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We propose a new improved model-independent method for calculating the pion charge radius.
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to compute the pion charge radius for small pole mass Mgole and volume due to systematic errors
coming from finite volume effect and higher-order contamination of the Taylor expansion of the
form factor. We circumvent this difficulty by introducing a new appropriate function and propose
a modified method that can calculate the pion charge radius with less systematic errors in the small
Mgol . and volume cases. As preliminary results, we check that our improved model-independent
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1. Introduction

In particle physics, quark is considered to be a charged point particle with no spatial extent,
whereas hadron is a bound state of quarks and gluons, which are held together by strong interaction,
and has an internal structure with spatial extent. One of the intrinsic properties of the hadron is the
charge radius, which corresponds to the spatial extent of hadron’s charge distribution.

The simplest hadron, the pion, is composed of up and down quarks (and their respective
antiparticles). The charge radius of the pion (r,%) is defined in relation to the form factor of the pion
electromagnetic vertex. The pion form factor F,(g?) is given by the matrix element

(7" P)\Viln (0i)) = (pf + Pi)uFr(q?), (1)

where ¢° = —(pr - pi)? > 0is the momentum transfer, V=20 Uy is the electro-magnetic
vector current with the flavor index f and Qy is the charge of the f quark. The pion charge radius
is defined as

(rz)=-6 (%Fn(cf) : 0)
q q2=0

using the first derivative of the pion form factor. The pion charge radius has long been obtained
experimentally, and nowadays it is measured precisely with an experimental error of about 1% [1].
On the other hand, it has also been calculated from lattice QCD. Although the charge radius has
been measured with an error of about 3% in lattice QCD, their results have large error compared to
experiment, or do not agree with experimental value within the error [2]. The accurate determination
of the charge radius from lattice QCD calculation gives us useful information about not only the
size and structure of the hadron but also crucial precision tests of the Standard Model at low energy.
From this point of view, it is very important to study a crucial method of calculating the pion charge
radius in lattice QCD.

One of the reasons for the large lattice QCD error is that the traditional method of calculating
the pion charge radius uses some fit ansatzes. The fit ansatz gives systematic error and increases
the lattice QCD error. Therefore, a model-independent method that does not use the fit ansatz
was researched [3-5]. Recently, a paper has been published that improves this model-independent
method and applies it to the calculation of the pion charge radius [6]. The purpose of this work is
investigating properties of the model-independent method and improving the method further.

2. Traditional method

We briefly explain the traditional method for obtaining the charge radius. First, we make the
form factor data for each momentum transfer ¢> from the equation,

2En(ﬁ)z7r (6) CnVn(t, Lsink s ﬁ) e(En(ﬁ)—mn)t

Flq’) = == —— S 3)
§ (Ex(p) + mz)Zz(p) Cavr(t, Lsink; 0)
using the 3-point function in 0 < t < £k
Covalt, tinks B) = Zv ) (Ol G tni)Va(F, )™ (%, 0)[0) €7 5, “)

=

X¥,2
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where p := 2T”(nx, ny, nz) with n; and L being an integer and the spatial extent, E,(p) := mZ + p2,
Z(p) = <0|n+(6, 0)|E.(p)) and Zy is a renormalization constant of the vector current. Second,
we fit the form factor data using a fit ansatz, such as the monopole formula or quadratic formula
given by,

Fr(q?) = . Fe@) =1+ fig” + gD )

1
1+q2/ Mgole

where Mgole and fi, f, are parameters. Third, we differentiate the form factor using the fit result
and Eq. (2). From the above procedure, the pion charge radius is obtained.
In this method, it is assumed that the form factor obeys Eq. (5) . This hypothesis is a model-

dependent part and one of the sources for systematic errors in the calculation.

3. Model-independent method

To reduce the systematic error in the traditional method, model-independent method was
proposed [3-5] and its improvement for the pion charge radius was investigated [6]. In this section,
we briefly review the method proposed in these papers and show how to calculate the pion charge
radius using the model-independent method.

3.1 Model-independent method for the continuum limit and infinite volume

In the continuum limit and infinite volume (a — 0, V — o0),

dnﬁ(ﬁ) _(_ nl’l—' NI
W_( D (2n+1)z/dx|x| F(X) ©

is obtained for a function F(X) satisfying F(X) = F(|X|), where F(p) is the Fourier transform of
F(X). The meaning of this equation is that the nth-order |p|? derivative at | ﬁlz = 0 is equal to the
2nth-order spatial moment. In other words, calculating the pion charge radius can be translated into
calculating the 2nth-order spatial moment.

