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1. Introduction

In LHC experiments double parton scattering (DPS) contributions are non-negligible. Espe-
cially after the high-luminosity upgrade the sensitivity to them will be enhanced. In the last decade,
significant progress has been made in studying the theory of DPS and of double parton distributions
(DPDs), see e.g. [1–5].

The DPS contribution is proportional to the integral over the transverse distance 𝒚 of the two
scattering quarks of a product of DPDs 𝐹𝑎1𝑎2 (𝑥1, 𝑥2, 𝒚):∫

d2𝒚 𝐹𝑎1𝑎2 (𝑥1, 𝑥2, 𝒚) 𝐹𝑏1𝑏2 (𝑥′1, 𝑥
′
2, 𝒚) , (1)

where 𝑥𝑖 denote the two longitudinal momentum fractions and 𝑎𝑖 labels the quark polarization.
Since DPDs are poorly known from experiments, as well as in theory, they are often approximated
by:

𝐹𝑎1𝑎2 (𝑥1, 𝑥2, 𝒚)
?
= 𝑓𝑎1 (𝑥1) 𝑓𝑎2 (𝑥2)𝐺 (𝒚) . (2)

𝑓𝑎𝑖 are ordinary parton distribution functions (PDFs). This leads to the famous pocket formula [6]:

𝜎DPS,𝑖 𝑗 =
1
𝐶

𝜎SPS,𝑖 𝜎SPS, 𝑗

𝜎eff
, (3)

where 𝐶 is a combinatorical factor and the effective cross section 𝜎eff is introduced for dimensional
consistency. From the assumption (2), one can derive that 𝜎eff it is a fixed constant that does not
depend on the DPS process.

Access from first principles to DPDs can be provided by lattice QCD simulations. In the past
we published several studies for the case of the pion [7], as well as for the proton [8, 9]. One of our
main results was the flavor dependence of the transverse distribution 𝐺 (𝒚) appearing in (2) in the
case of the proton, so that (3) cannot be fulfilled.

In the current work we want to continue our research regarding DPDs on the lattice by extending
our calculation on the contributions from flavor interference. These are usually considered to be
suppressed.

2. Double parton distributions and two-current matrix elements

The definition of (collinear) DPDs for unpolarized protons is given by the following integral
of proton matrix elements of two light-cone currents [4]:

𝐹𝑎1𝑎2 (𝑥1, 𝑥2, 𝒚) = 2𝑝+
∫

d𝑦−
∫ d𝑧−1

2𝜋
d𝑧−2
2𝜋

𝑒𝑖 (𝑥1𝑧
−
1 +𝑥2𝑧

−
2 ) 𝑝+

×
∑︁′

_

⟨𝑝, _ | O𝑎1 (𝑦, 𝑧1) O𝑎2 (0, 𝑧2) |𝑝, _⟩ , (4)
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including the helicity average
∑′
_ =

1
2
∑
_. This equation involves the light-cone operators:

O𝑎 (𝑦, 𝑧) = 𝑞

(
𝑦 − 1

2 𝑧
)
Γ𝑎 𝑞

′
(
𝑦 + 1

2 𝑧
)���
𝑧+=𝑦+=0, 𝒛=0

, (5)

where the Dirac matrix Γ𝑎 selects the quark polarization

Γ(𝑞𝑞′ ) =
1
2𝛾

+ , ΓΔ(𝑞𝑞′ ) =
1
2𝛾

+𝛾5 , Γ
𝑗

𝛿 (𝑞𝑞′ ) =
1
2 𝑖𝜎

𝑗+𝛾5 ( 𝑗 = 1, 2) , (6)

corresponding to unpolarized, longitudinally polarized and transversely polarized quarks. Applying
symmetry arguments, we can give a decomposition of the DPDs 𝐹 (𝑥𝑖 , 𝒚) in terms of transversely
rotationally invariant functions 𝑓 (𝑥𝑖 , 𝑦2). For flavor diagonal channels these are given by:

