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1. Introduction

The pion light-cone distribution amplitude (LCDA) is a central non-perturbative object in the
description of a range of exclusive processes in high-energy quantum chromodynamics (QCD) [1].
The pion LCDA is denoted φπ (ξ, µ2) and can be defined via the matrix element for the transition
amplitude between the vacuum and the (charged) pion state,

〈0| ψd (z)γµγ5W[z,−z]ψu (z) ��π+(p)
〉
= i fπpµ

∫ 1

−1
dξ e−iξp ·zφπ (ξ, µ2) , (1)

whereW[z,−z] is a light-like (z2 = 0)Wilson line connecting−z and z and µ is the renormalization
scale. In the above equation, fπ is the pion decay constant and pµ is the four-momentum of the
pion. In the light-cone gauge, the pion LCDA can be interpreted as the probability amplitude to
convert the pion into a state of a quark and an antiquark carrying momentum fractions (1 + ξ)/2
and (1 − ξ)/2, respectively.

It is well-known that the non-perturbative matrix elements required for factorization theorems
generically contain non-local operators defined with light-like separations. Matrix elements of
such operators cannot be directly accessed via a Euclidean field theory. As a result, a number of
alternative strategies for extracting information about these non-perturbative matrix elements using
LQCD have been proposed in the last two decades [2–10]. This work follows the method suggested
in Ref. [4] and expanded on in Refs. [11–15]. The method relates hadronic matrix elements directly
computable in Euclidean field theory to a heavy-quark operator product expansion (HOPE), where
the non-perturbative information about the LCDA is encoded in its Mellin moments that can be
determined by fitting lattice data to the HOPE. For this reason, the approach is known as the HOPE
method. The use of a fictitious heavy-quark in the computation has the advantage that the quark
mass serves as an additional hard scale which suppresses higher-twist corrections, and can be varied
to study the residual higher-twist effects present in the numerical data.

In Ref. [14], the HOPE method was implemented to extract the second Mellin moment of the
pion LCDA. The success of this approach motivates the current attempt to extend this formalism
to extract the fourth Mellin moment,

〈
ξ4

〉
, for which little is currently known. The only existing

determination of the fourth moment from lattice QCD is
〈
ξ4

〉
(µ = 2 GeV) = 0.124(11)(20)

at a single lattice spacing of a = 0.076 fm [16]. In this proceedings the progress towards the
determination of the fourth Mellin moment of the pion LCDA using the HOPE method is reported.
The structure of this proceedings is as follows: the HOPE method is briefly reviewed in Sec. 2, the
analysis method is discussed in Sec. 3 and the numerical implementation is explained in Sec. 4.
Finally, the conclusions of this work are given in Sec. 5.

2. The Heavy-Quark Operator Product Expansion

2.1 Relevant results from the HOPE strategy

As referenced above, direct computation of matrix elements of light-like operators is not
possible in a Euclidean field theory like lattice QCD. The conventional approach to this problem is
to use the operator product expansion (OPE) to expand the light-like operator as an infinite sum of
local operators, whose analytic continuation to imaginary time is trivial. However, this approach
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has a serious drawback: the use of a lattice regulator leads to non-perturbative operator mixing
which does not appear in the continuum [17]. These operators are lower dimensional and thus
lead to power-divergences. This issue has limited the conventional approach to a determination of
the lowest non-trivial (the 2nd) moment of the pion LCDA, where a special choice of kinematics
prevents the occurence of such operator mixings [17]. In the approach studied here, this issue is
avoided by computing a hadronic matrix element with conserved currents. The use of conserved
currents ensures that the continuum limit exists after multiplicative renormalization, avoiding the
issue of power divergences. The hadronic matrix element studied here is

V [µν]
1 (q, p) =

∫
d4z eiq ·z 〈0| T {Jµ

Ψ
(z/2)Jν

Ψ
(−z/2)} |π(p)〉 , (2)

where the currents Jµ
Ψ
are defined as

Jµ
l,Ψ
= Ψγµγ5ψl + ψlγ

µγ5Ψ , (3)

where ψl is the light-quark (l = u, d), Ψ is the heavy-quark and the subscript 1 has been added to
emphasize that this matrix element is due to the contribution from the lowest lying pseudoscalar
meson, the pion.

