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1. Introduction

While standard Markov-chain Monte Carlo importance sampling techniques are an excellent
tool for numerous problems in physics, they are fundamentally ill-suited for a range of interesting
applications. One of these problems is the low probability of importance sampling algorithms to
tunnel between the two co-existing phases at a first-order phase transition, especially on large lattice
volumes approaching the thermodynamic limit [1, 2]. This case of super-critical slowing down can
be avoided by using an alternative density of states approach.

There is currently a great deal of interest in first-order phase transitions, due to the possibility
that such phenomena in the early Universe could produce an observable background of gravitational
waves — see Ref. [3] and references therein. Our work is motivated by potential gravitational waves
from first-order confinement transitions in composite dark matter models, which have also been
considered by Refs. [4–6]. In particular, we are interested in the Stealth Dark Matter model
proposed by the Lattice Strong Dynamics Collaboration [4, 7, 8]. This is an SU(4) gauge theory
coupled to four fermions that transform in the fundamental representation of the gauge group.
While these fundamental fermions are electrically charged, they confine to produce a spin-zero,
electroweak-singlet ‘dark baryon’.

Alongside other convenient properties, like a natural way to explain the stability and mass of
the dark matter candidate, the symmetries of this model allow it to avoid current direct-detection
constraints for heavy dark matter masses 𝑀DM ≳ 1 TeV [7, 8]. Ongoing research [4–6] investigates
if the gravitational waves produced by such composite dark matter models could be detected by
future gravitational-wave observatories such as LISA [3]. This would open up a new way to probe
these models, which could be especially valuable because collider searches for Stealth Dark Matter
pose considerable challenges at heavy masses [9, 10].

Here we present our progress in employing a particular density of states technique, the Loga-
rithmic Linear Relaxation (LLR) algorithm [11, 12], to explore the phase transitions of pure-gauge
SU(𝑁) Yang–Mills theories. These theories are interesting for multiple reasons. First, they are
purely bosonic, allowing us to avoid the challenges of applying LLR to systems with dynamical
fermions [13]. In particular, the SU(4) case can be considered the ‘quenched’ limit of the Stealth
Dark Matter model, corresponding to infinitely heavy fermions. For 𝑁 ≥ 3 the pure-gauge theories
feature first-order confinement transitions of the sort we are interested in exploring, which become
significantly stronger as 𝑁 increases, with latent heat scaling ∝ 𝑁2 for 𝑁 > 3 [14].

Finally, lattice Yang–Mills theories possess additional bulk (zero-temperature) phase transitions
at strong coupling. For 𝑁 ≤ 4 these bulk ‘transitions’ are actually continuous crossovers, becoming
weakly first order for SU(5) and strongly first order for 𝑁 ≥ 6 [15]. Related to the stronger coupling
at which they occur, these 𝑁 ≥ 6 bulk transitions are much stronger than the confinement transitions
that persist in the physical continuum limit. That is, they feature much larger latent heat, increasing
the advantages of the LLR algorithm compared to importance sampling approaches.

These considerations lead us to focus on the cases 𝑁 = 4 and 6 in this proceedings. This
choice provides both the connection to Stealth Dark Matter as well as an opportunity to explore the
application of the LLR algorithm to first-order bulk and confinement phase transitions. The ultimate
aims of our work include improving our understanding of the large-𝑁 scaling of the latent heat and
surface tension, which will assist future studies along the lines of Ref. [5]. There is independent
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work underway studying the weaker SU(3) Yang–Mills confinement transition related to quenched
QCD [16, 17].

In the following section we give a brief explanation of the LLR method. Next in Section 3 we
present our results from our ongoing LLR analyses of the confinement transition and bulk crossover
of SU(4) Yang–Mills, updating Refs. [18, 19]. In Section 4 we compare our results for the bulk
phase transition of pure-gauge SU(6) Yang–Mills against the SU(4) crossover. Finally we conclude
in Section 5 with a discussion of our current results and a brief outlook on our next steps.

2. Linear Logarithmic Relaxation algorithm

We begin by considering observables of SU(𝑁) Yang–Mills theories on the lattice,

⟨O⟩ = 1
𝑍

∫
D𝜙 O(𝜙) 𝑒−𝑆 [𝜙] 𝑍 =

∫
D𝜙 𝑒−𝑆 [𝜙] , (1)

where 𝑆[𝜙] is the lattice action and 𝜙 represents the set of field variables attached to each link in the
lattice. Standard Monte Carlo techniques approximate these extremely high-dimensional integrals
by analyzing only a modest number of field configurations sampled with probability ∝ 𝑒−𝑆 [𝜙] .