𝐹𝑞1𝑞2 (𝑥1, 𝑥2, 𝒚) = 𝑓𝑞1𝑞2 (𝑥1, 𝑥2, 𝑦
2) ,

𝐹Δ𝑞1Δ𝑞2 (𝑥1, 𝑥2, 𝒚) = 𝑓Δ𝑞1Δ𝑞2 (𝑥1, 𝑥2, 𝑦
2) ,

𝐹
𝑗1
𝛿𝑞1𝑞2

(𝑥1, 𝑥2, 𝒚) = 𝜖 𝑗1𝑘 𝒚𝑘 𝑚 𝑓𝛿𝑞1𝑞2 (𝑥1, 𝑥2, 𝑦
2) ,

𝐹
𝑗2
𝑞1 𝛿𝑞2

(𝑥1, 𝑥2, 𝒚) = 𝜖 𝑗2𝑘 𝒚𝑘 𝑚 𝑓𝑞1 𝛿𝑞2 (𝑥1, 𝑥2, 𝑦
2) ,

𝐹
𝑗1 𝑗2
𝛿𝑞1 𝛿𝑞2

(𝑥1, 𝑥2, 𝒚) = 𝛿 𝑗1 𝑗2 𝑓𝛿𝑞1 𝛿𝑞2
(𝑥1, 𝑥2, 𝑦

2)

+
(
2𝒚 𝑗1 𝒚 𝑗2 − 𝛿 𝑗1 𝑗2 𝒚2)𝑚2 𝑓 𝑡𝛿𝑞1 𝛿𝑞2

(𝑥1, 𝑥2, 𝑦
2) . (7)

This is the same for flavor interference. In that case, we indicate the quark flavors belonging to
one operator by parentheses. For instance, we denote the unpolarized DPD for 𝑢𝑑-interference as
𝐹(𝑑𝑢) (𝑢𝑑) and the corresponding longitudinally polarized DPD as 𝐹Δ(𝑑𝑢)Δ(𝑢𝑑) .

DPDs cannot be calculated directly on the lattice, since the operators (5) involve light-like quark
field separations. Instead, we consider Mellin moments of DPDs, where the light-cone operators are
reduced to local operators, which are well understood on the lattice. We denote the corresponding
rotationally invariant Mellin moments as:

𝐼𝑎1𝑎2 (𝑦2) =
∫ 1

−1
d𝑥1

∫ 1

−1
d𝑥2 𝑓𝑎1𝑎2 (𝑥1, 𝑥2, 𝑦

2) . (8)

The matrix elements to be calculated have the following form:∑︁′

_

⟨𝑝, _ | 𝐽`1 · · ·
𝑞1𝑞

′
1,𝑖1

(𝑦) 𝐽`2 · · ·
𝑞2𝑞

′
2,𝑖2

(0) |𝑝, _⟩ , (9)

where we consider three kinds of local currents:

𝐽
`

𝑞𝑞′ ,𝑉 (𝑦) = 𝑞(𝑦)𝛾
` 𝑞′(𝑦) , 𝐽

`

𝑞𝑞′ ,𝐴(𝑦) = 𝑞(𝑦)𝛾
`𝛾5 𝑞

′(𝑦) , 𝐽
`a

𝑞𝑞′ ,𝑇 (𝑦) = 𝑞(𝑦)𝜎
`a 𝑞′(𝑦) . (10)

In analogy to (7) we can decompose the matrix elements (9) in terms of Lorentz invariant functions
𝐴(𝑝𝑦, 𝑦2), 𝐵(𝑝𝑦, 𝑦2), . . . and a suitable set of basis tensors, so that there is a one-to-one corre-
spondence to the rotationally invariant DPDs. More details on these decompositions can be found
in [8]. For the leading-twist contributions in (7) we can identify:

𝐼𝑎1𝑎2 (𝑦2) =
∫ ∞

−∞
d(𝑝𝑦) 𝐴𝑎1𝑎2 (𝑝𝑦, 𝑦2) ,
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𝐼 𝑡𝛿𝑞𝛿𝑞′ (𝑦
2) =

∫ ∞

−∞
d(𝑝𝑦) 𝐵𝛿𝑞𝛿𝑞′ (𝑝𝑦, 𝑦2) . (11)

