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1. Introduction

A detailed knowledge of the phase diagram of QCD is necessary for a complete understanding
of the physics of strongly interacting matter at finite temperature and density. At zero chemical
potentials the QCD transition is known to be a crossover. The transition is conjectured to become
a first-order transition at large chemical potentials; then one expects the presence of a second order
critical endpoint (CEP), whose exact location however is still unknown. Much progress has been
done in investigating the QCD phase diagram at small chemical potentials (for a review see ref. [1]).
Unfortunately at large chemical potentials the QCD phase diagram remains inaccessible to direct
lattice simulations because of the sign problem. Some methods have been developed to tackle the
sign problem, such as Taylor expansion [2][3] and analytic continuation from imaginary 𝜇 [4][5].
These techniques exploit the absence of the sign problem at zero and purely imaginary chemical
potentials. With the former method physical quantities are Taylor expanded around 𝜇 = 0, and the
series coefficients are calculated directly on the lattice. With the latter method physical quantities
are calculated at imaginary 𝜇 and then analytically continued to real 𝜇. Here we follow a new
method which can be regarded as a combination of these two approaches. For any given observable
we calculate the Taylor series coefficients at zero and purely imaginary chemical potentials. The
Taylor series are merged by using multi-point Padé approximants. Not only these can be analytically
continued to real 𝜇, but information about the analytical structure of the observables can also be
obtained by studying the poles of the approximants [6].

2. Lee-Yang edge singularities

The main focus of this work is the study of the critical points of QCD in the complex 𝜇𝐵 plane.
Notably there is a deep connection between singularities in the complex plane and phase transitions.
Consider for instance the Ising model (see [7][8][9]). At 𝑇 > 𝑇𝑐 the free energy has branch cuts
on the imaginary axis for the magnetic field ℎ. The branch points are known as Yang-Lee edge
singularities. As 𝑇 → 𝑇𝑐 the branch cuts pinch the real axis, signaling the presence of a real phase
transition. Lee-Yang singularities are particularly relevant for QCD. From their trajectory one can
infer the location of a physical phase transition. Since their presence implies a finite radius of
convergence for Taylor expansions, information can be obtained about the range of validity of the
results obtained in the literature by the Taylor expansion method. Finally from the universal scaling
properties of the LYE singularities, information can be obtained about the non-universal parameters
of the theory.

3. The Roberge-Weiss transition region

We have investigated by lattice simulations two temperature regimes, one at high temperature
(𝑇 = 179.5 - 195.0 𝑀𝑒𝑉) and one at low temperature (𝑇 = 136.1 - 166.6 𝑀𝑒𝑉). In the high
temperature regime we have studied the LYE singularities associated with the RW critical point.
We have performed numerical simulations for 𝑁 𝑓 = 2 + 1 QCD using highly-improved staggered
quarks (HISQ) on 363 × 6 lattices. We have calculated the baryon number and electric charge
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cumulants,
𝜒1
𝐵,𝑄 ≡ 1

𝑉𝑇3
1
𝑍

𝜕𝑍

𝜕�̂�𝐵,𝑄

,

and their first derivative with respect to �̂�𝐵 =
𝜇𝐵

𝑇
for 𝑂 (10) imaginary chemical potentials.

The calculations were made at four different temperatures 𝑇 = 195.0, 190.0, 185.0 and 179.5
𝑀𝑒𝑉 . The highest temperature is close to the RW temperature that we expect given our choice for
the action discretization [10]. The numerical results for the baryon number density are shown in
fig. 1.
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Figure 1: Imaginary part of 𝜒1
𝐵

(left) and real part of 𝜒2
𝐵

(right) as a function of �̂�𝐵 for different temperatures
(high temperature regime).

Figure 2: Singularity structure of the rational approximants at 𝑇 =179.5 𝑀𝑒𝑉 (top left), 185.0 𝑀𝑒𝑉 (top
right), 190.0 𝑀𝑒𝑉 (bottom left) and 195.0 𝑀𝑒𝑉 (bottom right).

