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1. Introduction

The internal structure of hadrons is an important aspect of understanding the strong force
using the theory of quantum chromodynamics (QCD). Due to color confinement, direct observation
of quarks and gluons is impossible. Instead, the structure can be separated into a perturbatively-
calculable hard-scattering part and a non-perturbative part described by form factors and distribution
functions, including parton distribution functions (PDFs). Calculations on a discrete 4-dimensional
Euclidean lattice have proven successful in extracting this non-perturbative part, though the light-like
nature of these distribution functions makes a direct calculation on a Euclidean lattice impossible.
In the last decade, several methods have been proposed to relate lattice data calculated in Euclidean
spacetime to physics, light-cone distributions, most notably the quasi-distribution [1, 2] and pseudo-
distribution [3–7] methods, see e.g. Refs. [8–12] for recent reviews. Both approaches utilize
matrix elements of momentum-boosted hadrons coupled to non-local operators. However, there
are significant differences between them. In practice, they are renormalized in differently, with
variants of the RI/MOM scheme most often used for quasi-distributions and the ratio scheme for
pseudo-distributions. However, the most notable difference is that the factorization into the light-
cone counterparts of Euclidean observables is performed either in momentum (quasi) or coordinate
space (pseudo). Additionally, reconstruction of the 𝑥-dependence is typically done employing a
fitting ansatz in the pseudo-PDF case. In this work, we use the pseudo-distribution approach to
calculate the unpolarized gluon PDF of the proton. Lattice calculations of gluon PDFs present
several challenges beyond the need to effectively match the lattice data to the light cone. The gluon
component is a purely disconnected diagram, resulting in significant noise and requiring at least an
order of magnitude more statistics compared to the quark counterpart. There is also unavoidable
mixing with the quark singlet PDFs that must be addressed.

The gluonic component of hadron structure has received less attention than that of the quark.
However, gluons contribute significantly to various physical quantities. For instance, phenomeno-
logical data and lattice calculations suggest the gluons account for approximately 40% of the
hadron’s momentum at a scale of 6.25 GeV2 [13, 14]. A better understanding of how the gluon con-
tributes to hadron structure is essential. There are dedicated lattice [15–18] and phenomenological
analyses of experimental data sets [19–21] to understand the gluonic structure of the proton. The
lattice data on 𝑥-dependent quantities have the potential to assist by constraining global analyses as
done for the case of quark PDFs [22–24].

In these proceedings, we present our calculation of the unpolarized gluon PDF for the proton
using the pseudo-PDF approach. We compare our results with an existing lattice calculation from
the HadStruc collaboration [17] and global analysis from the JAM collaboration [22].

2. Methodology

The calculation relies on matrix elements of a non-local gluon operator that couples to proton
states, 𝑁 (𝑃), that are boosted with momentum 𝑃. The operator related to the gluon PDFs is non-
local and constructed by two gluon field-strength tensors, 𝐹`a , separated by spatial distance 𝑧, and
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two straight Wilson lines, connecting points 0 → 𝑧 and 𝑧 → 0,

𝑀`𝑖;a 𝑗 (𝑃, 𝑧) = ⟨𝑁 (𝑃) |𝐹`𝑖 (𝑧)𝑊 (𝑧, 0)𝐹a 𝑗 (0)𝑊 (0, 𝑧) |𝑁 (𝑃)⟩ , (1)

where 𝐹`a is the gluon field strength tensor defined as

𝐹`a (𝑥) =
𝑖

8𝑔0

[
𝑈` (𝑥)𝑈a (𝑥 + 𝑎 ˆ̀)𝑈†

` (𝑥 + 𝑎â)𝑈†
a (𝑥) +𝑈a (𝑥)𝑈†

` (𝑥 + 𝑎â − 𝑎 ˆ̀)𝑈†
a (𝑥 − 𝑎 ˆ̀)𝑈` (𝑥 − 𝑎 ˆ̀)

+𝑈†
` (𝑥 − ˆ̀)𝑈†

a (𝑥 − 𝑎â − 𝑎 ˆ̀)𝑈` (𝑥 − 𝑎â − 𝑎 ˆ̀)𝑈a (𝑥 − 𝑎â)

