
To remove lattice discretization errors at tree level of perturbation theory in our SU(3) lattice
data, we employ the 𝑉-method described in the previous section. We carry out a joint 8-parameter
fit to the lattice results for the ordinary static potential from all ensembles 𝑒 ∈ {𝐴, 𝐵, 𝐶, 𝐷, 𝐴HYP2 }.
The fit function is
𝑉Σfit,𝑒
(𝑟) + 𝐶 𝑒 + Δ𝑉Σlat,𝑒
(2)
+ (𝑟) = 𝑉Σ+
+ (𝑟),
𝑔
𝑔

𝑔

𝑉˜Σ𝑒+𝑔 (𝑟) = 𝑉Σ𝑒+𝑔 (𝑟) − 𝐶 𝑒 − Δ𝑉Σlat,𝑒
+ (𝑟),
𝑔

(4)

where the self energy 𝐶 𝑒 and the lattice discretization errors at tree level of perturbation theory are
subtracted. This improved data is presented together with its parametrization (3) in Figure 4.
The lattice results for the hybrid static potentials Π𝑢 and Σ−𝑢 from all ensembles can be described
consistently by a 10-parameter fit with
lat,𝑒
2
𝑒
0𝑒
𝑉Λfit,𝑒
𝜖 (𝑟) = 𝑉Λ 𝜖𝜂 (𝑟) + 𝐶 + Δ𝑉hybrid (𝑟) + 𝐴2,Λ 𝜖 𝑎
𝜂
𝜂

(5)

for 𝑟 ≥ 2𝑎. For the hybrid static potentials the lattice discretization errors at tree level of perturbation
lat,𝑒
𝜖
−
theory are Δ𝑉hybrid
(𝑟) = − 18 Δ𝑉Σlat,𝑒
+ (𝑟). The parametrizations 𝑉Λ 𝜖𝜂 (𝑟) with Λ 𝜂 = Π𝑢 , Σ𝑢 are based
𝑔
on a prediction of potential Non-Relativistic QCD for short quark-antiquark separations [12]. They
are given by
𝐴1
+ 𝐴2 + 𝐴3 𝑟 2
𝑟
𝐴1
𝐵1 𝑟 2
𝑉Σ−𝑢 (𝑟) =
+ 𝐴2 + 𝐴3 𝑟 2 +
𝑟
1 + 𝐵2 𝑟 + 𝐵3 𝑟 2

𝑉Π𝑢 (𝑟) =

(6)
(7)

with fit parameters 𝐴1 , 𝐴2 , 𝐴3 , which are the same for both hybrid static potentials, and an additional
0𝑒 𝑎 2 in Eq. (5) accounts
term with fit parameters 𝐵1 , 𝐵2 and 𝐵3 for the Σ−𝑢 potential. The term 𝐴2,Λ
𝜖
𝜂
for the discretization error of the constant shift with respect to the ordinary static potential at leading
0𝑒
𝜖
−
order in the lattice spacing. The fit parameter 𝐴2,Λ
𝜖 with Λ 𝜂 = Π𝑢 or Σ𝑢 is equal for the ensembles
𝜂

𝑒 ∈ {𝐴, 𝐵, 𝐶, 𝐷} and different for the ensemble 𝑒 = 𝐴HYP2 .
As before, we define improved data points for the hybrid static potentials by subtracting the
lat,𝑒
self energy 𝐶 𝑒 , the lattice discretization error at tree level of perturbation theory Δ𝑉hybrid
(𝑟) and the
0𝑒 𝑎 2 ,
lattice discretization error of the constant shift 𝐴2 at leading order in the lattice spacing, 𝐴2,Λ
𝜖
𝜂
i.e.
lat,𝑒
0𝑒
2
𝑉˜Λ𝑒 𝜖𝜂 (𝑟) = 𝑉Λ𝑒 𝜖𝜂 (𝑟) − 𝐶 𝑒 − Δ𝑉hybrid
(𝑟) − 𝐴2,Λ
(8)
𝜖 𝑎 .
𝜂
6
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0
with the lattice discretization error at tree level, Δ𝑉Σlat,𝑒
+ (𝑟), as defined in Eq. (1) (𝛼 is one of the fit
𝑔
parameters), the ensemble-dependent self energy of the static quarks, 𝐶 𝑒 , and the parametrization
of the ordinary static potential,
𝛼
(3)
𝑉Σ+𝑔 (𝑟) = − + 𝜎𝑟.
𝑟
Eq. (2) is fitted to the lattice data for 𝑟 ≥ 0.2 fm. We define the improved lattice data points for the
ordinary static potential via
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Figure 4: Improved lattice results for the ordinary static potential Σ+𝑔 and the hybrid static potentials Π𝑢 and
Σ−𝑢 from the five ensembles 𝑒 ∈ {𝐴, 𝐵, 𝐶, 𝐷, 𝐴HYP2 } and their parametrizations (3), (6) and (7).

The improved lattice data points and the corresponding parametrizations (6) are consistent within
statistical errors (see Figure 4) and, thus, seem to represent continuum limit results for hybrid static
potentials.
Since we are considering several finer lattice spacings than before, we are able to reach short
quark-antiquark separations as small as 0.08 fm. At these small separations the lattice results clearly
exhibit the repulsive behavior predicted by perturbation theory and indicate the expected degeneracy
for Π𝑢 and Σ−𝑢 . The parametrizations and improved lattice data points are provided in our related
journal publication [25] for straightforward use, e.g. for refined Born-Oppenheimer approaches
to predict the spectra of heavy hybrid mesons. The parametrizations provided in this work are
expected to change the mass spectra by O (10 . . . 45 MeV) compared to parameterizations obtained
previously at much coarser lattice spacing (for details see Ref. [25]).
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