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1. Introduction

Quantum chromodynamics (QCD) is studied at finite temperature and chemical potential in
order to understand the properties of hot and dense matter created in heavy ion collision (HIC)
experiments. To describe the state of the matter at extreme conditions, the equation of state (EoS)
of QCD in the grand canonical ensemble at finite temperature and non-zero chemical potentials is
important. This EoS is an essential input for interpreting heavy ion data [1] in thermal equilibrium
and for hydrodynamic modeling of matter created in HIC experiments. It is also used in the analysis
of the “cosmic trajectory" [2] at high temperature and low chemical potentials, and for the EoS of
neutron star mergers [3, 4] at low temperature and high chemical potentials.

The EoS of (2+1)-flavor QCD, or the relationship between the pressure, energy density, entropy
density and temperature of a system, has been well studied at vanishing chemical potential using
lattice techniques in [5–7]. However, it is difficult to calculate the EoS at non-vanishing chemical
potentials due to the sign problem. Currently, the most commonly used methods for determining
the EoS at non-vanishing chemical potentials are Taylor expansion and analytic continuation, both
of which have their own strengths and limitations. Taylor expansion, analytic continuation and
various resummation technique have been used recently to analyze the EoS at non-vanishing values
of the chemical potentials for baryon number, electric charge, and strangeness in previous lattice
QCD calculations [8–14].

Recently, we proposed the use of the Padé approximation [15] to improve upon ordinary Taylor
expansions of pressure, which we hope will also increase the reliability of the EoS at finite chemical
potentials. We have updated our previous analysis of the EoS of (2+1)-flavor QCD using a large
data set of gauge field configurations generated using SIMULATeQCD [16] with the HISQ action. A
new data set for #g = 16 and a larger data set for temperatures between 125-175 MeV were used
to update our analysis of the EoS in (2+1)-flavor QCD using the HISQ/tree action. The increased
statistics, which include approximately 1.5 million configurations on 323 × 8 lattices at the pseudo-
critical temperature of 156.5(1.5) MeV, allowed us to extend our previous Taylor series results to
eighth-order in the chemical potentials. We use the publicly available AnalysisToolbox [17] for
most of the data analysis in this proceeding.

2. Taylor expansion and Padé resummation of bulk thermodynamics

The notation used for the Taylor expansions of bulk thermodynamic observables in (2+1)-flavor
QCD is outlined in [18]. For ease of reference, we provide a brief summary below,
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Figure 1: Second-order (top, left), fourth-order (top, right), sixth-order (bottom, left) and eighth-order
(bottom, right) expansion coefficients of pressure (%2: ), net baryon number density (#2:−1), energy density
(n2: ) and entropy density (f2: ) for a strangeness-neutral medium (=( = 0) with electric charge to baryon-
number density =&/=� = A = 0.4. The solid lines are constructed from the parametrization in Table
1.
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We will study matter that is strangeness neutral (=( = 0) at a fixed ratio of electric charge
to baryon number (=&/=� = A) by introducing constraints on the electric charge and strangeness
chemical potentials. This makes ˆ̀& and ˆ̀( functions of ) and ˆ̀�, and hence we can expand
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The explicit expressions of @8 and B8 for 8 = 1, 3, 5, 7 can be found in [19, 20]. By substituting the
expressions of `& and `( using Eq. 5, one can calculate the Taylor series expansion for the number
density, the ˆ̀�-dependent part of the pressure, the energy density, and the entropy density,
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The expansion coefficient of the number density and electric charge chemical potentials will be
related to other observables in the following way,
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In Fig. 1, we present the results for the expansion coefficients of the pressure series, as well
as those for the number density, energy density and entropy density for A = 0.4. For = = 1 and 2,
the coefficients for the energy density and entropy density have been extrapolated to the continuum
limit. For = = 3 and 4, we provide spline interpolations of the results obtained using #g = 8.
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Figure 2: Comparison of different (top) order Taylor expansion results for Δn/)4 with corresponding [2,4]
Padé approximants. The yellow bands highlight the )pc = 156.5(1.5) MeV.

