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We present lattice QCD calculation of pion valence quark distribution using next-to-next-to-leading
order perturbative matching. We use three lattices with fine lattice spacings of 𝑎 = 0.04, 0.06
and 0.076 fm and two valence pion mass 𝑚𝜋=300 MeV and 140 MeV to have both discretization
and pion mass effect under control. The bare quasi-PDF matrix elements of pion extracted from
three-point functions are renormalized in the hybrid scheme and matched to the MS scheme. With
boost momentum as large as 2.42 GeV, we present reliable lattice QCD prediction of Bjorken-𝑥
dependent valence quark distribution of pion in middle 𝑥 region with controlled systematics.

The 39th International Symposium on Lattice Field Theory,
8th-13th August, 2022,
Rheinische Friedrich-Wilhelms-Universität Bonn, Bonn, Germany

∗Speaker

© Copyright owned by the author(s) under the terms of the Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International License (CC BY-NC-ND 4.0). https://pos.sissa.it/

mailto:gaox@anl.gov
https://pos.sissa.it/


P
o
S
(
L
A
T
T
I
C
E
2
0
2
2
)
1
0
4

Lattice QCD Determination of the Bjorken-𝑥 Dependence of PDFs at NNLO Xiang Gao

1. Introduction

Parton distribution functions, which describe the momentum fraction 𝑥 of parent hadron carried
by the parton, are universal quantities that can be extract from many kinds of high-energy scattering
experiments [1, 2]. They have attracted great interest for decades because, on the one hand they
are related to the hadron structure and tomography which can tell us how hadrons are built of
fundamental degree of freedom of strong interaction [3]. On the other hand, they are critical
input for the high-energy phenomenology as standard model backgrounds. However due to the
confinement nature of strong interactions, the PDFs of hadron are the non-perturbative quantities so
that can only be extracted from the experimental cross-sections or calculated by non-perturbative
techniques. With decades’ effort, the unpolarized PDF of nucleon has been determined with very
good precision through the global analysis of experimental data, but the other kinds of PDFs still
have large uncertainties. Due to the lack of fixed targets, the PDFs of pion, which is the Nambu-
Goldstone bosons of QCD, are less constrained. Therefore any compensatory information provided
by lattice QCD calculations will be essential.

As light-like quantities, the matrix elements of PDFs can’t be directly computed from Euclidean
lattice QCD for a long time. Until less than a decade ago, it was proposed to calculate the matrix
elements of equal-time operators using highly boosted hadron states, namely the large momentum
effective theory (LaMET) [4–6]. The quasi-PDFs defined as the Fourier transform of renormalized
equal-time matrix elements differs from PDFs only in the ultraviolet (UV) region which can be
corrected through perturbation theory. Much progress has been made in past few years for the
calculation of PDFs of nucleon [6–12] and pion [13–25]. In this work, we focus on the valence
quark distribution of pion. We will use the most advanced hybrid scheme to renormalize the bare
matrix elements calculated from three different lattices and the next-to-next-leading-order (NNLO)
factorization coefficients for the perturbative matching. Many systematics will be discussed to
present reliable prediction of 𝑥 dependent pion valence quark distribution with control uncertainties.

2. Lattice calculation

The bare quasi-PDF matrix elements ℎ̃(𝑧, 𝑃𝑧 , 𝑎) ≡ ⟨𝑃 |𝑂𝛾𝑡 (𝑧) |𝑃⟩/(2𝑃𝑡 ) can be extracted from
the analysis of two-point and three-point functions,

𝐶2pt(𝑡𝑠; 𝑃𝑧) =
〈
𝜋𝑆 (x0, 𝑡𝑠)𝜋†𝑆 (P, 0)

〉
,

𝐶3pt(𝑧, 𝜏, 𝑡𝑠) =
〈
𝜋𝑆 (x0, 𝑡𝑠)𝑂Γ (𝑧, 𝜏)𝜋†𝑆 (P, 0)

〉
,

(1)

where 𝜋𝑆 (x0, 𝑡𝑠) is the pion source after boosted smearing. The iso-vector operator 𝑂Γ (𝑧, 𝜏)
inserted at time slice 𝜏 is defined as

𝑂Γ (𝑧, 𝜏) =
∑︁

x

[
𝑢(𝑥 + L)Γ𝑊𝑧 (𝑥 + L, 𝑥)𝑢(𝑥) − 𝑑 (𝑥 + L)Γ𝑊𝑧 (𝑥 + L, 𝑥)𝑑 (𝑥)