To show the model independence using Eq. (6), we consider a relationship between a 1-
dimension 3-point function and the charge radius as an example. The 1-dimension 3-point function
is defined by

Crvaltstamir) =2y Y > > Ola* G tm)Va G D (%,0)[0), ()
Z Y2.Y3 X2,X3

where r := |x; — y;|. Periodic boundary condition is imposed in all spacetime directions. The
spatial Fourier transform of Eq. (7) in 0 < t < fx normalized by that with p = 0 yields the
momentum 3-point function of the ground state as,

(znVn(ta Isink’ P) _ Zz(p) Ex(p) + my Fn(qz)e_(E"(p)_m”)t. (8)
Crvr (t, Lsinks O) Zy (O) 2E; (P)
The momentum derivative of this function is

déﬂVﬂ (t; P)
dp?

Cﬂ'Vﬂ'(t; P) =

d 2
—F,
i (q%)

term | + (known factors), ©)
p*=0 q°=0
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where the known factors represent the differential terms other than the form factor. Recalling that
the first-order derivative of the form factor is equal to the charge radius and that the momentum
derivative is equal to the spatial moment, we can see that the charge radius is obtained by only
calculating the 7> moment of the 3-point function.

In this example, we have not assumed the fit ansatz, and hence, this method is model indepen-
dent. Note, however, that Eq. (9) holdsina — O and V — co.

3.2 Model-independent method for finite volume

We consider the model-independent method on a finite volume. For finite volume, higher-order
contamination arises from finite volume effect in this method as explained below. To see this finite
volume effect, we consider the 7> moment of the 3-point function:

2nC7r x (7, Lsinks
(g = 2 7" Crya(t, tsink i’). (10)

Cﬂ'Vﬂ' (, tsink 0)

The spatial Fourier transform of the 3-point function Cry . (t, fsink; ) yields

C(r) =" At P)Ta(p)Fr(q?), (11)
)2
where
i Zn(p) Eﬁ(p)+m7r —(Ex(p)-mg)t e l 2n ipr
At p) = 70 25.G) ° P . Tu(p) = LZr &P (12)

r

From the Taylor expansion Fy(g?) = Dm0 fing®™ of the form factor, Eq. (11) can be written as

C(t) = foBon() + FiBLa() + fBon(®) + -+ = D fuBmn(®) (13)

m=0

where the function S, ,(¢) is a known function given by,

Brn() 1= D A DTA(p)g™™. (14)
p

From Eqgs. (6) and (9), in the case of infinite volume, only the first-order derivative of the form
factor is obtained from C(V)(r). On the other hand, from Eq. (13), in the case of finite volume, not
only the first-order derivative f; but also the terms of the higher-order derivatives, such as f, and
f3, remain in C)(¢). These terms are caused by the finite volume effect, which leads to systematic
errors in the calculation of the charge radius.

To reduce the higher-order contamination, the function R(z) is defined by

R(#) = aiCV0)+aCP()+h
= (101 +a2fo2 + h) + (@1B1,1 + @2B12) fi + (1f21 + @2f22) o+ -, (15)

where we use fy = 1 and the dots represent higher-order terms with f;;, (m > 3). The parameters
a1, @, h are defined to satisfy

a1fo1 +@Por+h=0, afi+afia=1 aify +afrr=0. (16)
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From Egs. (15) and (16), the function R(¢) is rewritten as,

00 2
RO =fi+ ) (Z akﬁm,k(ﬂ)fm. (17)

m=3 \k=1

The first term is a constant term and the second term is a time-dependent term. The second time-
dependent term is the higher-order contamination term, which gives rise to the finite volume effect.
If the higher-order contamination term is small, we can obtain the charge radius from the constant
term in R(¢). In this paper, we call this method original model-independent method.

3.3 Properties of the original method

As explained in the previous subsection, the original model-independent method contains the
higher-order contamination due to finite volume effect. We discuss systematic errors coming from
the effect using mockup data. In particular, we consider analyses with the pion form factor expressed
by the monopole formula,

Fr(q?) = (18)

1

202
1+qg°/ Mpole
This is because, from vector meson dominance model, the pion form factor is well represented by
the monopole formula [2]. To see the systematic error of the contamination in the analysis of the

pion 3-point function, we make the following mockup data of C"(¢) using

C() = > At PTUPF(g), (19)
p
where
E(p)+m; _ ot 1 "
my; =0.25 At,p) = T(p)e (E(p)=ma)t T.(p) = 7 Exz cos(px). (20)

We analyze the mockup data for various Mgole and volumes using the original method of
Eq. (15). The left panel of Fig. 1 shows the M;Ole dependence of the original method. The mockup
data is analyzed in three cases for Mgole = 0.10, 0.20, 2.00 with the fixed volume L = 32. For
the largest M;O]e, the calculation result (symbol) is consistent with the exact value (solid line),
but, for small M§ole’ the result is not consistent. Moreover, the right panel of Fig. 1 shows
the volume dependence of the original method. The mockup data is analyzed in four cases for
L =16, 32, 64, 128 with fixed Mgole = 0.10. For large volume, the calculation result is consistent
with the exact value, but, for small volume, the result is not consistent. These differences are caused
by the higher-order contamination. Therefore, it is hard for the original method to compute f; at
small Mgole and volume.