One can compute the HOPE expression for this matrix element [4]. As discussed in Ref. [13],
including perturbative corrections and re-summed target-mass effects, one finds

V [µν]
1 (q, p) = −

2iεµνρσqρpσ
Q̃2

fπ
∞∑

n=0,even
C (n)
W (Q̃2, µ,mΨ)

〈
ξn

〉 [
ζnC2

n (η)
2n(n + 1)Q̃2

]
, (4)

where mΨ is the heavy-quark mass, pµ and qµ are the four-momenta of the pion and current,
respectively. The scalar functions depend on the kinematic invariants

Q̃2 = Q2 + m2
Ψ
, (5)

ζ =

√
p2q2

Q̃2
, (6)

η =
p · q√
p2q2

. (7)

The Wilson coefficients, C (n)
W , have been computed in the MS scheme [13], and thus the resulting

heavy-quark and Mellin moments extracted from this expansion are also to be understood in this
scheme at the renormalization scale µ. Performing a Fourier transform in the temporal direction,
one obtains

R[µν]
1 (t, p, q) =

∫
dq4

(2π)
e−iq4tV [µν]

1 (q, p) (8)

This quantity is directly computable in a Euclidean field theory.

3. Analysis Strategy: Introducing the Ratio Method

The starting point to compute Eq. (8) is the three-point correlator

C[µν]
3 (te, tm, p, q) =

∫
d3xe d3xm e−ipe ·xe e−ipm ·xm 〈0| T {J[µ (xe)Jν](xm)Oπ (0)} |0〉 , (9)

3
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where p = pe + pm and q = (pe − pm)/2 are the pion and current three-momentum, Oπ is the
pseudoscalar operator described below, and JΨ is chosen as in Eq. (3). Inserting a complete set of
states between the pseudoscalar interpolating operator and one of the currents leads to

C[µν]
3 (te, tm, p, q) =

Z1

2E1
e−E1 (te+tm )/2Rµν1 (te − tm, p, q) +

Z2

2E2
e−E2 (te+tm )/2Rµν2 (te − tm, p, q) + . . . ,

(10)
where Rµν1 is the hadronic matrix element of interest described in Eq. (8). In order to extract
Rµν1 from lattice data, which in general contains additional terms from excited-state contamination,
previous studies [11, 13–15] compute the above three-point correlator at large Euclidean time, and
then construct the ratio

C[µν]
3 (te, tm, p, q)
Z1

2E1
e−E1 (te+tm )/2

→ Rµν1 (te − tm, p, q) , (11)

which asymptotically approaches the matrix element of interest in the limit of large (te + tm). Such
a ratio requires a precise analysis of two-point correlators to extract the desired energies and overlap
factor, Z1. In this analysis, an alternative approach to analyzing the numerical data is explored.
Rather than constructing a ratio of three-point to extracted two-point parameters, E1 and Z1, in
this analysis a non-trivial ratio of three-point correlators is constructed. The advantages of this
approach are that one no longer needs a precise determination of quantities from a study of two-
point correlator data, and one no longer needs to renormalize the current, since the renormalization
factor cancels in the ratio.

To begin, the above expression may be simplified by the variable redefinitions

t+ = te + tm, (12)

t− = te − tm. (13)

One then constructs the ratio of three-point correlators:

R (t+, t−;±δ) =
C[µν]

3 (te ± δa, tm ∓ δa, p, q))

C[µν]
3 (te, tm, p, q))

=
C

[µν]
3 (t+, t− ± 2δa, p, q))

C
[µν]
3 (t+, t−, p, q))

=
R[µν]

1 (t− ± 2δa, p, q)[1 + A(t− ± 2δa)e−∆Et+/2 + . . . ]

R[µν]
1 (t−, p, q)[1 + A(t−)e−∆Et+/2 + . . . ]

,

(14)

where

A(t−, p, q) =
Z2E1R[µν]

2 (t−, p, q)

Z1E2R[µν]
1 (t−, p, q)

. (15)

At large Euclidean times, the combination A(t−, p, q)e−∆Et+/2 is expected to be small, and so the
denominator may be expanded to obtain

R (t+, t−;±δ) =
R[µν]

1 (t− ± δa, p, q)

R[µν]
1 (t−, p, q)

[1 + (A(t− ± δa, p, q) − A(t−, p, q))e−∆Et+/2 + . . . ] . (16)

To check the validity of this, one can plot R for a range of t+ and study the plateau. Excited state
contamination is suppressed in the limit of large t+. In this study δ = −1 is chosen.

4
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(L/a)3 × (T/a) a (fm) Ncfg κl κh mMS
Ψ

(GeV)

243 × 48 0.0813 6500 0.1349
0.120 2.0 GeV
0.110 2.6 GeV

323 × 64 0.0600 4500 0.1352
0.125 2.0 GeV
0.118 2.6 GeV
0.110 3.4 GeV

Table 1: Details of the gauge field configurations and quark masses used in this study. These configurations
were generated in Ref. [20]. Heavy quark masses obtained from the fit of numerical data to the one-loop
HOPE are also given.