+𝑈†
a (𝑥 − 𝑎â)𝑈` (𝑥 − 𝑎â)𝑈a (𝑥 − 𝑎â + 𝑎 ˆ̀)𝑈†

` (𝑥) − ℎ.𝑐

]
, (2)

with 𝑔 being the bare coupling constant. Note that the two Wilson lines are needed to make the
operator gauge invariant. The matrix elements depend on the Lorentz indices ` , a, 𝑖, 𝑗 , which can
be temporal or spatial. The various options of the indices lead to the construction of operators with
different properties. Here, we use the operator

O3 ≡ 1
2

∑︁
𝑖

𝐹𝑖𝑡 (𝑥 + 𝑧𝑧)𝑊 (𝑥 + 𝑧𝑧, 𝑥)𝐹𝑖𝑧 (𝑥)𝑊 (𝑥, 𝑥 + 𝑧𝑧) , 𝑖 ≠ 𝑧 , (3)

which is free of mixing under renormalization but has a non-vanishing vacuum expectation value
that must be subtracted. We note that, regardless of the choice discretization, the unpolarized gluon
PDF mixes with the unpolarized singlet quark PDF. The matrix elements 𝑀`𝑖;a 𝑗 denote the ground
state, which is extracted from the ratio between three-point and two-point correlation functions,

𝑅(𝑡, 𝜏, 𝑡 ′) = 𝐶3pt(𝑡𝑠, 𝜏; P)
𝐶2pt(𝑡𝑠; P)

𝑡𝑠<𝜏<𝑡′→ 4
3

(
𝑚2

4𝐸
− 𝐸

)
𝑀 , (4)

where we drop the indices of 𝑀 for simplicity, and 𝑡𝑠 and 𝜏 denote the time of the sink and operator
insertion, respectively. Without loss of generality, the source is taken at zero time. 𝐶3pt contains
disconnected contributions, which are constructed by the expectation value of a product of a gluon
loop with the proton two-point function. For the unpolarized gluon PDF, the parity projector
Γ0 ≡ 1

4 (1 + 𝛾0) is applied to both the three- and two-point functions.

There are a number of nontrivial steps required to extract the 𝑥-dependence of the gluon PDF.
Here, we implement the pseudo-ITD framework, which begins with the construction of appropriate
ratios of the matrix elements,

M(a, 𝑧2) ≡
(

𝑀 (a, 𝑧2)
𝑀 (a, 0) |𝑧=0

)/ (
𝑀 (0, 𝑧2) |𝑝=0

𝑀 (0, 0) |𝑝=0,𝑧=0

)
. (5)

Note that the matrix elements are expressed in terms of the Wilson line length, 𝑧, and Ioffe time,
a = 𝑧 · 𝑃. For multiplicatively renormalized operators, the above ratio, the so-called reduced
Ioffe-time distribution (pseudo-ITD), cancels the divergences, including the power divergence due
to the presence of the Wilson line. The use of the “double ratio” has been proven essential in
suppressing discretization effects and higher-twist effects, which are assumed similar in the two
single ratios shown above [25]. Since M serves as a nonperturbative renormalization prescription,
they are governed by the scale 1/𝑧, which is related to the renormalization scale, `2.
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One must apply a matching procedure to M to extract their light-cone counterpart, Q, which
is known to one loop,

Q(a, 𝑧2, `2) = M + 𝛼𝑠𝑁𝑐

2𝜋

∫ 1

0
𝑑𝑢 M(𝑢a, 𝑧2)

{
ln
(
𝑧2`2e2𝛾𝐸

4

)
𝐵(𝑢) + 𝐿 (𝑢)

}
, (6)

where
𝐵(𝑢) =

[
1 + 𝑢2

1 − 𝑢

]
+
, 𝐿(𝑢) = 4

[
𝑢 + ln(𝑢)

𝑢

]
+
+ 2

3
[
1 − 𝑢3]

+ , (7)

and the plus prescription is given by
∫ 1
0 [ 𝑓 (𝑢)]+𝑄(𝑢a) =

∫ 1
0 𝑓 (𝑢) (𝑄(𝑢a) − 𝑄(a)). The matching

equations involve evolving the reduced-ITD to a common scale (𝐵(𝑢) term) and converting the
expressions to the light-cone ITD in the MS scheme (𝐿 (𝑢) term). It is convenient to rewrite
the inverse of Eq. (6) in two parts so that one can perform the evolution and scheme conversion
separately to study their effect in the final ITD,