]
, (2)

with 𝑥 = (x, 𝜏) and Γ = 𝛾0 as considered in this work.
In this work, we use three gauge ensembles with fine lattice spacings 𝑎 = 0.04, 0.06 and 0.76

fm in 2+1 flavor QCD generated by the HotQCD collaboration [26] with Highly Improved Staggered
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Figure 1: The ratio ℎ̃lat (𝑧, 𝑃𝑧 , 𝑧𝑆) with 𝑧𝑆 = 0.24 fm of 𝑃𝑧 = 0 case. The red and blue points are for 𝑎 = 0.04
fm and 0.06 fm. The red and blue bands are interpolations of the points, and the gray band is the continuum
extrapolation of them with 𝑎2-dependence.

Quarks [27]. We use the Wilson-Clover action in the valence sector with valence pion mass tuned
to be 300 MeV for the two finer lattice and 140 MeV for the coarser lattice. Furthermore, the Wilson
lines in 𝑂Γ (𝑧) were applied 1-step HYP smearing. We use pion momenta 𝑃𝑧 = (2𝜋𝑛𝑧)/(𝐿𝑠𝑎) with
0 ≤ 𝑛𝑧 ≤ 𝑛max, resulting in 𝑃𝑧 as large as 2.42 GeV for 300 MeV pion and 1.78 GeV for 140 MeV
pion.

3. Renormalization and matching

The bare matrix matrix elements need to be renormalized. It is known that the operator 𝑂Γ (𝑧)
can be renormalized multiplicatively [28–30]

𝑂𝐵
Γ (𝑧, 𝑎) = 𝑒−𝛿𝑚(𝑎) |𝑧 |𝑍𝑂 (𝑎)𝑂𝑅

Γ (𝑧) , (3)

where the logarithmic ultraviolet (UV) divergences are included in 𝑍𝑂 (𝑎), and the linear UV
divergence∝ 1/𝑎 originating from Wilson-line self energy as well as the renormalon ambiguity [31]
are included in 𝛿𝑚(𝑎),

𝛿𝑚(𝑎) = 𝑚−1(𝑎)
𝑎

+ 𝑚0. (4)

We utilize the hybrid scheme to remove the UV divergences in this work [32]: in the short
distance 𝑧𝑆 ≪ 1/ΛQCD we construct the RG invariant ratio scheme ℎ̃(𝑧, 𝑃𝑧 , 𝑎)/ℎ̃(𝑧, 0, 𝑎), while
in the long distance 𝑧𝑆 > 1/ΛQCD we fix the denominator as ℎ̃(𝑧𝑆 , 0, 𝑎) to cancel the 𝑍𝑂 (𝑎) and
furtherly remove the linear divergence by the Wilson-line mass 𝛿𝑚(𝑎) estimated from the static
quark-antiquark potential, namely,

ℎ̃lat(𝑧, 𝑃𝑧 , 𝑧𝑆) = 𝑒𝛿𝑚(𝑎) (𝑧−𝑧𝑆 ) ℎ̃(𝑧, 𝑃
𝑧 , 𝑎)

ℎ̃(𝑧𝑆 , 0, 𝑎)
(5)

In this work, we choose 𝑧𝑆 = 0.24 fm. We show the ℎ̃lat(𝑧, 𝑃𝑧 , 𝑧𝑆) of 𝑃𝑧 = 0 case in Fig. 1, where
good continuum condition can be observed.
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Figure 2: Left: Renormalized matrix elements in the hybrid scheme. Right: the corresponding qPDFs and
PDFs after NNLO matching.

Since the renormalon ambiguity 𝑚0 is scheme dependent, the lattice scheme ℎ̃lat(𝑧, 𝑃𝑧 , 𝑧𝑆)
need to be matched to the MS scheme to be consistent with our perturbative matching formula,
which can be done by comparing with MS operator product expansion (OPE) [33],

lim
𝑎→0

ℎ̃lat(𝑧, 𝑃𝑧 = 0, 𝑧𝑆) = 𝑒−𝑚̄0 (𝑧−𝑧𝑆 ) 𝐶0(𝜇2𝑧2) + Λ𝑧2

𝐶0(𝜇2𝑧2
𝑆
) + Λ𝑧2

𝑆

, (6)

The Wilson coefficients 𝐶0 are known to NNLO [34–36] from perturbation theory, and 𝑚̄0 =