Alternatively, it is also possible to calculate the density of states

𝜌(𝐸) =
∫

D𝜙 𝛿(𝑆[𝜙] − 𝐸) (2)

and reconstruct the observables of interest as

⟨O(𝛽)⟩ = 1
𝑍 (𝛽)

∫
d𝐸 O(𝐸) 𝜌(𝐸) 𝑒𝛽𝐸 𝑍 (𝛽) =

∫
d𝐸 𝜌(𝐸) 𝑒𝛽𝐸 . (3)

Note that this reconstruction is a simple one-dimensional integration. Since 𝜌(𝐸) is usually not
easily accessible, to compute it we employ the LLR algorithm [11, 12]. In a first step we define the
reweighted expectation value

⟨⟨𝐸 − 𝐸𝑖⟩⟩ 𝛿 (𝑎) =
1
𝑁

∫
D𝜙 (𝐸 − 𝐸𝑖) \𝐸𝑖 , 𝛿 𝑒

−𝑎𝑆 [𝜙] =
1
𝑁

∫ 𝐸𝑖+ 𝛿
2

𝐸𝑖− 𝛿
2

d𝐸 (𝐸 − 𝐸𝑖) 𝜌(𝐸) 𝑒−𝑎𝐸 , (4)

𝑁 =

∫
D𝜙 \𝐸𝑖 , 𝛿 𝑒

−𝑎𝑆 [𝜙] =

∫ 𝐸𝑖+ 𝛿
2

𝐸𝑖− 𝛿
2

d𝐸 𝜌(𝐸) 𝑒−𝑎𝐸 , (5)

where 𝐸𝑖 is a fixed energy value, \𝐸𝑖 , 𝛿 is the modified Heaviside function (1 in the interval 𝐸𝑖 ± 𝛿
2

and 0 everywhere else), and for now ‘𝑎’ is just a free parameter not to be confused with the lattice
spacing.

Next we set ⟨⟨𝐸 − 𝐸𝑖⟩⟩ 𝛿 (𝑎) to zero and use the trapezium rule as an approximation:

⟨⟨𝐸 − 𝐸𝑖⟩⟩ 𝛿 (𝑎) =
1
𝑁

∫ 𝐸𝑖+ 𝛿
2

𝐸𝑖− 𝛿
2

d𝐸 (𝐸 − 𝐸𝑖) 𝜌(𝐸) 𝑒−𝑎𝐸 (6)

=
1
𝑁

𝛿

2

(
( 𝛿
2
)𝑒−𝑎 (𝐸𝑖+ 𝛿

2 ) 𝜌(𝐸𝑖 +
𝛿

2
) + (−𝛿

2
)𝑒−𝑎 (𝐸𝑖− 𝛿

2 ) 𝜌(𝐸𝑖 −
𝛿

2
)
)
+ O(𝛿3) = 0.

3
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After performing a Taylor series expansion of 𝑒±𝑎
𝛿
2 and 𝜌(𝐸𝑖 ± 𝛿/2) and discarding the O(𝛿2)

terms in the limit 𝛿 → 0, we get

0 =

(
𝜌(𝐸𝑖) +

𝛿

2
d𝜌(𝐸)

d𝐸

���
𝐸=𝐸𝑖

) (
1 − 𝑎

𝛿

2

)
−
(
𝜌(𝐸𝑖) −

𝛿

2
d𝜌(𝐸)

d𝐸

���
𝐸=𝐸𝑖

) (
1 + 𝑎

𝛿

2

)
=

(
−𝜌(𝐸𝑖)𝑎 + d𝜌(𝐸)

d𝐸

���
𝐸=𝐸𝑖

− 𝜌(𝐸𝑖)𝑎 + d𝜌(𝐸)
d𝐸

���
𝐸=𝐸𝑖

)
𝛿

2
(7)

=⇒ 𝑎 =
1

𝜌(𝐸𝑖)
d𝜌(𝐸)

d𝐸

���
𝐸=𝐸𝑖

=
d ln(𝜌(𝐸))

d𝐸

���
𝐸=𝐸𝑖

. (8)