M′(a, 𝑧2, `2) = M(a, 𝑧2) − 𝛼𝑠𝐶𝐹

2𝜋

∫ 1

0
𝑑𝑢 × ln

(
𝑧2`2 𝑒

2𝛾𝐸+1

4

)
𝐵(𝑢)M(𝑢a, 𝑧2) , (8)

where M′(a, 𝑧2, `2) is the evolved ITD, which depends on a, the final scale ` and the initial scale
𝑧. Finally, conversion to the MS scheme is given by

𝑄(a, 𝑧2, `2) = M′(a, 𝑧2, `2) − 𝛼𝑠𝐶𝐹

2𝜋

∫ 1

0
𝑑𝑢𝐿 (𝑢)M(𝑢a, 𝑧2) . (9)

𝑄 is averaged over the same values of a extracted from different combinations of 𝑃 and 𝑧. In
preparation for extracting the gluon PDF, the ITD is then fitted according to the minimization of

𝜒2 =

amax∑︁
a=0

(
𝑄(a, `2) −𝑄 𝑓 (a, `2)

)2
𝜎2
𝑄
(a, `2)

, (10)

where 𝜎2
𝑄
(a, `2) is the statistical error of the light-cone ITD 𝑄(a, `2). Once the light-cone ITD

has been extracted, one may obtain the light-cone PDF, which is related to the ITD via the Fourier
transform

𝑄(a, `2) =
∫ 1

0
𝑑𝑥 cos(a𝑥)𝑥𝑔(𝑥, `2) . (11)

The reconstruction of 𝑔(𝑥, `2) poses an inverse problem [26] because the inverse equations are
ill-defined due to the limited number of lattice data for 𝑄(a). The main challenge is that the lattice
data are obtained on a relatively small number of momenta 𝑃, and, thus, the range of Ioffe time
spans from 0 up to some amax. Therefore, to extract 𝑔(𝑥, `2), one requires additional information,
which can be chosen in several ways. Here, we reconstruct the gluon PDF by using a fitting ansatz
commonly used in the analysis of experimental data sets, that is

𝑥𝑞(𝑥) = 𝑁𝑥𝑎 (1 − 𝑥)𝑏, (12)

where the exponents 𝑎, 𝑏 are fitting parameters and 𝑁 is the normalization that is fixed by the gluon
momentum fraction

∫ 1
0 𝑑𝑥 𝑥𝑔(𝑞) = ⟨𝑥⟩𝑔.

4
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2.1 Lattice Calculation

The calculation of the gluon PDF performed here is done using an 𝑁 𝑓 = 2 + 1 + 1 ensemble
of twisted-mass clover fermions, and Iwasaki improved gluons generated by the Extended Twisted
Mass Collaboration (ETMC) [27]. The quark masses of this lattice are such that the pion has
approximately twice its physical mass (𝑚𝜋 = 260 MeV). The lattice spacing is 𝑎 = 0.0938(2) (3)
fm and the lattice volume is 323 × 64.

The matrix elements are calculated with protons at rest, as well as with four values of the
momentum boost, that is, 𝑃 = 0.42, 0.83, 1.25, 1.67 GeV. To benefit from the correlations between
the numerator and denominator of the reduced ITD, we obtain the matrix element 𝑀 at the same
configurations and with the same source positions for all values of 𝑃. To increase the statistics
by a factor of six, we calculate 𝑀 with the Wilson line and momentum boost in the ±𝑥, ±𝑦, ±𝑧
directions, which we averaged over as they lead to the same PDF. This is important, as the statistics
required for gluonic quantities is much higher than the quark case, due to the increased gauge noise
in the correlator. By construction, the disconnected contributions are evaluated at open sink time,
and we investigate excited-states contamination by varying the source-sink time separation.

