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increasing Nf

Figure 1: Cartoon of the possible shape of the beta functions of theories with various number of fermion
flavours. On the left, at small number of flavours 𝑁f , the beta function decreases monotonically from the
Gaussian ultraviolet (UV) fixed point marked in blue. This is the QCD-like case. On the right, at large
number of flavours, it increases mononically from the Gaussian IR fixed point marked in orange. On centre-
right, it initially decreases from the Gaussian UV fixed point in blue, but then increases again giving the
Banks–Zaks fixed point marked in orange. This gives a theory that is conformal in the IR but still exhibits
asymptotic freedom; this region of 𝑁f is referred to as the conformal window. Finally, at centre-left, where
𝑁f is immediately below the lower edge of the conformal window, a would-be Banks–Zaks fixed point is
approached but not reached before the beta function turns over again, marked in pink.

1. Introduction

Since the discovery of the Higgs boson at the Large Hadron Collider in 2012 [1, 2], there
has been significant theoretical work to understand its nature; is it a fundamental scalar (with an
unnatural [3] mass), or is it a state that emerges from some physics beyond the Standard Model
(BSM)? Among the candidates being explored from the BSM side, one avenue is that the scalar
Higgs emerges as a bound state of some strongly-interacting dynamical theory. One route by which
such a theory could give rise to a light scalar, compatible with experimental observations, is a theory
that is nearly infra-red (IR) conformal, and which has a large mass anomalous dimension.

Non-Abelian gauge theories with number of fermion flavours 𝑁f are expected to have a range
of 𝑁f (the conformal window) for which the theory has a conformal fixed point in the IR while
maintaining asymptotic freedom, as illustrated in Fig. 1. The exact extent of the conformal window
depends on the gauge group and the fermion representation. While a perturbative estimate can be
made [4], a first-principles lattice calculation is necessary to verify whether or not this estimate is
correct.

It is conjectured that immediately below the lower edge of the conformal window, there may be
a region where a beta function approaches a would-be fixed point, and the theory exhibits a remnant
of conformal behaviour. Such theories are referred to as near-conformal; they are anticipated
to display long periods of slowly running coupling (“walking”), and a large value of the mass
anomalous dimension.

The 𝑆𝑈 (2) theory with one fermion flavour in the adjoint representation, with the chiral

2



P
o
S
(
L
A
T
T
I
C
E
2
0
2
2
)
2
0
4

Update on 𝑆𝑈 (2) with one adjoint Dirac flavor Ed Bennett

symmetry breaking pattern 𝑆𝑈 (2) ↦→ 𝑆𝑂 (2) ≡ 𝑈 (1), does not give sufficiently many Goldstone
bosons to break electroweak symmetry, and perturbative estimates [4] place this theory well below
the lower end of the conformal window. However, studying this theory provides input into knowing
the location of the lower end of the conformal window, and from there what additions may give a
theory that breaks electroweak symmetry compatibly with experimental observations.

There is also interest in this theory from condensed matter theory, as it may be dual to the
critical theory describing the evolution of the phase transition between a trivial insulator and a
topological insulator of the AIII class in 3 + 1 dimensions [5].

Our previous work [6, 7] has shown that the theory has relatively constant ratios of bound
state masses in the region that has been able to be explored. The scalar has been consistently
observed to be the lightest state, which is consistent with other observations of conformal and near-
conformal theories [8–10]. The anomalous dimension, measured both from finite size hyperscaling
and from the Dirac mode number, has been observed to be large, but decreases as the value of 𝛽
considered increases. Chiral perturbation theory meanwhile has fitted the data increasingly poorly
as 𝛽 increases. Other work [5] has further found that the hybrid glue–fermion state has a mass
compatible with that of the Dirac composite fermion.

Overall, these findings are compatible with a theory that is in or near the lower edge of the
conformal window. However, they do not confirm which of the two is the case. They also have not
yet been able to provide a confirmed chiral or continuum limit extrapolation.

In this contribution, we extend our previous study [7] to three more values of 𝛽, with the aim
of being able to resolve one or more of these uncertainties.