To see the cause of the problem, we consider the Taylor expansion of the monopole formula as,

1 - 1
AR —
FK(Q)_1+q2/M2 _Z MZ

m
(— ) ", @1
pole m=0 pole
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Figure 1: Results of analyzing the mockup data for various Mgole and volume using the original method.
Symbols are calculation results, and solid lines are exact values of fj = —1/ M]folc. Left: M}fole dependence for
leole =0.10,0.20, 2.00 with the fixed volume of L = 32. Right: Volume dependence for L = 16,32, 64, 128

. 2 _
with the fixed Mpole =0.10.

where the coefficient f,,, = (-=1/ Mgole)m in this case. If Msole < 1 then | f;,| increases as m. From
this property of the coefficient f;,, and the explicit form of the higher-order contamination in Eq. (17),
we can explain why the original method dose not work well for small Mgole and volume. For small
volume, the contamination of higher-order S, 1, Bm.2 (m > 3) remains in R(¢) due to finite volume
effect, and for small Mgole, the convergence of the expansion becomes poor, since | f;,,| increases as
m. Therefore, for small M;Ole and volume, the higher-order contamination in the second term of
Eq. (17) causes sizable systematic errors. This problem may also occur in actual lattice QCD data

and the original method needs to be improved in such cases.

3.4 A new improved model-independent method

To reduce the higher-order contamination for small M;Ole and volume, we propose a new
model-independent method. Our basic idea is to improve the convergence of the coefficient f,,.
Our improved model-independent method introduces an appropriate function G(g?) to replace the
bad convergent function Fy(g?) with the good one S(¢°) := F(¢*)G(q?). Using this idea, the
higher-order contamination corresponding to the second term in Eq. (17) can be reduced more.

In Eq. (11), inserting a function G(g?) yields

1
C(t) = Y Al PT(P)S(@") =+ (22)
> G(q”)
From the Taylor expansion of S(¢?), S(¢?) = I smq>™, Eq. (22) can be written as
C(n)(t) = SOEO,n(t) + Slﬁl,n(t) + SZBZ,n(t) t--= Z smﬁm,n(t)’ (23)
m=0
where ﬁm,n(t) is a known function,
Brun(t) = Y At pYTa(p)a™™ 1G(gP). 24)
P
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To improve the convergence of f,,, we consider G(¢°) := 1 + g1¢* + g2¢”, where parameters g, g»
are chosen to satisfy

s2= fa+ fig1 + fog2 = 0. (25)
The reason is that if the form factor is well represented by the monopole formula (18), then
smo o~ (1M )sme1 (m 2 3) (26)

holds for the coefficients s,, of the function S(¢°), and the convergence of the expansion (23)
becomes better due to s, ~ 0 for m > 3. Other procedures to determine the charge radius are the
same as in Eqgs. (15)-(17).

Mpole2 =2.00 % 1
Mpole? = 0.20 A
Mpole? = 0.10 ——
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Figure 2: Results of analyzing the mockup data for various M;Ole and volume using our improved method.
The parameters in G(g”) are chosen as g; = 0.90/ Mgole, & = —O.IO/MI‘)‘Ole for a given Mgole. Symbols

are calculation results, and solid lines are exact values of s = f + fyg = —0.10/ M}fole. Left: M[?ole
dependence for Mgole = 0.10,0.20,2.00 with the fixed volume of L = 32. Right: Volume dependence for

L = 16,32, 64, 128 with the fixed M, = 0.10.

We analyze the same mockup data in subsection 3.3 using our improved method. In this
analysis, we choose the parameters in G(g?) for a given Mgole such that g; = O.9()/M§Ole and

g» = —0.10/M?* ., which satisfy s, = 0. The left and right panels of Fig. 2 show the M[%ole and

pole’
volume dependences of our improved method, respectively. These results present that our method

works well regardless of the volume as well as Mgole. Therefore, our improved method could be
applicable to compute f] for small Mgole and volume.

4. Application to actual lattice QCD data

In this section, we will confirm that our improved model-independent method works well on
actual lattice QCD data.
4.1 Simulation parameters

We use 2+1 flavor gauge configurations generated by the PACS-CS Collaboration [7] using the
Iwasaki gauge action at 8 = 1.90 and the nonperturbative O(a)-improved Wilson quark action at



Calculation of the pion charge radius from an improved model-independent method Kohei Sato

csw = 1.715. The ensemble parameters are shown in Table 1. The 3-point function Cyy  (f, tsink; )
is evaluated using Eq. (7), and the 2" moment of the 3-point function is constructed using Eq. (10).
The correlation functions are computed with the Z(2) ® Z(2) random source [8] and the value of
Lsink 1S set to 22. The statistical error in the calculation is evaluated by the jackknife method.