To extract the gluon PDFs, one needs to use smoothing techniques, and here we use stout
smearing [28] on the gauge links entering the field strength tensor and the Wilson line independently,
with parameter 𝜌 = 0.129 [29, 30]. We apply a 4D smearing at 10 and 20 steps (𝑁F

stout) for the field
strength tensor, while for the Wilson line we apply 3D smearing with 0 and 10 steps (𝑁W

stout) . To
improve the overlap with the proton ground state, we apply momentum smearing [31] at an optimized
value of its parameter, b = 0.6, for the three highest momentum boosts, 𝑃 = 0.83, 1.25, 1.67 GeV.
The momentum smearing technique has been proven essential in suppressing the gauge noise in
matrix elements with boosted hadrons and non-local operators [32]. The nature of the gluon
calculation requires significant statistics to reduce errors and provide meaningful results. To this
end, we produce 200 source positions for each configuration. In Table 1, we summarize the statistics
for this calculation.

𝑃3 [GeV] 𝑁confs 𝑁src 𝑁dir 𝑁meas

0, 0.42, 0.83, 1.25, 1.67 1,134 200 6 1,360,800

Table 1: Total statistics for the calculation for each value of 𝑃3. 𝑁confs is the number of configurations, 𝑁src
the number of source positions, 𝑁dir is the number of spatial directions for the Wilson line and 𝑃3, and 𝑁meas
is the number of total measurements (𝑁meas = 𝑁confs × 𝑁src × 𝑁dir).

3. Results

We begin the presentation with the bare matrix elements, 𝑀 , as extracted from Eq. (4), including
all kinematic factors. In Fig. 1, we compare the data for all values of the momentum boost using
𝑡𝑠 = 9𝑎, 𝑁F

stout = 20, and 𝑁W
stout = 10. The behavior of the data is as expected with an increase of

𝑃, that is, the signal quality decreases. We find that the relative error at 𝑧 = 0 for 𝑃 = 0 is ∼6%,
while for 𝑃 = 1.67 GeV becomes ∼9%. We remind the reader that the statistics is the same for all
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momenta. the maximum value of the matrix element is at 𝑧 = 0 and it decays as 𝑧 increases. We
also find that at 𝑧 ∼ 8𝑎, the matrix elements decay to zero.

0 2 4 6 8 10 12 14
z/a

0.0

0.2

0.4

0.6

M
(P
,z

)

p= 0

p= 1

p= 2

p= 3

p= 4

Figure 1: Left: Matrix elements of Eq. (1) as a function of the length of the Wilson line, 𝑧/𝑎. The data at
momentum boost 𝑃 = 2𝜋

𝐿
𝑝 with 𝑝 = 0, 1, 2, 3, 4 are shown with blue squares, red circles, green downward-

pointing triangles, yellow upward-pointing triangles, and magenta rightward-pointing triangles, respectively.

We find that the introduction of stout smearing improves signal quality. As a representative
example, we compare the two values used for the gauge links of the field strength tensor, 10 and 20
steps. The results are shown at the top and bottom row of Fig. 2, respectively. We show data at
two values of the source-sink time separation, 𝑡𝑠 = 9𝑎 and 𝑡𝑠 = 10𝑎. There are several observations
from the above-mentioned comparison: (a) 𝑁stout = 20 leads to statistically more accurate results
for both 𝑡𝑠 = 9𝑎 and 𝑡𝑠 = 10𝑎; (b) indication of excited-states effects is found for 𝑁stout = 20, while
for 𝑁stout = 10 excited states are hidden in the statistical uncertainties; (c) the statistical noise is
enhanced as the momentum boost increases. Based on the above, we process with 𝑁F

stout = 20 for
the final analysis.

0.0

0.5

M
(P
,z

)

P= 0GeV

ts = 9a

ts = 10a

P= 0.42GeV P= 0.83GeV P= 1.25GeV

Nstout = 10

P= 1.67GeV

0 4 8 12
z/a

0.0

0.5

M
(P
,z

)

0 4 8 12
z/a

0 4 8 12
z/a

0 4 8 12
z/a

0 4 8 12
z/a

Nstout = 20

Figure 2: Matrix elements for 𝑁F
stout = 10 (top row) and 𝑁F

stout = 20 (bottom row) at each momentum boost
(columns). The values at 𝑡𝑠 = 9𝑎 are shown in red and at 𝑡𝑠 = 10𝑎 in green.