The left picture shows the imaginary part of the baryon number density and the right picture
shows the real part of its derivative with respect to �̂�𝐵. Different colors correspond to different
temperatures and we can see a divergence emerging at the highest temperature for 𝜒2

𝐵
. These data

have been approximated by multi-point Padé approximants. Fig. 2 shows the singularity structure
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of the Padé approximants. The zeros of the numerator and denominator are displayed respectively
in blue and red. At 𝐼𝑚( �̂�𝐵) = 𝜋 we observe an alternation of zeros of the numerator and zeros of
the denominator signaling the presence of branch cuts. The branch points pinch the real axis as the
temperature is increased.

3.1 Scaling analysis

In the top picture of fig. 3 we display for each temperature the closest singularity to the
imaginary axis. Different colors denote different temperatures. Different symbols denote different
approximants, respectively the approximants for 𝜒1

𝐵
and 𝜒1

𝑄
. The singularities located by these two

observables are in agreement within errors.
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Figure 3: LYE singularities for different temperatures (top) and scaling fit (bottom).

Next we checked whether these singularities could be identified as the LYE singularities
associated with the RW endpoint and whether they follow the critical behaviour expected for the
3𝑑, 𝑍 (2) universality class. The location of the LYE singularities can be expressed in terms of the
scaling field 𝑧 = 𝑡/ℎ1/𝛽𝛿 ≡ |𝑧𝑐 |𝑒𝑖 𝜋/2𝛽𝛿 , where 𝑡 is the reduced temperature and ℎ is the symmetry
breaking field. This relation makes a connection between the universal parameters 𝑧𝑐, 𝛽, 𝛿 and the
non-universal parameters embedded in 𝑡, ℎ [11] [12] [6].
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For the Roberge-Weiss transition we may introduce the reduced temperature 𝑡 = 𝑡−1
0

𝑇𝑅𝑊−𝑇
𝑇𝑅𝑊

and
the symmetry breaking field ℎ = ℎ−1

0
�̂�𝐵−𝑖 𝜋
𝑖 𝜋

. One obtains the following scaling law,

�̂�𝐿𝑌𝐸 = ±𝜋
(
𝑧0
|𝑧𝑐 |

)𝛽𝛿 (
𝑇𝑅𝑊 − 𝑇

𝑇𝑅𝑊

)𝛽𝛿
± 𝑖𝜋 ,

where 𝛽, 𝛿 are the universal critical exponents and 𝑧0 = ℎ
1/𝛽𝛿
0 /𝑡0, 𝑇𝑅𝑊 are non-universal

parameters. In the top picture of fig. 3 it can be recognized that the imaginary part of the
singularities we have found by our Padé analysis is indeed trivially 𝑖𝜋 within errors. For the real
part we can fit the data using the ansatz

�̂�𝑅
𝐿𝑌𝐸 = 𝑎

(
𝑇𝑅𝑊 − 𝑇

𝑇𝑅𝑊

)𝛽𝛿
.

By fitting with the 3𝑑, 𝑍 (2) critical exponents (𝛽𝛿 = 1.5635) we obtain a good fit (𝜒2/𝑑𝑜 𝑓 = 0.25).
From the fit we estimate 𝑇𝑅𝑊 (𝑁𝜏 = 6) = 206.67(59) 𝑀𝑒𝑉 . Using |𝑧𝑐 | = 2.42(4) from ref. [12]
we also find 𝑧0 = 10.0-10.9.

3.2 Continuum limit

We previously conducted a similar analysis using the data obtained from 𝑁𝜏 = 4 lattice
simulations [6]. Using these results and the results from our current analysis we made a crude
estimate for the continuum limit. The result is displayed in fig. 4. We obtained 𝑇𝑐𝑜𝑛𝑡

𝑅𝑊
= 207.1(2.4)

𝑀𝑒𝑉 . This is only a preliminary result and a proper continuum extrapolation would require data
from 𝑁𝜏 = 8 lattice simulations. Still it is in nice agreement with a previous determination
obtained by a different method using a different discretization in ref. [13], where the authors found
𝑇𝑐𝑜𝑛𝑡
𝑅𝑊

= 208(5) 𝑀𝑒𝑉 .