4. Numerical Implementation

The gauge fields used in this study were tuned to a constant physical volume of L = 1.92 fm
and a constant pion mass of mπ ∼ 0.55 GeV. Leading finite volume effects arise from the ‘around-
the-world’ pion contributions, which are small at this pion mass (exp(−mπL) ≈ 1%) and currently
neglected in the analysis. The heavy quark masses were chosen to give approximately constant
masses of the heavy-heavy pseudoscalar meson across the two lattices. Further details on the lattice
action, including the order-a improvement obtained from the use of Wilson-clover fermions can be
found in Ref. [14]. Further details on the lattices and quark masses used are listed in Table 1. The
required two- and three-point functions were generated using the software package Chroma with
the QPhiX inverters [18, 19].

4.1 Reducing Excited State Contamination

As discussed previously in Refs. [12, 14], in order to extract information about the higherMellin
moments, one must use large hadronic momentum p = 2πn/L. In this study, equivalent momenta
with n2 = 4 were chosen. It is well-known that this requirement of larger hadronic momentum
makes the isolation of the ground state more difficult, since the energy gap ∆E(p) = E2(p) − E1(p)
shrinks as |p| increases, and thus the contamination to the ground state persists to larger Euclidean
times. Furthermore, statistical degradation of the signal at large Euclidean times makes extraction
of information from the numerical data difficult. While the mass-gap is fixed for a given choice
of lattice parameters, it is possible to change the overlap factors Zi by optimizing the pseudoscalar
interpolating operator Oπ (x). In this study operator smearing and the variational method are
combined to produce an interpolating operator with greater overlap with the ground state pion.

In particular, this study utilizes a combination of gauge-invariant Gaussian smearing [21] and
momentum smearing [22] to improve the spatial overlap of the local quark bilinear operator with
the physical pion state. The width of the Gaussian smearing was taken as the inverse pion mass,
aωsmear = {4.5, 6.0} for L/a = {24, 32}, and a smearing momentum fraction of ζ = 0.8, as proposed
in Ref. [22] was employed. While the improvement over just Gaussian smearing was clear, further
improvement of the operator overlap was obtained by considering a larger set of interpolating
operators. By increasing the operator basis, one can construct an improved variational estimate of

5



P
o
S
(
L
A
T
T
I
C
E
2
0
2
2
)
1
1
9

Fourth Mellin moment of Pion LCDA from the HOPE Method Robert J. Perry

the ground state operator [23, 24]. This study used a two-dimensional operator basis given by

O1(x) = ψd (x)γ5ψu (x) , (17)

O2(x) = ψd (x)γ4γ5ψu (x) . (18)

In order to construct the optimized operator, one calculates the two-point correlator for all combi-
nations of the basis operators at the source and sink:

Ci j (t, p) =
∫

d3x eip·x 〈0| T {Oi (x)O j†(0)} |0〉 . (19)

One then solves the generalized eigenvalue problem (GEVP) [24]:

Ci j (t, p)v jn = λnCi j (t0, p)v jn , (20)

where λn = e−En (t−t0) are the eigenvalues and vin are the elements of the corresponding eigenvector.
An optimized interpolating operator for the ground state (n = 1) may be constructed by writing

Oπ (x) = vi1O
i (x) , (21)

and the optimized three-point correlator is constructed from this linear combination. The reduction
in excited state contamination from this procedure is shown in Fig. 1. As can be seen, an impressive
reduction in the excited-state contamination can be observed from the use of an enlarged basis of
interpolating operators.

In order to extract the matrix element of interest, one would ideally like to compute the ratio
defined above at a range of t+/a and then extrapolate to the t+ → ∞ limit. Due to the use of the
sequential source method in the construction of the three-point correlator (see Ref. [14] for more
details), additional t+ values require a linear increase in runtime. Instead, it was noted that with the
use of the improved variational estimate (denoted GEVP in Fig. 1), data at fixed te/a was consistent
with the t+ → ∞ extrapolated single operator and variational estimate data within statistical errors.
As a result, data was computed at fixed te ∼ {0.56 fm, 0.64 fm} and used to construct the ratio
analysed in the following section.

4.2 Data Analysis

After constructing the ratio described in the previous sections using the optimized interpolating
operator, a global fit was performed to the ratio of symmetric in t− (even) and antisymmetric in
t− (odd) pieces. A characteristic fit for one dataset is shown in Fig. 2. As previously explained in
Ref. [14], one expects uncontrolled lattice artifacts at distances smaller than three units in lattice
time, ie, for t−/a ≤ 2. Thus data are fit from t−/a = 3 onwards. The one-loop form of the HOPE
expression [13] requires a fit of the heavy-quark mass mΨ as well as the second and fourth Mellin
moments.