The matrix elements presented in Fig. 1 are the ingredients entering the double ratio of Eq. (5).
It is interesting to investigate excited-states effects in the reduced ITD, which is the core element
for the pseudo-distribution analysis. In Fig. 3, we show M for three values of the time separation,
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𝑡𝑠 = 8𝑎, 9𝑎, 10𝑎. We find that the statistical error increase is sizeable between 𝑡𝑠 = 9𝑎 and 𝑡𝑠 = 10𝑎
and the signal is already lost at 𝑡𝑠 = 12𝑎; the latter is not shown here. Based on these results, we
assess that excited states are within the statistical uncertainties, and we choose 𝑡𝑠 = 9𝑎 to proceed
with the rest of the analysis, which is shown in the right panel of Fig. 3. We note that only the
matrix elements up to 𝑧 = 6𝑎 ∼ 0.56 fm are included, which allows us to extract M up to about
a = 5. The 𝑃-dependence of M is found to be very small, as data at the same a but different 𝑧, 𝑃
are compatible within errors. As a result, M is a smooth function in Ioffe time, which allows for a
controlled interpolation needed for the scaling and matching procedure.

0 1 2 3 4 5
ν

0.0

0.5

1.0

1.5

(ν
,z

2
)

Nstout = 20

ts = 8a

ts = 9a

ts = 10a

0 1 2 3 4
ν

0.0

0.5

1.0

1.5 ts = 9a

p= 1

p= 2

p= 3

p= 4

Figure 3: Reduced-matrix elements vs. Ioffe time. Left panel: the values for 𝑡𝑠 = 8𝑎 (blue), 𝑡𝑠 = 9𝑎 (red),
and 𝑡𝑠 = 10𝑎 (green) for 𝑁𝑠𝑡𝑜𝑢𝑡 = 20 with the highest boost excluded from 𝑡𝑠 = 10𝑎 for clarity. Right panel:
final 𝑡𝑠 = 9𝑎 values with boosts 𝑃 = 2𝜋

𝐿
𝑝: 𝑝 = 1 (blue circles), 𝑝 = 2 (red down-pointing triangles), 𝑝 = 3

(green up-pointing triangles), and 𝑝 = 4 (violet right-pointing triangles).

0.00 0.25 0.50 0.75
ν/z

0.0

0.5

1.0

(ν
,z

2
)

z= 4

0.00 0.25 0.50 0.75
ν/z

z= 5

0.00 0.25 0.50 0.75
ν/z

z= 6

0.0

0.5

1.0

(ν
,z

2
)

z= 1

2-param fit
Lattice data

z= 2 z= 3

Figure 4: Lattice data of the reduced ITDs for 𝑧 = 1𝑎 − 6𝑎 (blue points) and their interpolation at fixed 𝑧2

using a second order polynomial fit (red bands).

The reduced ITD are interpolated at each value of 𝑧2 and varying a to obtain a continuous
function in a/𝑧, needed to perform the matching procedure. We tested a linear and a second-order
polynomial fit. While the polynomial fit proves to be the best suited for the procedure of matching
to the light-cone PDF, the choice is mostly irrelevant at very small values of 𝑧, as can be seen in
Fig. 4.

The extraction of the light-cone ITDs can be performed in two steps, as given in Eq. (6); that
is, the evolution to a common scale chosen to be 2 GeV and converting the expressions to the
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light-cone ITD in the MS scheme. The former is done using the evolution kernel 𝐵(𝑢), while 𝐿 (𝑢)
is the conversion to the MS scheme. Both expressions are given in Eq. (7). The resulting evolved-
and matched-ITDs are shown in Fig. 5. We find that the evolution increases the values of the
evolved ITD relative to those of the reduced-ITD, while the matching lowers the values and brings
the final light-cone ITD to be compatible with the initial reduced ITDs within error bars. In all
cases, the values from different (𝑃, 𝑧) pairs fall on a universal curve. We average the matched ITD,
𝑄(a, 𝑧2, `2), for cases where a given Ioffe time is obtained by different combinations of (𝑃3, 𝑧).
We denote such an average by 𝑄(a, `2). The resulting fit is shown in the right panel of Fig. 5.