In order to understand the range of validity of energy density and entropy density as a function
of baryon chemical potential, we will use Taylor series and Padé approximants to compare different
orders. Our focus will be on strangeness-neutral matter with a ratio of electric charge density to
baryon number density of A = 0.4, which is seen in heavy ion collision experiments where the
net strangeness number density is zero and the ratio of net electric charge to net baryon number
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Figure 3: Pressure (left), energy (middle) and entropy (right) densities versus temperature for several values
of the baryon chemical potential. Figures show results for the case =( = 0, =&/=� = 0.4 in the temperature
interval [130 MeV:280 MeV]. The results and parametrization for ˆ̀� = 0 were taken from [6]. The solid
lines are produced using the parametrization listed in Table 1, while the dotted lines are based on the
QMHRG2020 [22, 23] calculation.

density is 0.4 [18]. As part of our analysis, we will define the [2,4] Padé approximant for energy
and entropy densities,(
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In Fig. 2, we present the energy density (top, left) and entropy density (top, right) for various
values of ˆ̀� as a function of temperature. We have found that for high temperatures () & 200MeV),
the Taylor series quickly converges for these observables, as reported in [21]. We also show results
for larger chemical potentials, such as ˆ̀� ' 3, for energy and entropy density at temperatures above
200 MeV. In Fig. 2 (bottom, left), we compare the results of the 6th-order Taylor series for Δn with
the corresponding [2,4] Padé approximants introduced in Eq.13. We see that the Taylor series and
the [2,4] Padé approximants agree well up to a baryon chemical potential of `�/) & 2.5. However,
at the highest chemical potential, the energy density becomes somewhat “wiggly." The reliability
of the energy density is therefore limited to 2 < `�/) < 2.5. Similar conclusions can be drawn
from the comparison of the Taylor expansion and Padé approximant of the entropy density show in
Fig. 2 (bottom, right).

3. Parametrization of the EoS of (2+1)-flavor QCD

In Fig. 3, we present the total pressure (left), energy (middle), and entropy (right) densities for
ˆ̀� ∈ [0 : 2.0] at all temperatures analyzed. For ˆ̀� = 2.5, we only show results for energy and
entropy density at temperatures ) ≥ 140 MeV. The EoS at fixed {=( = 0, =&/=� = 0.4, `�/)} is
represented by these results. In this section, we will also also update the parametrization for `� > 0
from [18]. The #:’s and @:’s (where : = 1, 3, 5) can be used to create all expansion coefficients
of the bulk thermodynamic observables, as shown by Eq. (9-12). The functional forms of the #:’s
and @:’s are defined as follows:
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Figure 4: Lines of constant entropy per baryon number (left) in the )- ˆ̀� plane. Pressure, energy and
entropy densities (right) versus temperature in constant B/=� trajectories.

: # �
:,0= # �

:,1= # �
:,2= # �

:,3= # �
:,4= # �

:,13 # �
:,23 # �

:,33 # �
:,43

1 0.181146 -0.42891324 0.40657622 -0.14809017 0.00584306 -2.79490041 3.91094903 -3.26388671 1.33731772
3 -0.00553136 0.04533642 -0.09913670 0.08379059 -0.02394836 -0.17023948 -1.82763726 0.0 1.05942220
5 1.3211e-04 -9.0274e-04 0.00227410 -0.00247477 9.5899e-04 -1.06474394 0.19724813 -1.02866873 0.95555405
: @:,0= @:,1= @:,2= @:,3= @:,4= @:,13 @:,23 @:,33 @:,43
1 -0.04047945 0.11134466 -0.12450449 0.06478750 -0.01337327 -2.93860831 3.79902478 -2.61981879 0.84469060
3 3.4415e-04 -0.00112178 0.00120661 -3.5765e-04 -8.2661e-05 -3.73942745 5.37449512 -3.55442936 0.92870411
5 -3.8228e-05 1.5320e-04 -2.5454e-04 2.0114e-04 -6.0832e-05 -2.29784880 1.47464250 0.0 -0.17185948

Table 1: The parameter values can be utilized to build the ˆ̀� dependent part of the equation of state.