Since data at finite lattice spacing are fit to a continuum heavy quark OPE, one expects that the
fit parameters contain residual higher-twist and lattice artifacts. These artifacts may be examined
in Fig. 3. Unfortunately, although early results are promising, with just two lattice spacings it is not

6
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−10.0 −7.5 −5.0 −2.5 0.0
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γ5

GEVP

te/a = 8

Figure 1: Studying the effect of operator optimization on the excited state contamination. The left plot shows
the excited state dependence for fixed t−/a = 4. Data in blue arises from O1 alone, while data in orange is the
GEVP-optimized ratio. Both datasets are extrapolated to the limit of infinite t+/a, and the resulting shaded
bands show the extrapolated results from the fit. Note that data for the GEVP-optimized ratio agrees with
the extrapolated results at earlier t+/a. The right plot compares the extrapolated ratio constructed from O1

alone (denoted γ5) and the GEVP-optimized ratio (denoted GEVP) with the ratio computed at fixed te/a = 8
using the GEVP-optimized ratio. The agreement within statistical errors between the three datasets implies
that at te/a = 8, residual excited state contamination is negligible with respect to statistical errors, and thus
an extrapolation to t+/a → ∞ is unnecessary.

possible to perform a rigorous extrapolation to the continuum limit. With more data, a continuum,
twist-two extrapolation of the form

〈
ξn

〉
(a,mΨ) =

〈
ξn

〉
+

A
mΨ
+ Ba2 + Ca2mΨ + Da2m2

Ψ
(22)

will become possible. To demonstrate that the data are reasonable, the continuum, twist-two second
Mellin moment computed using a superset of the gauge ensembles (see Ref. [13]) used in this study
is represented as a grey band. It is also interesting to note that the only other calculation of the
fourth Mellin moment (Ref. [16]), calculated at a single lattice spacing at the physical pion mass
using dynamical quarks, predicts a result which is broadly consistent with the determinations from
the HOPE approach at comparable lattice spacings.

5. Conclusion

In this article, the progress towards a continuum limit determination of the fourth Mellin
moment of the pion LCDA at a pion mass of mπ ∼ 0.55 GeV was discussed. A new strategy for
analyzing the numerical data which relied primarily on three-point data was presented. Information
about the higher Mellin moments is increasingly kinematically suppressed by the magnitude of the
hadron momentum. Thus it is necessary to study the hadronic matrix elements at larger hadronic
momentum leading in turn to increased excited-state contamination. A combination of momentum
smearing and a variational basis was used to optimize the pseudoscalar interpolating operator to
reduce excited-state contamination. Data for the aforementioned ratio,R as defiend in Eq. (16), were
presented, and the heavy-quark mass and second and fourth Mellin moments were extracted from

7



P
o
S
(
L
A
T
T
I
C
E
2
0
2
2
)
1
1
9

Fourth Mellin moment of Pion LCDA from the HOPE Method Robert J. Perry

−10 −5 0
t−/a

0.0

0.1

0.2

0.3
R

ev
en

(t
+
,t
−

)

−10 −5 0
t−/a

0.0

0.2

0.4

0.6

0.8

1.0

R
o
d

d
(t

+
,t
−

)

Figure 2: Characteristic fit of numerical data to continuum HOPE expression at L/a = 24. The resulting
values for fit parameters were mΨ = 2.0 GeV,

〈
ξ2

〉
= 0.17 ± 0.04,

〈
ξ4

〉
= 0.07 ± 0.02 at a renormalization

scale of µ = 2.0 GeV. The quoted uncertainties are purely statistical.

0.000 0.002 0.004 0.006
a2 (fm2)

0.0

0.1

0.2

0.3

0.4

〈ξ
2
〉 stat

stat+syst.

mΨ = 2.00 GeV

mΨ = 2.60 GeV

mΨ = 3.40 GeV

0.000 0.002 0.004 0.006
a2 (fm2)

0.0

0.1

0.2

0.3

0.4
〈ξ

4
〉

mΨ = 2.00 GeV

mΨ = 2.60 GeV

mΨ = 3.40 GeV

Gao et al. (2022)

Figure 3: Comparison of current numerical results for the second and fourth Mellin moments. In Ref. [14],
the second Mellin moment was computed using a superset of the configurations used here. The result in
the continuum, twist-two limit is shown by the grey band. While less is known about the fourth Mellin
moment of the LCDA, there exists one publication at one lattice spacing which suggests a value of

〈
ξ4

〉
=

0.124(11)(20) [16], which is broadly speaking compatible with the determinations obtained in this work.

the numerical data at finite lattice spacing. While the current dataset (two lattice spacings and up
to three heavy quarks) was insufficient for a reliable combined continuum, twist-two extrapolation,
the numerical determinations of the second Mellin moment appear to agree relatively well with the
previous determination of this quantity using the same gauge fields, and the fourth Mellin moment
also appears to be in reasonable agreement with the single dynamical determination of this quantity
at finite lattice spacing [16].
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