DPDs can be approximated in terms of GPDs by inserting a complete set of eigenstates between
the two light-cone operators and assuming that the hadron state with lowest energy dominates. For
flavor diagonal contributions this leads to a convolution of two impact parameter distributions:

𝐹𝑎1𝑎2 (𝑥1, 𝑥2, 𝒚)
?
=

∫
d2𝒃 𝑓𝑎1 (𝑥1, 𝒃 + 𝒚) 𝑓𝑎2 (𝑥2, 𝒃) . (12)

For the flavor interference DPD, we get an analogous expression, involving transition distributions
𝑓𝑢𝑑 (𝑥, 𝒚), 𝑓𝑑𝑢 (𝑥, 𝒚), since the flavor changing operators turn the proton into a neutron. On the level
of Lorentz invariant functions 𝐴(𝑝𝑦, 𝑦2) the convolution turns into an integral of Pauli and Dirac
form factors 𝐹1,2(𝑡), which we shall consider later in this work.

3. Lattice simulations

In order to obtain the two-current matrix elements (9) on the lattice, we have to evaluate
four-point functions, which we define as:

𝐶
𝑖 𝑗 , ®𝑝
4pt (®𝑦 , 𝑡, 𝜏) := 𝑎6

∑︁
®𝑧 ′ ,®𝑧

𝑒−𝑖 ®𝑝 (®𝑧
′−®𝑧 )

〈
tr
{
𝑃+P(®𝑧 ′, 𝑡) 𝐽𝑖 (®𝑦 , 𝜏) 𝐽 𝑗 (®0 , 𝜏) P(®𝑧 , 0)

}〉
, (13)

where P and P are the proton creation and annihilation operators and the sum over ®𝑧 , ®𝑧 ′ together
with the subsequent phase projects on a definite proton momentum. The two quark currents are
placed on the same Euclidean time slice. 𝑃+ projects onto the required state with positive parity.

The local two-current matrix element itself is obtained by calculating the ratio of four-point
functions and the proton two-point function:

2𝑉
√︃
𝑚2 + ®𝑝 2

𝐶
𝑖 𝑗 , ®𝑝
4pt (®𝑦 , 𝑡, 𝜏)

𝐶
®𝑝
2pt(𝑡)

������
0≪𝜏≪𝑡

=

∑
__′ �̄�

_′ (𝑝)𝑃+𝑢_(𝑝) ⟨𝑝, _ | 𝐽𝑖 (𝑦) 𝐽 𝑗 (0) |𝑝, _′⟩∑
_ �̄�

_(𝑝)𝑃+𝑢_(𝑝)

�����
𝑦0=0

=
∑︁′

_

⟨𝑝, _ | 𝐽𝑖 (𝑦) 𝐽 𝑗 (0) |𝑝, _⟩ , (14)

After applying Wick’s theorem, the expectation value in (13) decomposes in five kinds of Wick
contractions. Following the nomenclature of [8] these are called 𝐶1, 𝐶2, 𝑆1, 𝑆2 and 𝐷. The specific
contribution depends on the baryon and the quark flavors of the local operators. In the case of light
quarks with equal masses, we have to consider three contributions of 𝐶1 topology, namely 𝐶1,𝑢𝑢𝑑𝑑 ,
𝐶1,𝑢𝑢𝑢𝑢 and 𝐶1,𝑑𝑢𝑢𝑑 , where the latter is only relevant for flavor interference contributions. For 𝐶2
and 𝑆1 there is one contribution for each quark flavor, i.e. 𝐶2,𝑢, 𝐶2,𝑑 , 𝑆1,𝑢 and 𝑆1,𝑑 , where the flavor
is fixed by the quark lines connecting the proton source/sink and one of the insertions. 𝑆2 and 𝐷
are independent of quark flavors for degenerate quark masses. The topology of each contraction
kind is sketched in figure 1.