This identifies 𝑎(𝐸𝑖) as a linear approximation of the derivative of the logarithm of the density
of states 𝜌(𝐸𝑖). This enables us to calculate the density of states 𝜌(𝐸), with exponential error
suppression [11, 12, 20], by performing a numerical integration of our linear approximation 𝑎(𝐸𝑖)
over the intervals 𝐸𝑖 ± 𝛿

2 , and exponentiating the integral.
The Robbins–Monro algorithm iteratively finds the value of 𝑎 for a given 𝐸𝑖 such that

⟨⟨𝐸 − 𝐸𝑖⟩⟩ 𝛿 (𝑎) = 0 [12]:

𝑎 (𝑛+1) = 𝑎 (𝑛) + 12
𝛿2(𝑛 + 1)

⟨⟨𝐸 − 𝐸𝑖⟩⟩ 𝛿 (𝑎 (𝑛) ). (9)

This sequence converges to the correct value of the LLR parameter 𝑎 = 𝑎 (𝑛+1) = 𝑎 (𝑛) . The
Robbins–Monro algorithm needs the value of the reweighted expectation value ⟨⟨𝐸 − 𝐸𝑖⟩⟩ 𝛿 (𝑎 ( 𝑗 ) )
at each iteration in the sequence. This quantity is evaluated using standard importance-sampling
Monte Carlo techniques, but with the probability weight 𝑒−𝑎 ( 𝑗)𝑆 rather than the usual 𝑒−𝑆 .

Due to the modified Heaviside function \𝐸𝑖 , 𝛿 in Eq. 4, only configurations with an energy
inside of 𝐸𝑖 ± 𝛿

2 are accepted in the Monte Carlo updates, causing lower acceptance rates for
smaller energy intervals 𝛿. We can replace this hard energy cut-off with a smooth Gaussian window
function [13, 20] to alleviate this problem:

⟨⟨𝐸 − 𝐸𝑖⟩⟩ 𝛿 (𝑎) =
1
𝑁

∫
d𝐸 (𝐸 − 𝐸𝑖) exp

[
− (𝐸 − 𝐸𝑖)2

2𝛿2

]
𝜌(𝐸) 𝑒−𝑎𝐸 . (10)

The probability weight in the Monte Carlo simulation is now effectively exp
[
− (𝐸−𝐸𝑖 )2

2𝛿2

]
𝑒−𝑎𝐸 .

Unlike the modified Heaviside function, the Gaussian window function is differentiable, allowing
us to use the hybrid Monte Carlo (HMC) algorithm to evaluate the reweighted expectation value.
In our work we test and compare both ways of constraining the energy interval.

3. SU(4)

Building on our earlier work presented in Refs. [18, 19], we are using the LLR algorithm to
analyze lattice SU(𝑁) Yang–Mills theories defined by the action

𝑆 = −𝛽
∑︁

𝑥,`<a

ReTr
(
𝑈`a (𝑥)

)
, (11)

with the plaquette𝑈`a (𝑥) = 𝑈` (𝑥)𝑈a (𝑥 + ˆ̀)𝑈†
` (𝑥 + â)𝑈†

a (𝑥). Here 𝛽 = 2𝑁
𝑔2

0
with 𝑔2

0 the bare gauge
coupling, the sum runs over all lattice sites and 𝑈` (𝑥) is the SU(𝑁)-valued link variable attached
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Figure 1: SU(4) results from 64 lattices with an energy interval size of 𝛿 = 0.01/𝑉 . Left: The LLR
parameter 𝑎, with statistical uncertainties obtained by performing 𝑁j = 5 independent runs per interval.
Right: The resulting probability density 𝑃𝛽 (𝐸) = 𝜌(𝐸)𝑒𝛽𝐸 (omitting uncertainties) at 𝛽 = 10.4. The single
peak structure persists for all 𝛽, signaling that there is no first-order phase transition.

to lattice site 𝑥 in direction ˆ̀. As a starting point for the implementation of the LLR algorithm,
we made use of Stefano Piemonte’s LeonardYM software.1 We are currently developing our own
large-𝑁 Yang–Mills code based on the MILC software.2

For 𝑁 = 4, we have tested several updating schemes to compute the reweighted expecta-
tion value ⟨⟨𝐸 − 𝐸𝑖⟩⟩ 𝛿 (𝑎 (𝑛) ), including overrelaxation updates in the full SU(𝑁) group [21], the
Metropolis–Rosenbluth–Teller (MRT) algorithm with SU(𝑁) updates generalized from Ref. [22],
and HMC updates. For the overrelaxation and MRT updates we further compare the hard energy
cut-off method Eq. 4 with the Gaussian window approach of Eq. 10. As mentioned in Section 2,
in the HMC case only the Gaussian window approach is possible. The results we obtain are in
agreement for all five different updating schemes.