−𝑚lat
0 + 𝑚MS

0 as well as Λ𝑧2 originated from the leading UV and infrared renormalons in 𝐶0 [37].
With fixed order 𝐶0, both 𝑚̄0 and Λ depend on 𝜇 so do to the the MS matrix elements,

ℎ̃(𝑧, 𝑧𝑆 , 𝑃𝑧 , 𝜇) = ℎ̃(𝑧, 𝑃𝑧 , 𝑎)
ℎ̃(𝑧, 0, 𝑎)

𝜃 (𝑧𝑆−𝑧) + 𝑒𝛿𝑚
′ (𝑧−𝑧𝑆 ) ℎ̃(𝑧, 𝑃

𝑧 , 𝑎)
ℎ̃(𝑧𝑆 , 0, 𝑎)

𝜃 (𝑧−𝑧𝑆) , (7)

where 𝛿𝑚′ = 𝛿𝑚 + 𝑚̄0 and in practice we normalize the matrix elements by dividing 𝑁 =

ℎ̃(0, 𝑃𝑧 , 𝑎)/ℎ̃(0, 0, 𝑎) and also correct the LO infrared renormalons in denominators. The renor-
malized matrix elements of several momentum are shown in the left panel of Fig. 2, while the
corresponding quasi-PDF (qPDF) 𝑓𝑣 (𝑥, 𝑃𝑧 , 𝜇) =

∫
𝑑𝑧
2𝜋 𝑒

𝑖𝑥𝑃𝑧 𝑧 ℎ̃(𝑧, 𝑧𝑆 , 𝑃𝑧 , 𝜇) are shown in the right
panel. Based on LaMET [32, 34, 38, 39] factorization, we will be able to calculate the PDF 𝑓𝑣 (𝑥, 𝜇)
with 𝑃𝑧-controlled power corrections as,

𝑓𝑣 (𝑥, 𝜇) =
∫ ∞

−∞

𝑑𝑦

|𝑦 | 𝐶
−1
(
𝑥

𝑦
,

𝜇

𝑦𝑃𝑧
, |𝑦 |𝜆𝑆

)
𝑓𝑣 (𝑦, 𝜆𝑆 , 𝑃𝑧 , 𝜇) + O

( Λ2
QCD

(𝑥𝑃𝑧)2 ,
Λ2

QCD

((1 − 𝑥)𝑃𝑧)2

)
, (8)

with 𝜆𝑆 = 𝑧𝑆𝑃
𝑧 and 𝑧𝑆 = 0.24 fm. Here 𝐶−1 [33] is the inverse of the hybrid-scheme matching

coefficient 𝐶 currently up to NNLO accuracy [35, 36]. The PDF after NNLO correction at scale
𝜇 = 2 GeV are shown in the right panel of Fig. 2 labeled as PDF. Due to the power corrections, we
will be able to control the middle region of 𝑥 ∈ [𝑥min, 𝑥max].

4. Systematics and results

To present reliable prediction of 𝑥 dependent PDFs from lattice calculation, we need to control
the possible systematics in addition to the statistical errors, including the lattice artifacts, perturbative

4
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Figure 3: The valence quark distribution 𝑓𝑣 (𝑥, 𝜇)𝑠 of pion obtained from the LaMET matching at NNLO
level are shown. We compare the results from the 𝑚𝜋 = 140 MeV case (blue bands) and the 𝑚𝜋 = 300 MeV
cases (red bands) for comparison.
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Figure 4: Upper panels: the qPDF (or LO PDF), and the ones after NLO and NNLO matching corrections
are shown for comparison. Lower panels: the ratio of NLO and NNLO corrections to the qPDF.

corrections and power corrections. Firstly, it has been observed in Fig. 1 that the renormalized
matrix elements of 300 MeV pion from different lattice spacings show little discretization effect as
overlaping with each other. In addition, we have another calculation of 𝑎 = 0.076 fm ensemble with
140 MeV pion. In Fig. 3, we show the valence quark distribution 𝑓𝑣 (𝑥, 𝜇) after the NNLO LaMET
matching from different lattices but similar momentum. As one can see, when boosted momenta
as large as 𝑃𝑧 ≳ 1.5 GeV, the pion mass dependence is little and smaller than the statistical errors.
Therefore, in our calculations with fine lattice spacings and high boosted momentum, the lattice
artifacts are small.

