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1. Introduction

The discovery of exotic hadrons in the heavy quark sector, which cannot be accommodated
in terms of 𝑞𝑞 mesons or 𝑞𝑞𝑞 baryons, like those with a tetraquark or pentaquark structure, has
manifested the relevance of hadronic loops in order to explain the masses and other properties of
many states in the hadron spectrum [1]. In order to describe the heavy meson spectrum, it is useful
to take a look to the heavy quark limit (𝑚 → ∞). As it is well-known, the interaction becomes
independent on the spin of the heavy quark in this limit due to the inverse color-magnetic-moment
dependence on the heavy quark mass. Then, for each 𝑄𝑞 state there will be another one with the
same mass which can be obtained by a flip of the spin of the heavy quark. If we focus on the
charmed-strange meson spectrum and one assumes that the mass of the charm quark is sufficiently
heavy to consider this limit, for 𝑙 = 1 one has two doublets. The first one for 𝐽𝑃

𝑙
= 1

2
+, 𝐽𝑃 = 0+, 1+,

might be related to the observed states 𝐷𝑠0(2317) and 𝐷𝑠1(2460) [2, 3]. Regarding these states,
the constituent quark model predicts broad states decaying to 𝐷 (∗)𝐾 for the 𝐽𝑃 = {0, 1}+ doublet
with masses higher in about 100 MeV than the experimental ones [4–6]. In contrast, the observed
states, the 𝐷𝑠0(2317) and 𝐷𝑠1(2460), are very narrow resonances which are placed very close to
the 𝐷𝐾 and 𝐷𝐾∗ thresholds respectively in the spectrum [2, 3]. For these reasons, molecular [7, 8]
and also tetraquark explanations [9, 10] have been proposed.

A new state called 𝑋0(2866) close to the𝐷∗𝐾∗ threshold was predicted in [11, 12] as a molecular
state emerging from the hidden-gauge interaction between two vector mesons and recently, the it has
been observed in the LHCb [13, 14]. Also, a new state close to the 𝐷∗𝐾∗ threshold, the 𝑇𝑐𝑠 (2900)
has been also observed by the LHCb in 𝐵 → �̄�𝐷𝑠𝜋 decays [15].

We can study an strongly interacting system at low energies with a heavy meson 𝑄𝑞 by means
of Heavy Hadron Chiral Perturbation Theory (HH𝜒PT) [16–18]. This effective field theory is
based on both chiral and heavy quark symmetries, where a systematic two double expansions in
the parameters 𝑄/Λ𝜒 and Λ𝑄𝐶𝐷/𝑚𝑄 can be made, being 𝑄 the momentum transfer (soft scale),
𝑄 ∼ 𝑚𝜋 ∼ 𝑝𝜋 , 𝑚𝑄, is the mass of the heavy quark, and Λ𝜒 = 4𝜋 𝑓 ≃ 1 GeV (hard scale). Given the
large amount of parameters in one-loop HH𝜒PT it has not been possible yet to obtain them precisely.
In this work, we will study the quark mass dependence of the ground state charmed mesons 𝐷 (𝑠)
and 𝐷∗

(𝑠) , in the framework of one-loop HH𝜒PT [19]. This can be possible now since there might
be sufficient lattice simulations to better constraint the parameters of HH𝜒PT. Moreover, there are
more advanced statistical techniques which may be helpful in this task like the LASSO regression
method.