2. Lattice setup

We make use of the Wilson plaquette gauge action and the Wilson fermion action without
clover term. We refer the interested reader to Ref. [6], where we describe this setup in more detail.

We have generated ensembles at four values of 𝛽: we have added two new ensembles at light
masses to our previous set at 𝛽 = 2.2, and also probed higher values of 𝛽 = 2.25, 2.3, and 2.4.
The region of masses of the state sourced by the 𝛾5 operator (the 2+ scalar baryon) is extended
to 𝑎𝑚2+s ∈ (0.28, 1.11) (𝑤0𝑚2s+ ∈ (1.0, 3.5)). We target the region 𝐿𝑚2+s ≳ 10 to control for
finite-volume effects.

The lightest ensembles at 𝛽 = 2.2, 2.3, 2.4 are studied on a 𝐿𝑡 × 𝐿𝑠 = 96 × 483 volume,
and the second-lightest ensembles on a 64 × 323 volume. This allows exploration of a region of
significantly lower 𝑎𝑚2+s than our previous work. This was enabled by making use of Grid [11, 12]
for the generation of these gauge ensembles, as well as the new ensembles on a 48 × 243 volume,
allowing the use of GPU, rather than CPU resources. We have continued to use HiRep [13] for
generating ensembles at smaller volumes, and for all observable measurements.

3. Results

In Fig. 2 we present preliminary results for the mass spectrum of the theory. Some combinations
of observable and ensemble were still in the process of being computed at the time the contribution
was presented; these will be reported in a forthcoming journal publication [14], and the full finalised
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Figure 2: (Preliminary.) Measured masses of the 2+ scalar, 2− pseudoscalar, and 2− vector baryon, the 0++

and 2++ glueballs, the 0− vector meson, and the hybrid fermion-glue state �̆�, and the string tension
√
𝜎, as a

function of the PCAC mass. All masses are normalised by the gradient flow scale 𝑤0.

raw data and analysis workflow used to generate all plots will be published concurrently with this.
For the data that are available, the trend seen in our previous work continues. The new data are
relatively flat within each value of 𝛽, with higher values of 𝛽 having successively slightly higher
values.

In a conformal theory, by definition there is no scale. Thus when a conformal theory is
simulated on the lattice with a finite fermion mass, then this deforming mass provides the only
scale in the theory. In such a mass-deformed conformal theory, then one would expect all spectral
quantities to scale in the same way; that is, ratios of spectral quantities would be constant. As such,
our current data are consistent with near-conformal behaviour. However, flat spectral ratios are also
seen in the heavy-fermion limit; by themselves they are not conclusive evidence of a conformal or
near-conformal theory.

As the adjoint representation of 𝑆𝑈 (𝑁) is real, the spectrum of the theory includes fermion-
antifermion meson states (computation of which includes connected and disconnected contributions)
and fermion-fermion baryon states (which can be computed using only connected contributions).
In our presentation of the spectrum, we adopt the convention we established in our earlier work [6],
labelling states by their quantum numbers under the unbroken 𝑈 (1) symmetry.

As such the state sourced by the connected 𝛾5 correlator, which would be the 𝜋 meson in QCD,
we refer to here as the 2+ scalar baryon. This is the would-be Nambu–Goldstone boson state; in a
theory with chiral symmetry breaking it would be expected to be the lightest state in the spectrum.
Figure 3 tests this by plotting the ratio of the mass of the scalar 0++ glueball to that of the 2+ scalar
baryon. Previous work showed that the scalar glueball was the lighter state throughout the region
simulated. The new ensemble at 𝛽 = 2.4 reinforces this, showing a significantly lighter scalar than
our previous ensembles.
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Figure 3: (Preliminary.) The ratio of the mass of the 0++ glueball to the 2+ scalar baryon, as a function of
the PCAC mass in units of the gradient flow scale 𝑤0.
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Figure 4: (Preliminary.) Curve-collapse fits of the 2+ scalar baryon spectrum to a finite-size hyperscaling
Ansatz. Fits are shown for the three values 𝛽 = 2.05, 2.2, and 2.4.