On an 𝑁3
𝑠 ×𝑁𝑡 lattice, the critical temperature of the first-order SU(4) confinement transition is

𝑇𝑐 = 1/(𝑎𝑐𝑁𝑡 ), corresponding to a critical lattice spacing 𝑎𝑐 set by the coupling 𝛽𝑐. The continuum
limit involves 𝑎𝑐 → 0 with 𝑁𝑡 → ∞ to keep 𝑇𝑐 fixed, implying 𝛽𝑐 → ∞. The strong-coupling
bulk transition behaves differently, appearing at a smaller 𝑁𝑡 -independent 𝛽bulk. For small 𝑁𝑡 , 𝛽𝑐
can approach 𝛽bulk, causing the confinement transition to be distorted by the nearby bulk transition
— even for 𝑁 ≤ 4 where the latter is a continuous crossover. Based on prior work including
Refs. [4, 23], we consider 𝑁𝑡 ≥ 6 in order to avoid this problem.

We can investigate the bulk transition even with a small, symmetric 64 lattice volume. Figure 1
shows our results for this case over a wide range of energies, using energy interval size 𝛿 = 0.01/𝑉
and 𝑁j = 5 independent runs of the Robbins–Monro algorithm for each energy interval. In order
for the probability density

𝑃𝛽 (𝐸) = 𝜌(𝐸) exp(𝛽𝐸) = exp(
∫ 𝐸

−∞
d𝐸 ′𝑎) exp(𝛽𝐸) (12)

in the right panel of the figure to have the two-peak structure of a first-order transition with co-
existence of phases, the LLR parameter 𝑎 in the left panel must be non-monotonic vs. 𝐸/𝑉 . (See

1github.com/FelixSpr/LeonardYM

2github.com/daschaich/LargeN-YM
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Figure 2: SU(4) results for 𝑎 from 𝑉 = 123 × 6 lattices with an energy interval size of 𝛿 = 0.001/𝑉 . The
statistical uncertainties are obtained by performing 𝑁j = 5 independent runs per interval. There is no sign of
a first-order phase transition, which would correspond to a non-monotonic 𝑎(𝐸).

Figure 3: The left plot compares numerical SU(4) data for 𝑎 (black) with the synthetically generated values
(blue line) that would be needed to reconstruct a first-order confinement transition similar to the one in
Ref. [23]. Both the synthetic and the measured 𝑎 use lattice volume 𝑉 = 123 × 6. The right plot shows
the probability density 𝑃𝛽 (𝐸) = 𝜌(𝐸)𝑒𝛽𝐸 reconstructed from the synthetic 𝑎(𝐸) with 𝛽 ≈ 10.8. The small
double-peak structure illustrates the weakness of this first-order transition.

Ref. [17] for a nice illustration of this.) Although 𝑎 decreases less rapidly around the bulk crossover,
𝐸/𝑉 ≈ 12, it remains monotonic across all energy intervals. From this it follows that the probability
density only ever features a single peak, which merely broadens around 𝛽bulk ≈ 10.4, consistent with
the expected bulk crossover. Here and throughout this proceedings, we reconstruct the probability
density 𝑃𝛽 (𝐸) using both a naive trapezium-rule integration and a more robust polynomial fit
technique [24, 25]. In all cases the results from the two techniques are in agreement.

Now that we have confirmed the crossover nature of the bulk transition, we turn to the physically
interesting first-order confinement transition of pure-gauge SU(4). To examine this transition, we
have to use a lattice with an aspect ratio 𝑟 ≡ 𝑁𝑠/𝑁𝑡 > 1. From the previous study Ref. [23], carried
out on 𝑁𝑡 = 6 lattices using importance sampling, we can narrow down the energy range we need
to scan to 13.2 < 𝐸/𝑉 < 13.9. Our results for lattice volume 𝑉 = 123 × 6, with energy interval size
𝛿 = 0.001/𝑉 and 𝑁j = 5 independent runs of the Robbins–Monro algorithm for each energy interval
are displayed in Fig. 2. We find monotonically decreasing 𝑎(𝐸) across all energies, meaning we
are so far unable to resolve the expected first-order confinement transition.