Once we fix the quark flavors of the operators we can give an explicit sum of contractions for
the considered matrix element. For helicity averaged proton matrix elements we have:

4
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Cij
1,q1...q4

=

Jq1q2,i

Jq3q4,j

Cij
2,q =

Jq′q,j

Jqq′,i

Sij
1,q =

Jqq,i

Jj

Gi
3pt,q

Lj
1

Sij
2 =

Ji

Jj

G2pt

Lij
2

Dij =

Ji

Jj

G2pt

Li
1

Lj
1

Figure 1: Sketch of all types of Wick contractions involved in the calculation of a nucleon four-point function.
For the disconnected diagrams we also indicate the disconnected parts, i.e. 𝐺3pt, 𝐺2pt and the loops 𝐿1 and
𝐿2. The dark green blobs are the nucleon source and sink, the red points are the insertion operators.

id 𝛽 𝑎[fm] 𝐿3 × 𝑇 ^𝑙 ^𝑠 𝑚𝜋,𝐾 [MeV] 𝑚𝜋𝐿𝑎 configs
H102 3.4 0.0856 323 × 96 0.136865 0.136549339 355, 441 4.9 2037

Table 1: Details on the CLS ensemble which is used for the calculation of the two-current matrix elements.
The simulation includes 990 configurations.

⟨𝑝 | 𝐽𝑢𝑢,𝑖 (𝑦) 𝐽𝑑𝑑, 𝑗 (0) |𝑝⟩
��
𝑦0=0 = 𝐶

𝑖 𝑗 , ®𝑝
1,𝑢𝑢𝑑𝑑 (®𝑦 ) + 𝑆

𝑖 𝑗 , ®𝑝
1,𝑢 (®𝑦 ) + 𝑆 𝑗𝑖, ®𝑝1,𝑑 (−®𝑦 ) + 𝐷𝑖 𝑗 , ®𝑝 (®𝑦 ) ,

⟨𝑝 | 𝐽𝑢𝑢,𝑖 (𝑦) 𝐽𝑢𝑢, 𝑗 (0) |𝑝⟩
��
𝑦0=0 = 𝐶

𝑖 𝑗 , ®𝑝
1,𝑢𝑢𝑢𝑢 (®𝑦 ) + 𝐶

𝑖 𝑗 , ®𝑝
2,𝑢 (®𝑦 ) + 𝐶 𝑗𝑖, ®𝑝2,𝑢 (−®𝑦 ) + 𝑆𝑖 𝑗 , ®𝑝1,𝑢 (®𝑦 ) + 𝑆 𝑗𝑖, ®𝑝1,𝑢 (−®𝑦 )

+ 𝑆𝑖 𝑗 , ®𝑝2 (®𝑦 ) + 𝐷𝑖 𝑗 , ®𝑝 (®𝑦 ) ,

⟨𝑝 | 𝐽𝑑𝑑,𝑖 (𝑦) 𝐽𝑑𝑑, 𝑗 (0) |𝑝⟩
��
𝑦0=0 = 𝐶

𝑖 𝑗 , ®𝑝
2,𝑑 (®𝑦 ) + 𝐶 𝑗𝑖, ®𝑝2,𝑑 (−®𝑦 ) + 𝑆𝑖 𝑗 , ®𝑝1,𝑑 (®𝑦 ) + 𝑆 𝑗𝑖, ®𝑝1,𝑑 (−®𝑦 )

+ 𝑆𝑖 𝑗 , ®𝑝2 (®𝑦 ) + 𝐷𝑖 𝑗 , ®𝑝 (®𝑦 ) ,

⟨𝑝 | 𝐽𝑑𝑢,𝑖 (𝑦) 𝐽𝑢𝑑, 𝑗 (0) |𝑝⟩
��
𝑦0=0 = 𝐶

𝑖 𝑗 , ®𝑝
1,𝑑𝑢𝑢𝑑 (®𝑦 ) + 𝐶

𝑖 𝑗 , ®𝑝
2,𝑢 (®𝑦 ) + 𝐶 𝑗𝑖, ®𝑝2,𝑑 (−®𝑦 ) + 𝑆𝑖 𝑗 , ®𝑝2 (®𝑦 ) , (15)