For this analysis, we have taken as input the lattice data on the ground state charmed mesons
of Ref. [20], which uses Wilson twisted mass lattice QCD with 2+1+1 dynamical quark flavors for
pion masses in the range of 275 − 450 MeV, and a lattice spacing 𝑎 ≃ 0.0885 fm [21] [ETMC]; the
PACS ensembles with 𝑁 𝑓 = 2 + 1 flavor Clover-Wilson configurations [22] for pion masses in the
range ∼ 150−420 MeV and a lattice spacing 𝑎 = 0.0907 MeV [23] [PACS-CS]; the ensembles from
Hadron Spectrum Collaboration for 𝑁 𝑓 = 2 + 1 flavours of dynamical quarks with an anisotropic
(clover) action [24], see also Table 2 of [25] [HSC]; the data of Table 1 of [26] for a 𝑁 𝑓 = 2 + 1
simulation with Wilson dynamical fermions provided by the Coordinated Lattice Simulations (CLS)
for a pion mass of 𝑚𝜋 = 280 MeV and a lattice spacing of 𝑎 = 0.1239 fm [27] [CLS]; the data
of the simulation with 𝑁 𝑓 = 2 improved clover Wilson sea quarks collected in Table 1 of [28] for
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𝑚𝜋 = 150, 290 MeV and 𝑎 = 0.07 fm [29] [RQCD]. Most of these data are collected in Tables tables
VIII-XIV of [30], where a previous lattice data analysis using the chiral lagrangians developed in
[8, 31] was performed. Finally, in order to study the quark mass dependence of the 𝐷𝑠0(2317)
we analyze the lattice data of the HSC energy levels for two different pion masses [25], using the
hidden gauge lagrangian which is consistent with the lowest order of HM𝜒PT [32–34]. Previous
analysis to 𝐷𝐾 energy levels lattice data have been done in Refs. [33] and [35].

The organization of this work is as follows. First, in section 2 we show the fit of the charmed
meson masses to this lattice data. In section 3, the data of [25] are analyzed in the framework of
HM𝜒PT. Finally, the quark mass dependence of the 𝐷𝑠0(2317) properties in both, the light and
charm quarks is extracted in section 4.

2. Charmed meson masses analysis

2.1 Low-lying charmed meson masses in one loop HH𝜒PT

The formulas for the low-lying charmed meson masses (𝐷, 𝐷∗, 𝐷𝑠 and 𝐷∗
𝑠) are calculated at

one loop in HH𝜒PT in the Appendices (A.1) and (A.10) of [19]. These are,

1
4
(𝑀𝐷𝑎

+3𝑀𝐷∗
𝑎
) = 𝑚𝐻+𝛼𝑎−

∑︁
𝑋=𝜋,𝐾,[

𝛽
(𝑋)
𝑎

𝑀3
𝑋

16𝜋 𝑓 2+
∑︁

𝑋=𝜋,𝐾,[

(
𝛾
(𝑋)
𝑎 − _ (𝑋)𝑎 𝛼𝑎

) 𝑀2
𝑋

16𝜋2 𝑓 2 log
(
𝑀2
𝑋/`2

)
+𝑐𝑎

(1)
and

(𝑀𝐷∗
𝑎
− 𝑀𝐷𝑎

) = Δ +
∑︁

𝑋=𝜋,𝐾,[

(
𝛾
(𝑋)
𝑎 − _ (𝑋)𝑎 Δ

) 𝑀2
𝑋

16𝜋2 𝑓 2 log
(
𝑀2
𝑋/`2

)
+ 𝛿𝑐𝑎 . (2)

The meson masses are fitted to the lattice data collected. These formulas depend on the physical
masses of the light pseudoscalar mesons and also the terms

(
𝛾
(𝑋)
𝑎 − _ (𝑋)𝑎 𝛼𝑎

)
,
(
𝛾
(𝑋)
𝑎 − _ (𝑋)𝑎 Δ

)
, 𝑐𝑎

and 𝛿𝑐𝑎 depend on light quark masses. These coefficients are given in the Appendices (A.1) and
(A.10) of [19]. The light quark masses are related to the pseudoscalar masses through the leading
order formulas

𝑀2
𝜋 = 2𝐵0𝑚, 𝑀2

𝐾 = 𝐵0(𝑚 + 𝑚𝑠) → 𝑚 =
𝑀2
𝜋

2𝐵0
, 𝑚𝑠 =

𝑀2
𝐾

𝐵0
− 𝑀2

𝜋

2𝐵0
. (3)