State masses in a conformal (or near-conformal) theory are expected to obey a finite-size
hyperscaling relation of the form

𝐿 · 𝑎𝑚𝑋 = 𝑓 (𝐿 (𝑚PCAC)1/(1+𝛾∗ ) ) , (1)

where 𝑚PCAC is the fermion mass from the PCAC relation, and 𝛾∗ is the mass anomalous dimension.
Fitting data from each value of 𝛽 studied to this functional form using the method described in
Ref. [7] gives estimates for 𝛾∗. The values obtained continue to reduce as a function of 𝛽. Three
examples of these fits are shown in Fig. 4; in each case the data for one value of 𝛽 can be seen to
line up visually.

An estimate for the anomalous dimension may also be obtained by fitting the spectrum of
eigenmodes of the Dirac operator. We perform this analysis in a similar manner to the description
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Figure 5: (Preliminary.) Results of fits of the Dirac eigenmode spectrum to a conformal Ansatz for various
windows of eigenvalue. The horizontal axis shows the lower end of this window, and the colour its length. The
vertical axis shows the fitted anomalous dimension 𝛾∗. The intensity of the colour indicates the weight used
in the model average. The inner and outer shaded bands represent the statistical and systematic uncertainty
on the estimate of 𝛾∗ respectively.
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Figure 6: (Preliminary.) Comparison of the data for the mass of the 2+ scalar baryon to a chiral perturbation
theory fit of these data. Data points with error bars represent the measured data, while empty circles represent
the fit result for that combination of 𝛽 and 𝑚.

in Ref. [6], but use improved model averaging techniques to take the final fit. Fuller details of these
improvements will be discussed in a forthcoming journal publication [14]. The results, shown in
Fig. 5, show the same trend, with the value obtained decreasing as the value of 𝛽 increases.

In order to provide a fair comparison with how well the conformal Ansatz matches observations,
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we also fit our data for the 2+ scalar baryon with an Ansatz informed by chiral perturbation theory:

𝑤2
0𝑚

2
2+S

= 2𝐵 · 𝑤0𝑚PCAC(1 + 𝐿𝐷1𝑤0𝑚PCAC ln(𝐷2𝑤0𝑚PCAC))

+𝑊1 · 𝑎𝑚PCAC

+ 𝑊2

𝑤2
0
, (2)

where 𝐵, 𝐷1, 𝐷2, 𝑊1, and 𝑊2 are constants to be fitted, and 𝑤0 is a scale determined from the
gradient flow [7].

The result of this fit is shown in Fig. 6. We observe that as previously seen, the quality of this
fit continues to decrease as 𝛽 increases.

4. Conclusions and outlook

We have extended our study of 𝑆𝑈 (2) with one adjoint Dirac flavour to significantly lower
fermion masses, larger volumes, and larger values of 𝛽 than we have previously studied. The
patterns we observed in our previous data continue to hold: namely, we continue to see near-flat
spectral ratios, the data continue to show finite-size hyperscaling with an anomalous dimension 𝛾∗
that decreases with 𝛽, chiral perturbation theory continues to fit the data increasingly poorly as 𝛽

increases, and the scalar continues to be the lightest state observed.
The three possible conclusions stated in our previous work [7] remain valid. The theory may

be chirally broken and QCD-like, with large lattice artefacts and with simulations too far from the
chiral limit. The theory may be conformal with large scaling deviations. Or the theory may be
conformal, with a stronger influence from the lattice bulk phase than anticipated.

Despite running significantly more computationally-intensive simulations, the new information
we have gained is relatively limited. To extend the work to yet larger volumes or values of 𝛽, or to
yet lighter fermion masses, while using the same lattice setup, would require unreasonable amounts
of computational resource, and would give no guarantee of any new information. As such, our
intention is to adjust our lattice setup for future work. We plan to use a chiral lattice fermion action
to reduce the potential influence of lattice artefacts. This is likely to be able to start eliminating
some of these possible interpretations.
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