In our simulation we use a gauge ensemble employingO(𝑎)-improved 𝑛 𝑓 = 2+1 Sheikholeslami-
Wohlert fermions, which has been generated by the CLS collaboration [10]. Details on the ensemble
are summarized in table 1. Our simulation includes 990 configurations. In order to increase the
overlap with the ground state, we use boosted nucleon sources and sinks [11] in combination with
APE-smeared gauge fields [12]. The calculation is performed for a fixed nucleon point source, the
momentum projection is realized at the sink and by the volume sum at the insertion time slice. In the
calculation of the diagrams of type 𝐶1, 𝐶2 and 𝑆1 we make use of the sequential source technique.
The contractions of type𝐶1 and𝐶2, as well as the loops 𝐿1 of the disconnected diagrams require the
usage of stochastic propagators. In the case of 𝐶2 and 𝐿1 these can be improved using the hopping
parameter expansions [13]. More details on the simulation are given in [8]
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(a) Flavor dependence for 𝐴𝑞1𝑞2
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(b) Flavor dependence for 𝐴𝑞1 𝛿𝑞2

Figure 2: Comparison of the invariant function 𝐴(𝑝𝑦, 𝑦2) for different quark flavors including the interference
contribution (orange). Panel (a) shows the result for two unpolarized quarks, panel (b) those for one
unpolarized quark and one transversely polarized quark.

4. Results

In order to estimate the relevance of flavor interference contributions, we compare the corre-
sponding results for given quark polarizations to their flavor diagonal counterparts. This is shown
in figure 2(a) for two unpolarized quarks and figure 2(b) for one transversely polarized quark, where
the remaining quark is again unpolarized. In both cases we observe values for the interference
contributions that have an absolute value comparable to the 𝑑𝑑 contribution. Moreover, for some
values of 𝑦, the interference signal is negative.

Another interesting aspect to investigate is the comparison of the data obtained from the lattice
to predictions by quark models. In this work, we consider a simple 𝑆𝑈 (6) symmetry w.r.t. quark
spin and flavor. In this context, the proton wave function can be expressed as:

|𝑝↑⟩ = 1
3
√

2

[
|𝑢↑𝑢↓𝑑↑⟩ + |𝑢↓𝑢↑𝑑↑⟩ − 2 |𝑢↑𝑢↑𝑑↓⟩ + |𝑢↑𝑑↑𝑢↓⟩ + |𝑢↓𝑑↑𝑢↑⟩ − 2 |𝑢↑𝑑↓𝑢↑⟩ +

+ |𝑑↑𝑢↑𝑢↓⟩ + |𝑑↑𝑢↓𝑢↑⟩ − 2 |𝑑↓𝑢↑𝑢↑⟩
]
. (16)

Although this is a very rudimentary description of the proton neglecting various degrees of freedom
like the quark distance, certain quantities like ratios between matrix elements could still be well
predicted. Using the 𝑆𝑈 (6) wave function (16), one can derive the following ratios:

𝑓𝑑𝑢𝑢𝑑

𝑓𝑢𝑑
= −1

2
,

𝑓𝑑𝑢𝑢𝑑

𝑓𝑢𝑢
= −1

2
,

𝑓𝑢𝑑

𝑓𝑢𝑢
= +1 ,

𝑓Δ(𝑑𝑢)Δ(𝑢𝑑)
𝑓Δ𝑢Δ𝑑

= −5
4
,

𝑓Δ(𝑑𝑢)Δ(𝑢𝑑)
𝑓Δ𝑢Δ𝑢

= +5
2
,

𝑓Δ𝑢Δ𝑑

𝑓Δ𝑢Δ𝑢
= −2 ,

𝑓Δ𝑢Δ𝑑

𝑓𝑢𝑑
= −2

3
,

𝑓Δ𝑢Δ𝑢

𝑓𝑢𝑢
= +1

3
,

𝑓Δ(𝑑𝑢)Δ(𝑢𝑑)
𝑓𝑑𝑢𝑢𝑑

= −5
3
. (17)
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Figure 3: Comparison between ratios of certain flavor channels obtained from the four-point data and the
corresponding values predicted by the 𝑆𝑈 (6) model (dashed, orange line). The blue data points correspond
to the result containing 𝐶1 data only, while the green data points include all connected diagrams.