There are 11 free parameters to determine: (𝑚𝐻 , 𝜎𝑚𝜋

𝐵0
, 𝑎𝑚𝜋

𝐵0
, 𝑏𝑚3

𝜋

𝐵2
0

, 𝑐𝑚3
𝜋

𝐵2
0

, 𝑑𝑚3
𝜋

𝐵2
0

, Δ, Δ(𝜎)𝑚𝜋

𝐵0
,

Δ(𝑎)𝑚𝜋

𝐵0
, 𝑔2 and `). The scale ` is fixed to 770 GeV and the coupling constant 𝑔2 to 0.55 to obtain

the experimental radiative and pion decay widths of the charmed vector mesons. The𝑚𝐻 parameter
is a power series of 𝑚𝑄. At leading order in this expansion 𝑚𝐻 = 𝑚𝑄. The 𝑚𝐻 and Δ parameters
can be interpreted as the spin-average mass and hyperfine splitting of the heavy mesons in the 𝑆𝑈 (3)
chiral limit. Then, 𝑚𝐻 and Δ can be different for each lattice collaboration and will be determined
for each collaboration independently. In that way, we end up with 7 + 2𝑛 parameters to fit, with 𝑛
the number of collaborations, in our case 𝑛 = 7.
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2.2 Fitting procedure with LASSO method

The fit is performed using data from different collaborations and the theoretical formulas of
Eqs.(1) and (2). Thus, as we mentioned, in our case ®𝑝 includes the 7 + 2𝑛 fit parameters where
𝑚𝐻 and Δ are different for each collaboration. However, in the procedure we have realized that the
case of HSC is special, the charmed meson data for the light and heavy pion masses have a slightly
different scale setting 𝑎𝑡 and charm quark mass determination 𝑎𝑡𝑀[𝑐 of the order of the binding
energy of the 𝐷𝑠0(2317), so we need to separate them as if they were two collaborations, ie HS239
[36] and HS391 [37]. This will be relevant once we extract the 𝐷𝑠0(2317) dependence on the pion
mass where we can understand that different charm quark masses are needed.

Given the large number of parameters, we apply the Least Absolute Shrinkage and Selection
Operator (LASSO) [38–40] method to eliminate the less relevant parameters of the model. In order
to do that we will add a penalty term to the 𝜒2 of the form:

𝑃 =
_

10

𝑛∑︁
𝑖

|𝑝𝑖 |. (4)

As the penalty coefficient _ increases, the LASSO method will set the less important parameters
to zero in order to minimize the full penalized 𝜒2

𝐹
= 𝜒2 + 𝑃. The algorithm works as follows: We

start by randomly dividing the original data set into five subsets. For each iteration we use four
subsets for training the model by minimizing 𝜒2

𝐹
with the coordinate descent method. After that,

the remaining subset will be used as test data set. We compute the 𝜒2 with the parameters obtained
from the training data. In our specific case, we have to add the data of the collaborations that only
have one point (HSC [25] for light and heavy mass, S. Prelovsek [23, 41] and CLS [27]) to the
training data set in order to fit the model properly.

Figure 1: LASSO method plots with lattice spacing error. Criteria information (left) and parameters
evolution (right).

We can see in FIG. 1 that the information criteria shows minima around _ = 0.5 and _ = 2.5.
This translates to eliminate two or three parameters. Then, we choose to eliminate only two,
𝑏𝑚3

𝜋/𝐵0
2 and Δ(𝜎)𝑚𝜋/𝐵0 because this choice minimizes the 𝜒2 of the fit. Note that 𝑏𝑚3

𝜋/𝐵0
2

corresponds to chiral lagrangian term with two insertions of the light quark mass matrix and
Δ(𝜎)𝑚𝜋/𝐵0 is a correction to the Δ parameter. Then, we have reduced the degrees of freedom to
19. We use automatic differentiation [42] to evaluate the errors propagation with the Julia ADerrors
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package. We can see in FIG. 2 the final result of 𝐷 and 𝐷∗ meson masses fit to the lattice data,
where in the bottom figure we have included also systematic errors for the lattice spacing.

Figure 2: After LASSO method fit without lattice spacing error (top) and with lattice spacing error (bottom).

Finally, if we want to extract results at the physical point, we need to obtain the parameters
𝑚𝐻 and Δ related to the physical charm quark mass and physical tree level hyperfine splitting. We
fit these two extra parameters to the physical data from the PDG of the charmed mesons masses in
order to obtain the right hierarchy.