Then we consider the convergence of the perturbative matching. In the upper panel of Fig. 4, we
show the qPDF (or LO PDF), and corresponding PDF after NLO and NNLO matching corrections

5
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Figure 5: The ratio of power corrections 𝛼(𝑥)/𝑃2
𝑧 over 𝑓𝑣 (𝑥) obtained from our largest momentum 𝑃𝑧 = 2.42

GeV are shown.
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Figure 6: The pion valence quark PDF 𝑓𝑣 (𝑥) from NNLO LaMET matching is shown, where the darker
red band is the statistical errors while the lighter red band is the systematic errors from scale variation.
For comparison, we also show the results from global analysis [40–43] and lattice determination from
BNL20 [17].

for two large momentum. The the ratio of NLO and NNLO corrections to the qPDF [𝐶−1 ⊗ 𝑓𝑣]/ 𝑓𝑣
are shown in the lower panels. As one can see, in the middle region of 𝑥 the perturbative corrections
are small compared to the LO qPDF and get smaller from NLO to NNLO. This observation suggests
the good convergence of the perturbative matching. Targeting a precision of 5% of perturbation
uncertainty, we require the NNNLO correction 𝑂 (𝛼3

𝑠) at 𝜇 = 2.0 GeV smaller than 5%, which can
be propagated to the NLO and NNLO corrections smaller than (5%)1/3 = 37% and (5%)2/3 = 14%
assuming the perturbation series grows geometrically. This requirement excludes the regions
𝑥 < 0.03 and 𝑥 > 0.88 for PDF obtained from our largest momentum. We also consider the scale
variation by extracting the PDF at 𝜇 from 1.4 to 2.8 GeV and evolving them to 𝜇 = 2.0 GeV using
DGLAP evolution.

As mentioned in Sec. 3, the LaMET factorization has power corrections driven by 𝑃𝑧 at
the end point region of 𝑥 as O(1/(𝑥𝑃𝑧)2) and O(1/((1 − 𝑥)𝑃𝑧)2] [32]. To estimate the power
corrections, we parametrize the 𝑃𝑧 dependence at each 𝑥 as 𝑓𝑣 (𝑥) + 𝛼(𝑥)/𝑃2

𝑧 using 𝑓𝑣 (𝑥) obtained
from 𝑃𝑧 = {1.45, 1.72, 1.94, 2.15, 2.42} GeV. We show the ratio of power corrections 𝛼(𝑥)/𝑃2

𝑧 over
𝑓𝑣 (𝑥) obtained from our largest momentum𝑃𝑧 = 2.42 GeV in Fig. 5, in which𝛼(𝑥)/[𝑃2

𝑧 𝑓𝑣 (𝑥)] ≲ 0.1
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corresponding to 0.01 < 𝑥 < 0.80 and 𝛼(𝑥)/[𝑃2
𝑧 𝑓𝑣 (𝑥)] ≲ 0.05 corresponding to 0.01 < 𝑥 < 0.70.

We show our final results in Fig. 6 coming from our largest momentum 𝑃𝑧 = 2.42 GeV of 𝑎
= 0.04 fm and 𝑧𝑆 = 0.24 fm at factorization scale 𝜇 = 2.0 GeV, with the darker red band being
the statistical errors and the lighter band being the systematical errors from scale variation. By
summing over the statistical errors and all kind systematic errors discussed above, we determine
the pion valence PDF at 0.03 ≲ 𝑥 ≲ 0.80 with fully controlled 5–20% uncertainties. Results from
global analysis are also shown for comparison, where better agreement can be observed with the
most recent two from JAM21nlo [41] and xFitter [40] for 0.2 < 𝑥 < 0.6 then the older ones. We also
compare with the determination from short distance factorization of the lattice data using certain
models (BNL20) [17]. Though we overlap each other, the result in this work have smaller error
bars in middle 𝑥 and the BNL20 has uncontrolled model bias.

In this work, we present the 𝑥 dependent pion valence PDF from lattice calculations with
LaMET matching. We calculate the pion bare matrix elements with large momentum from multiple
lattices, and renormalize them using most advanced hybrid scheme. We considered statistical errors
and possible systematic errors, and provide reliable prediction of 𝑥 dependence with quantified
uncertainties. It is encouraging to see our determination from pure lattice calculations have good
agreement with the most recent global analysis. The procedure in this work can be applied to other
kinds of PDFs for a reliable prediction.
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