#�: =
#�
:,0= + #

�
:,1= C̄ + #

�
:,2= C̄

2 + #�
:,3= C̄

3 + #�
:,4= C̄

4

1 + #�
:,13 C̄ + #

�
:,23 C̄

2 + #�
:,33 C̄

3 + #�
:,43 C̄

4 , : = 1, 3, 5 . (15)

@: =
@:,0= + @:,1= C̄ + @:,2= C̄2 + @:,3= C̄3 + @:,4= C̄4

1 + @:,13 C̄ + @:,23 C̄2 + @:,33 C̄3 + @:,43 C̄4
, : = 1, 3, 5 . (16)

Here C̄ = )0/) with an arbitrary temperature scale )0 = 154 MeV used as a normalization.
The values of the parameters used in these functions are listed in Table 1. The temperature
derivatives can be obtained by taking the analytical derivatives of these functions. The consistency
of this parametrization is tested on the expansion coefficients shown in Fig. 1. By combining the
parametrization found in Table 1 with the `� = 0 parametrization found in [6], we have produced
the central lines shown in Fig. 3. The provided parametrization for ?, n, B at non-zero chemical
potential accurately describes the lattice QCD data in the temperature range ) ∈ [135 : 280] and
chemical potential `�/) ∈ [0 : 2.5]. These parametrization can also be used to calculate speed of
sound and other transport coefficients.

In heavy ion experiments, strongly interacting matter is created when nuclei collide and then
its expand and cool while following lines of constant entropy per net baryon number. Thus, to
obtain an EoS for fixed {=( = 0, =&/=� = 0.4, B/=�} we must solve Eq. 17 for `�/) to determine

6
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B/=� )pc [MeV] `�/) ? [MeV/fm3] n [MeV/fm3] s [MeV/fm2]
400 155 0.15(2) 55(7) 355(42) 512(60)
50 150 1.2(1) 47(6) 301(35) 446(52)
30 145 2.5(6) 48(9) 336(83) 525(107)

Table 2: Value of pressure, energy and entropy density for different B/=� and correspoding ) and `�/) .

the `�/) vs. ) trajectories that keep B/=� fixed [24].

B

=�
=

f0 +
∞∑
:=1

f2: ()) ˆ̀2:
�

∞∑
:=1

#2:−1()) ˆ̀2:−1
�

(17)

In Figure 4 (left), we plot the `�/) against temperature ()) for various values of B/=�. It can
be observed that `�/) remains relatively constant at temperatures above 250 MeV for fixed B/=�
values greater than 100. However, for smaller B/=� values, `�/) increases at both high and low
temperatures. We also compare these curves to those of ideal gas curves and find that the deviation
is approximately 20% for all B/=� values at the highest temperature. Additionally, we used the
previously mentioned parametrization to calculate these trajectories and plotted them as black solid
lines.

In Fig. 4 (right), we present the temperature dependence of pressure, energy, and entropy
densities at fixed B/=� trajectories. These observables exhibit similar behavior to those obtained at
fixed ˆ̀�, as shown in Fig. 3. However, above the pseudo-critical temperature, we observe a sharp
increase in these observables for smaller B/=� as the `�/) increases at high temperatures. We
also include solid lines representing the parametrization of ?, n , and B on fixed B/=� trajectories in
these figures. In Table 2, we provide some preliminary numbers for the pressure,energy and entropy
density near the pseudo-critical temperature )pc(), `�/)) = )pc,0(1 − ^2(`�/))2) [25]. The EoS
for fixed B/=� calculated here is applicable to the range of beam energies currently accessible by
BES-II at RHIC in collider mode, which is 7.7 GeV ≤ √B

##
≤ 200 GeV.

4. Summary

In this study, we focused on the Taylor expansion of various thermodynamic quantities, such as
pressure, energy, and entropy densities, for strange neutral matter with a electric charge to baryon
number density ratio of A = 0.4. We observed that ˆ̀� dependent part of these observables converge
faster to their ideal gas values at high temperatures. We also developed the equation of state for
this matter and found that it can be accurately described using Padé approximants. Our comparison
of Taylor expansions and Padé approximants at certain ˆ̀� values has given us confidence in the
validity of our Taylor expansion results within a range that varies from ˆ̀� ' 2.5 at low temperatures
to ˆ̀� & 3 at temperatures above 200 MeV. Additionally, we have updated the parametrization of
the EoS for the `�-dependent part. We also present the EoS of (2+1)-flavor QCD on the fixed B/=�
trajectories relevant for BES II at RHIC.
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In the future, we aim to smooth out the "wiggles" observed in energy and entropy densities
at `�/) = 2.5 by constructing Padé approximants for these quantities using the pressure Padé and
utilizing thermodynamic relations. This method has been successfully applied for the vanishing
electric charge chemical potential in [21].
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