3. Energy levels fit

In order to extrapolate the 𝐷𝑠0(2317) pole we need first to fit the indeterminate parameters
of the 𝐷𝐾 → 𝐷𝐾 amplitude. We fit to the new 𝑁 𝑓 = 2 + 1 simulation that has been performed
for 𝑚𝜋 = 239 MeV and 391 MeV for 𝑎𝑠 = 0.12 fm and 𝐿 = 1.9 − 3.8 fm, where the 𝐼 = 0 𝐷𝐾
interaction is studied [25].

The scattering amplitude in the infinite volume is given by the Bethe-Salpeter equation, that is,

𝑇 =
𝑉

1 −𝑉𝐺 , (5)

where 𝑉 is the scattering potential matrix and 𝐺 the loop matrix. To compute the 𝑉 potential for
𝐷𝐾 → 𝐷𝐾 we use the Hidden Gauge Lagrangian which corresponds to the hidden gauge formalism
[32–34], and also the lowest order of HM𝜒PT. For the 𝐷𝐾 → 𝐷𝐾 scattering we only need the
lagrangian term of pseudoscalar-pseudoscalar-vector that is, L𝑃𝑃𝑉 = 𝑖𝑔′𝑇𝑟

[
[𝜕𝑖Φ,Φ]V𝑖

]
where

𝑔′ = 𝑚𝜌/(2 𝑓𝜋), Φ is the 𝑆𝑈 (4) pseudoscalar meson matrix given in [34] and V𝑖 the vector meson
matrix. With this, we have the following amplitude just before projecting to partial waves

𝑀𝐷𝐾→𝐷𝐾 = − 𝑠 − 𝑢
2 𝑓 2 . (6)
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To project to partial waves we use

𝑉𝑙 (𝑠) =
1
2

∫ 1

−1
𝑀 (𝑠, \)P𝑙 (cos(\))𝑑 cos(\), (7)

where P𝑙 (𝑥) are the Legendre polynomials. The 𝐺 loop matrix elements has the form

𝐺
(𝑖)
𝑖𝑛 𝑓

(𝐸, 𝑞𝑐𝑜) =
∫ 𝑞𝑐𝑜

0

𝑑4𝑞

(2𝜋)4
1

(𝑃 − 𝑞)2 − 𝑚2
1 + 𝑖𝜖

1
𝑞2 − 𝑚2

2 + 𝑖𝜖
, (8)

where 𝑚𝑖 are the masses of the two mesons and 𝑃 the total momentum of the system. This function
needs to be regularized and we can use three-momentum cutoff or dimensional regularization.
However, as we are going to fit to lattice data we need to discretize the momenta 𝑞 = (2𝜋/𝐿) ®𝑛 with
®𝑛 ∈ Z3. In the finite volume the scattering amplitude is given by 𝑇 = 𝑉/(1 −𝑉𝐺) and we can write
𝐺 matrix elements in the finite volume as

𝐺
(𝑖)
𝑓 𝑖𝑛

(𝐸, 𝑞𝑐𝑜) =
1
𝐿3

| ®𝑞 |<𝑞𝑐𝑜∑︁
®𝑛

1
2𝜔1(𝑞)𝜔2(𝑞)

𝜔1(𝑞)𝜔2(𝑞)
𝐸2 − (𝜔1(𝑞) + 𝜔2(𝑞))2 + 𝑖𝜖

, (9)

where 𝜔𝑖 (𝑞) = 𝑚2
𝑖
+ 𝑞2. Following the same procedure than [43] the final 𝐺 that we insert to the

Bethe-Salpeter equation is constructed with the elements

𝐺
(𝑖)𝑐𝑜
𝑓 𝑖𝑛

= 𝐺
(𝑖)𝐷𝑅
𝑖𝑛 𝑓

+ lim
𝑞𝑐𝑜→∞

(
𝐺

(𝑖)
𝑓 𝑖𝑛

− 𝐺 (𝑖)𝑐𝑜
𝑖𝑛 𝑓

)
. (10)

where superscripts𝐷𝑅 and 𝑐𝑜means that we have used the dimensional and the cutoff regularization
method respectively. With this, the value of the cutoff is cancelled between the last two terms of
Eq. (10). Fixing the dimensional regularization scale ` = 1000 MeV we only have the subtraction
constant 𝑎 as a free parameter. In order to extrapolate to the physical point and since we have data
for two different pion masses we assume that the subtraction constant can be written as a first order
taylor expansion of the pion mass as 𝑎 = 𝛼𝑚2

𝜋 + 𝛽 and we determine the two fitting parameters 𝛼, 𝛽
and, thus, 𝑎 |239 and 𝑎 |391. In FIG. 3 we show the plot of the first energy levels for light and heavy
pion mass as a function of the size of the volume 𝐿.