In figure 3 we show some selected results for these ratios obtained from our four-point data. Notice
that𝐶1 can be considered as more consistent with the picture of a three-quark wave function than𝐶2.
Thus, we consider separately the results for the 𝐶1 contraction and the result where all connected
diagrams are taken into account. For the unpolarized channels, it appears that the 𝐶1-data (blue)
coincides very well with the 𝑆𝑈 (6)-ratio (orange dashed line). However, for the complete result we
observe deviations, especially for smaller 𝑦. Although not shown, let us note that for the polarized
channels the 𝑆𝑈 (6)-ratios do not agree at all with those obtained from the four-point data.

The last aspect we want to consider here is the factorization of DPDs in terms of impact
parameter distributions according to (12). In [8] we derived the following factorized expression for
𝐴𝑞𝑞′ :

𝐴𝑞𝑞′ (𝑝𝑦 = 0,−𝒚2) ?
=

1
2𝜋2

∫ 1

0
dZ

(1 − Z

2 )
2

1 − Z

∫
d𝑟 𝑟𝐽0(𝑦𝑟)

[
𝐾1(Z) 𝐹𝑞1 (𝑡) 𝐹

𝑞′

1 (𝑡)

−𝐾2(Z)
(
𝐹
𝑞

1 (𝑡) 𝐹
𝑞′

2 (𝑡) + 𝐹𝑞
′

1 (𝑡) 𝐹𝑞2 (𝑡)
)
+
(
𝐾3(Z) + 𝐾4(Z)

𝒓2

4𝑚2

)
𝐹
𝑞

2 (𝑡) 𝐹
𝑞′

2 (𝑡)
]
, (18)

where 𝐹𝑞1,2 are Pauli and Dirac form factors and

𝐾1(Z) := 1 − 𝐾2(Z) , 𝐾2(Z) :=
Z2

(2 − Z)2 ,

𝐾3(Z) :=
(𝐾2(Z))2

𝐾1(Z)
, 𝐾4(Z) :=

1
1 − Z , (19)

As we already mentioned in the context of (12), in the case of flavor interference, the usual form
factors 𝐹𝑞

𝑖
are replaced by proton-neutron transition form factors 𝐹𝑢𝑑

𝑖
and 𝐹𝑑𝑢

𝑖
, respectively. In

this work, these are calculated from the usual flavor diagonal form factors by exploiting isospin
symmetry, so that the involved transition matrix elements can be expressed as:
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Figure 4: The four-point data (green) is compared to the factorized result obtained from (18). The left panel
shows again the result for 𝐴𝑢𝑑 given in [8]. The corresponding test for 𝐴(𝑢𝑑) (𝑑𝑢) is shown in the right panel.

⟨𝑝 | 𝐽𝑢𝑑𝑖 |𝑛⟩ = ⟨𝑝 | 𝐽𝑢𝑖 |𝑝⟩ − ⟨𝑝 | 𝐽𝑑𝑖 |𝑝⟩ (20)

In order to calculate the integral (18) we use the data of Pauli and Dirac form factors obtained on the
lattice in the context of the simulation described in [14]. Figure 4 shows the corresponding results
compared to the four-point data (green). In figure 4(a) we give the result for the flavor diagonal
𝑢𝑑-channel we already presented in [8]. An analogous plot for the 𝑢𝑑𝑑𝑢 interference contribution
is given by figure 4(b). Again one can observe that the factorization ansatz predicts the correct
order of magnitude. However, discrepancies to the four-point data are enhanced.

5. Conclusions

We extended our previous analyses of DPDs of the nucleon on the lattice by calculating flavor
interference contributions. It was observed that the size of these contributions is comparable to the
flavor diagonal 𝑑𝑑 channel. Moreover, we considered ratios of DPDs for certain flavor combinations
which can also be calculated within a 𝑆𝑈 (6) quark model. On the level of invariant functions, these
ratios were compared to the corresponding data obtained on the lattice, where we observed poor
agreement, in particular for small 𝑦. Finally, we checked (again on the level of invariant functions) to
what extent the DPDs can be factorized in terms of nucleon form factors. Like for the flavor diagonal
channel, we observed that the correct order of magnitude is predicted, however discrepancies are
slightly larger. Our next step will be to study the continuum limit.
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