0 1 2 3 4
ν

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

(ν, z2)

(̃ν, z2)

Q(ν, z2)

p= 1

p= 2

p= 3

p= 4

0 1 2 3 4
ν

0.65

0.70

0.75

0.80

0.85

0.90

0.95

1.00

1.05

Q
(ν
,µ

2
)

Fit
Lattice

Figure 5: Left: The reduced (blue), evolved (red), and matched (green) ITDs shown for momentum boosts
𝑝 = 1 (circles), 𝑝 = 2 (down-pointing triangles), 𝑝 = 3 (up-pointing triangles), and 𝑝 = 4 (right-pointing
triangles), where 𝑝 = 𝑃 𝐿

2𝜋 . Right: The final light-cone ITD and its fit.

To extract the final gluon PDF, we use the fitting reconstruction, as explained in Sec. 2 and
given in Eq. (12). The function is normalized using the gluon momentum fraction obtained with
the same gluon and fermion action, but different lattice parameters, calculated in Ref. [30]. The
reported value is ⟨𝑥⟩MS

𝑔 (` = 2GeV) = 0.427(92). The final result is shown in Fig. 6, where we
find that the gluon PDF decays to zero faster than the quark contributions. In particular, 𝑔(𝑥) = 0
starting at about 𝑥 = 0.4. We also compare with recent results from the HadStruc Collaboration [17]
and the global analysis JAM20 [21]. The comparison is only qualitative, as the lattice results are
obtained on a single ensemble. HadStruc uses an ensemble with similar volume and lattice spacing,
323 × 64, 𝑎 = 0.094 fm. Their source-sink time separation is also 9𝑎. The pion mass of the
ensemble is 𝑚𝜋 = 358 MeV. In general, our results are consistent with the ones from HadStruc as
well as JAM20. It is worth noting that the reconstruction performed by HadStruc includes values
of Ioffe time up to a𝑚𝑎𝑥 = 7.07, while our reconstruction includes up to a maximum Ioffe time of
a𝑚𝑎𝑥 = 4.71. Such a difference is attributed to two factors: (a) the use of the distillation method in
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the case of Ref. [17]; (b) the higher pion mass of their ensemble. Overall, the agreement between
lattice results and global analysis is very promising.

0.0 0.2 0.4 0.6 0.8 1.0
x

0

1

2

3

4

x
g(
x
)

reconstructed

0.0 0.2 0.4 0.6 0.8 1.0
x

ETMC
JAM20
HadStruct21

Figure 6: Left: The reconstructed gluon PDF. Right: A comparison of the PDF results from this work (red),
JAM20 (blue), and HadStruc (green).

4. Summary

In these proceedings, we presented results of the 𝑥-dependent unpolarized gluon PDF for the
proton. The calculation was performed using an 𝑁 𝑓 = 2+1+1 ensemble of clover-improved twisted
mass fermions at a pion mass of about 260 MeV, a lattice spacing of 0.093 fm and volume 323 × 64.
For the calculation, we employed the pseudo-distribution approach that significantly simplifies the
renormalization procedure by forming ratios of matrix elements, leading to the reduced pseudo-ITD
in terms of the Ioffe time, a = 𝑧 · 𝑃. In our calculation, we used nucleon momentum boosts up to
1.67 GeV and Wilson line length up to 0.56 fm, which suffices to extract a continuous dependence
on a and reconstruct the gluon PDF. We explored systematic effects such as excited-states effects
using multiple source-sink time separations, the effect of stout smearing by comparing two values,
as well as the dependence on the maximum value of 𝑧 entering the fits to obtain the ITD by testing
𝑧max = 6𝑎, 7𝑎, 8𝑎. For the evolution and conversion to the MS scheme at a scale of 2 GeV, we used
a one-loop formalism, ignoring the mixing with the quark singlet unpolarized PDF. Finally, we used
the fitting reconstruction method to address the inverse problem and obtain the 𝑥-dependence of
the gluon PDF. Our results were compared with other lattice data obtained using a different lattice
formulation, methodology and setup [17] and we found very good agreement. Comparison with
the global analysis of the JAM collaboration [21] is also very promising.
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