B L’xT L[fm] a[fm] M;[GeV] Neont Nmeas
1.90 323x48 2.9  0.090 0.51 80 192

Table 1: The bare coupling (B), lattice size (L3 xT), physical spatial extent (L[fm]), pion masses (m,) are
tabulated. Ncons and Npeas represent the number of the configurations and the number of the measurement
per configuration, respectively.

4.2 Results

0.4

Original Improved —5—
Our Improved —>¢— ||

Traditional (monopole fit) ——

03 N

) 5500000005 ] «
o 5 o)
Sl B &
o5 k & 1
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Figure 3: Comparison of the pion charge radius in the actual lattice QCD calculation using our method with
the ones using the original model-independent method and also the traditional method. The red symbols
represent our model-independent method, and the green symbols represent the original one. Blue lines and
gray band represent the central value and the statistical error using the traditional method with monopole fit.

In this subsection, we present preliminary results with the original and our methods. We choose
g1 = 0 as an example in our method. We numerically search the value of g; satisfying s, = 0 by
changing g, with the fixed g;. Note that the value of s, can be obtained in a similar way to Eq. (23)
by replacing Eq. (16) with a1,8~0,1 + 0/2,8~0,2 +h =0, (11,31’1 + (Xz,él’z =0, and a1,8~2,1 + (X2,3~252 = 1.
From this search, go = —31.5 is determined.

Figure 3 presents the results of the pion charge radius (r}r) = —6f] with the original and our
methods calculated from —6R(¢) and —6(R(¢) — g1), respectively, as a function of time. In the
original method (green circle symbols), the values of the pion charge radius in the middle time
region are smaller than the result of the traditional method with the monopole fit (blue line and
gray band). The error of the monopole fit result is only statistical. Although we did not estimate
the systematic error of the traditional method yet, the underestimate of the original method could
be caused by the higher-order contamination discussed above. It is a similar trend observed in our
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mockup data analysis presented in Fig. 1. On the other hand, the value of the pion charge radius
becomes little larger and agrees with the traditional method within 1o for our method (red cross
symbols) with g; = 0,g2 = —31.5. The results of the analysis with other parameters g; and g»
are shown in Table 2. As the parameters, we choose g; = 5.1 to be close to the value of 1/ Mgole
obtained from the traditional method, and g, = —3.25 is chosen to satisfy s, = O by the numerical
search explained above. The different choice of the parameters in our method gives a tiny effect in
the charge radius. The discrepancy between the two results with the different parameters is less than
the statistical error as shown in the Table. Furthermore, the result with g = 5.1 and g, = —3.25
is also consistent with the traditional method. Thus, it shows the validity of our method on actual

lattice QCD data.

Table 2: Pion charge radius ({rz)[fm*]) obtained from the actual lattice QCD data with the model-
independent methods at t/a = 12. The choice of g; = g» = 0 corresponds to the original method, and
the others are determined from our method. The result with the traditional method is also tabulated.

81 82 (rz) [fm?]
0.0 0.0 0.2629(39)
0.0 -31.5 0.2768(38)
5.1 -3.25 0.2782(44)

traditional  0.2750(42)

5. Summary

We have discussed an improvement of the model-independent method to obtain the pion charge
radius. In the mockup data, we show that the original model-independent method has the large
higher-order contamination for small leole and volume. The contamination is originated from a
finite volume effect that is related to the convergence of the Taylor expansion of F(g?). We propose
a modified method to reduce the contamination by introducing an appropriate function in the Taylor
expansion.

We have calculated the pion charge radius on actual lattice QCD data at the pion mass of 0.51
GeV using the original and our methods, and compared these results with that using the traditional
method. We choose a quadratic function as the function G(¢%) = 1+g1¢%>+g»¢*, where g, satisfying
s> = 0 is determined by the numerical search with the fixed g;. The charge radius of the original
model-independent method is underestimated compared to the one of the traditional method with
the monopole fit. On the other hand, our improved model-independent method is consistent with
traditional method. It is also found that the result with our method is stable against the different
choice of the parameters.

For a future work, we will estimate systematic errors in our improved method, such as the
selection of g; and g», although it is expected to be small from the preliminary results in the actual
lattice QCD calculation. We also need to estimate systematic error of the traditional method by
using different fit forms other than the monopole form. These estimations are necessary to confirm
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whether our improved method is beneficial. Other future direction is to apply our method to more
realistic calculations, e.g., on larger volumes near the physical point at smaller lattice spacings.
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