𝛼 · (10−6 [MeV−2]) 𝛽 𝑎 |239 𝑎 |391

−2.166 −1.864 −1.987 −2.195

Table 1: Parameters of the subtraction constant 𝑎 fit

4. Pion mass dependence of the 𝐷𝑠0(2317) and 𝐷𝑠1(2460)

Finally, we have all we need to extract the dependence on the pion mass of the 𝐷𝑠0(2317)
resonance. Inserting the 𝐷 meson mass function that we have fitted previously in the Bethe-Salpeter
equation for infinite volume, we can obtain the mass of the resonance by computing the poles of the
equation for a given value of the pion mass. As we can compute the amplitude for the 𝐷∗𝐾 → 𝐷∗𝐾

process as well, we can also predict the 𝐷𝑠1(2460) resonance pion mass dependence using the same
procedure. We show these resuls in FIG. 4.
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Figure 3: Results of the levels fit. We only show the energy levels corresponding to the symmetry 𝐴+
1 and

total momentum 𝑃 = (0, 0, 0). Red band is the errorbar taking into account the error of the lattice spacing
and blue one with only the systematic error of the lattice data.

Figure 4: 𝐷𝑠0 (2317) and 𝐷𝑠1 (2460) masses dependence of the pion mass.

We notice that, with the lattice spacings used in [25], 𝑎−1
𝑡 = 6079 MeV for 𝑚𝜋 = 239 MeV and

𝑎−1
𝑡 = 5667 MeV for 𝑚𝜋 = 391 MeV, the charm quark mass determination of [37] is lower for the

heavy pion mass than for the light pion mass [36] and for that reason, two curves are plotted. The
error bands are calculated by the error propagation of the fitted parameters from the 𝐷 (∗) meson
masses analysis, which includes the lattice spacing systematic error.

The results that we have obtained are not straightforward at all. Just by looking at the two
lattice data points of FIG. 4 (left) corresponding to the mass of the 𝐷𝑠0(2317) obtained in [25]
for the two different 𝑎𝑡𝑀[𝑐 determinations of Refs. [36, 37] one could think in principle that the
𝐷𝑠0(2317) pole mass does not depend on the pion mass. But then, one would have to accept a
systematic deviation of the lattice data from the experimental mass of ≈ 30 − 40 MeV. However,
one needs to fit the energy levels of the 𝐷𝐾 scattering and implement properly the light and heavy
(charm) quark mass dependence, that is what we have done here. To summarize, our result supports
a dependence of 𝐷𝑠0(2317) pole mass with the pion mass, and its molecular interpretation as 𝐷𝐾
bound state. Our results also suggest that, given the evidence of many exotics observed very close
to thresholds in the charm and hidden charm sectors, further improvement in precision and scale
settings is needed in the lattice simulations to make a clear conclusion, for example, to evaluate the
pole of the 𝐷𝑠0(2317) at different pion masses for the same scale setting and charm quark mass,
would be welcome.
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5. Conclusions

In this work we have extracted the parameters of one-loop HH𝜒PT involved in the charmed
mesons𝐷 (𝑠) and𝐷∗

(𝑠) formulas. With the help of the LASSO regression method we have eliminated
superfluous degrees of freedom of the model. This has provided us with one tool to extrapolate the
mass of the 𝐷𝑠0(2317) to the physical point. After that, we have fitted the subtraction constants 𝑎
to the new lattice energy levels of HSC [25]. Finally, we could extract the pion mass dependence of
the exotic resonances 𝐷𝑠0(2317) and predict that for the 𝐷𝑠1(2460). We conclude that the pole of
the 𝐷𝑠0(2317) pion mass dependence does not agree with the assumption of a 𝑐𝑠 state, supporting
the molecular interpretation. However, more precise lattice data for the same charm quark mass are
needed to confirm this statement.
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