Figure 4: Estimate for the Roberge-Weiss temperature in the continuum limit.

4. The chiral transition and CEP regions

In the low temperature regime we have been hunting for the LYE singularities associated with
the chiral transition (or possibly the critical endpoint of QCD). We ran a series of simulations at

5
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𝑇 = 166.59, 157.50, 145.00 and 136.1 𝑀𝑒𝑉 . The numerical results for the baryon number density
are shown in fig. 5.
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Figure 5: Imaginary part of 𝜒1
𝐵

(left) and real part of 𝜒2
𝐵

(right) as a function of �̂�𝐵 for different temperatures
(all temperatures).

The low temperature data have been approximated by rational functions, just as we did for the
high temperature data. However in this case we observed a strong interval dependence. This is
exemplified in the left picture of fig. 6, where we plot the singularities resulting from the Padé
analysis of the 𝑇 = 145.00 𝑀𝑒𝑉 data. Different colors denote fits over different intervals. We
can recognize two distinct clusters. The results in the bottom cluster are from the fits over (small
variations of) the [0, 𝑖𝜋] interval, the results in the top cluster are from the fits over (small variations
of) the full [0, 2𝑖𝜋] interval. Being located at 𝐼𝑚( �̂�𝐵) ≈ 𝑖𝜋, the top cluster is likely related to the
RW endpoint. In the following we focus on the bottom cluster and we study how it moves as we
change the temperature.
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Figure 6: LYE singularities for different temperatures (right) and scatter plot of the singularities resulting
from Padé fits over different intervals for 𝑇 = 145 𝑀𝑒𝑉 (left).

4.1 Scaling analysis

In the right picture of fig. 6 we summarize the singularities that we have determined in this
work. The uncertainty in the determinations of the singularities in the low temperature regime are
given by the 1𝜎 confidence ellipses. These singularities apparently move towards the real axis as
the temperature is decreased. Their locations imply a radius of convergence R ≈ 3 - 4 for Taylor
series expansions around �̂�𝐵 = 0 at 𝑇 = 136 - 166 𝑀𝑒𝑉 .

These singularities might be identified as the LYE singularities associated with the chiral
transition or possibly with the critical endpoint of QCD.
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Figure 7: Comparison with the predictions for the chiral singularities from HotQCD data at temperatures
𝑇 = 166.59 𝑀𝑒𝑉 (top left), 𝑇 = 157.50 𝑀𝑒𝑉 (top right), 𝑇 = 145.0 𝑀𝑒𝑉 (bottom left) and 𝑇 = 136.10
𝑀𝑒𝑉 (bottom right).
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Figure 8: Overall picture of the comparison with the predictions for the chiral singularities from HotQCD
data (left) and summary of the expected scaling for the LYE singularities associated with the RW endpoint,
with the chiral transition and with the CEP (right, figure from ref. [14]).
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The critical behaviour close to the chiral transition region is expected to follow the behaviour
of a theory belonging to the 3𝑑, 𝑂 (2) universality class. Following ref. [15] the critical behaviour
can be studied by introducing the scaling fields

𝑡 = 𝑡−1
0

[
𝑇 − 𝑇𝑐

𝑇𝑐
+ 𝑘𝐵2

( 𝜇𝐵

𝑇

)2
]

, ℎ = ℎ−1
0

𝑚𝑙

𝑚
𝑝ℎ𝑦𝑠
𝑠

,

where 𝑇𝑐 is the critical temperature, 𝑘𝐵2 is the curvature coefficient of the critical line 𝑇𝑐 ( �̂�𝐵) and
the symmetry breaking field ℎ is expressed in terms of the light-to-strange quark mass ratio 𝑚𝑙

𝑚
𝑝ℎ𝑦𝑠
𝑠

.
One can derive the scaling law for the chiral singularities

�̂�𝐿𝑌𝐸 =


1
𝑘𝐵2

𝑧𝑐

𝑧0

(
𝑚𝑙

𝑚
𝑝ℎ𝑦𝑠
𝑠

) 1
𝛽𝛿

− 𝑇 − 𝑇𝑐

𝑇𝑐


1
2

.

In fig. 7 the singularities resulting from the Padé analysis are compared with the predictions
obtained by setting 𝑚𝑙

𝑚
𝑝ℎ𝑦𝑠
𝑠

= 1/27, by using the non-universal parameters 𝑇𝑐 = 147(6) 𝑀𝑒𝑉 ,

𝑘𝐵2 = 0.012(2), 𝑧0 = 2.35(20) from the HotQCD data, and by using |𝑧𝑐 | = 2.032 from ref. [11].
The results are in agreement within errors, but if we look at the overall picture of fig. 8 (left) we

observe that the singularities follow a steeper curve than the one predicted using the best estimates
for the non-universal parameters (the dashed line in the picture).

A possibility remains open that the singularities that we observed are the LYE singularities
associated with the critical endpoint of QCD. In this case the mapping from the non-universal
parameters to the universal theory in unknown. An approach one may try is to use the linear ansatz
[16]

𝑡 = 𝛼𝑡 (𝑇 − 𝑇𝐶𝐸𝑃) + 𝛽𝑡 (𝜇𝐵 − 𝜇𝐶𝐸𝑃) , ℎ = 𝛼ℎ (𝑇 − 𝑇𝐶𝐸𝑃) + 𝛽ℎ (𝜇𝐵 − 𝜇𝐶𝐸𝑃)

to derive the scaling law

𝜇𝐿𝑌𝐸 ∼ 𝜇𝐶𝐸𝑃 − 𝑐1(𝑇 − 𝑇𝐶𝐸𝑃) + 𝑖𝑐2 |𝑧𝑐 |−𝛽𝛿 (𝑇 − 𝑇𝐶𝐸𝑃)𝛽𝛿 .

Using some reasonable estimates for the non-universal parameters one obtains the qualitative
prediction shown as a red band in the right picture of fig. 8. The red band seems to better describe
our data than the expected scaling for the chiral singularities (the green band in the same picture).
This conjecture will be explored in future work. A different approach in which LYE singularities
are located by studying the Fourier coefficients of the baryon number density is also being explored
[17].

4.2 Comparison with 𝑁𝜏 = 8 data

Finally we ran a separate set of simulations at 𝑇 = 156.5 𝑀𝑒𝑉 using 323 × 8 lattices. The
singularity resulting from the Padé analysis is shown in fig. 9. Also shown is the singularity
obtained at a similar temperature (𝑇 = 157.5 𝑀𝑒𝑉) for 𝑁𝜏 = 6 lattices. The results are in very
good agreement despite the different volume. This suggests that both the UV-cutoff effects and the
finite-size effects are negligible within the accuracy of our results.
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Figure 9: Comparison between 𝑁𝜏 = 8 and 𝑁𝜏 = 6 lattices results for the LYE singularities at 𝑇 ≈ 157
𝑀𝑒𝑉 .

5. Conclusions

We have studied the complex singularities of QCD by a multi-point Padé analysis. In the
high temperature regime we have identified the LYE singularities associated to the Roberge-Weiss
endpoint. These singularities have the expected critical behaviour for a transition belonging to the
3𝑑, 𝑍 (2) universality class. By combining these new results and the results from a previous analysis
we have calculated an estimate for the Roberge-Weiss temperature in the continuum limit.

In the low temperature regime we have found singularities that may be identified as the LYE
singularities associated with either the chiral transition or the critical endpoint of QCD. Their
location imply a radius of convergence R = 3 - 4 for 𝑇 = 136 - 166 𝑀𝑒𝑉 , which constrains the
validity of the Taylor series expansions at �̂�𝐵 = 0.

For future work we plan to extend the study to 𝑁𝑡 = 8 lattices in order to make a proper
continuum extrapolation for the RW temperature. We also plan to generate data at lower temperatures
in order to get a better understanding of the nature of the complex singularities that we have found
at low temperatures.
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