6
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Figure 4: SU(6) results for 𝑎 from 𝑉 = 64 lattices with an energy interval size of 𝛿 = 0.01/𝑉 . The statistical
uncertainties are obtained by performing 𝑁j = 5 independent runs per interval.

We suspect the reason why we have not yet resolved this phase transition is that it is simply too
weak given the small 123×6 lattice volume and our current statistics. The large-𝑁 relation (Eq. 157)
in Ref. [14] predicts an 𝑁𝑡 = 6 SU(4) latent heat of only Δ𝐸/𝑉 ≈ 0.004, which is consistent with
Ref. [23]. To explore this, we generated synthetic values of 𝑎 that would correspond to a first-order
transition with a similar 𝛽𝑐 ≈ 10.8 and latent heat Δ𝐸/𝑉 ≈ 0.009. From the comparison of the
synthetic data and our actual numerical data in Fig. 3, we can see that our statistical uncertainties are
too big to detect such a weak first-order phase transition. These considerations give us an estimate
for the required improvements in statistics, which may benefit from larger lattice volumes [12]. They
also motivate analyzing first-order transitions with larger latent heat, in particular strong-coupling
bulk transitions for larger 𝑁 > 4.

4. SU(6)

To investigate the performance of the LLR algorithm for a stronger first-order phase transition,
we analyze the bulk transition of SU(6) Yang–Mills theory. The action (Eq. 11), updating schemes,
cut-off methods (Heaviside vs. Gaussian) and software packages are the same as in the SU(4) case
discussed above.

In Fig. 4 we show results for the LLR parameter 𝑎 across a wide range of energies for 64

lattices, an energy interval size 𝛿 = 0.01/𝑉 and 𝑁j = 5 independent runs of the Robbins–Monro
algorithm for each energy interval. We can clearly see that 𝑎(𝐸) is non-monotonic, and increases
for 16.5 ≲ 𝐸/𝑉 ≲ 18.5. This corresponds to the clear double-peak structure plotted in Fig. 5
(with both linear and logarithmic y-axes) for 𝛽bulk ≈ 16.3. From Fig. 5 we can read off a latent
heat Δ𝐸/𝑉 ≈ 3.6, roughly three orders of magnitude larger than the value estimated for the SU(4)
confinement transition in Section 3, illustrating the strength of this first-order SU(6) bulk transition.

While such a strong transition would be expected to cause difficulties for traditional importance-
sampling studies, it actually simplifies the LLR analyses. Far less statistical precision is needed to
confirm the presence of a first-order transition, precisely determine its critical 𝛽𝑐, and extract its
latent heat and other observables. A clear next step is to pursue the confinement transition for SU(6)
Yang–Mills, and potentially for larger 𝑁 . Although the latent heat increases ∝ 𝑁2 [14], for SU(6)
this would still lead us to expect a Δ𝐸/𝑉 ≈ 0.004(6/4)2 ≈ 0.009 far smaller than that of the bulk

7
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Figure 5: Plot of the probability density 𝑃𝛽 (𝐸) = 𝜌(𝐸)𝑒𝛽𝐸 (omitting uncertainties) for pure-gauge SU(6)
Yang–Mills at the bulk phase transition (𝛽bulk = 16.25927), using a lattice of volume 𝑉 = 64 and an energy
interval size 𝛿 = 0.01/𝑉 . Identical results are plotted with linear (left) and logarithmic (right) y-axes. The
latent heat Δ𝐸/𝑉 ≈ 3.6 can be directly read off as the distance between the two peaks.

transition. Since computational costs increase ∝ 𝑁3, it is not a priori clear how practical it will be
to resolve large-𝑁 transitions using available computing resources.

5. Conclusion and outlook

In this proceedings we presented our progress applying the LLR density of states algorithm to
investigate first-order transitions in SU(4) and SU(6) lattice Yang–Mills theories, building on our
earlier work in Refs. [18, 19]. Motivation for the pure-gauge theories under consideration comes
from our interest a potential first-order dark-sector confinement transition in the early Universe
and the stochastic gravitational-wave background it would produce. Motivation for using the LLR
algorithm comes from a desire to avoid the super-critical slowing down occurring for standard
Markov-chain importance-sampling techniques at first-order transitions. Once such first-order tran-
sitions are resolved, this density of states approach makes it straightforward to calculate quantities
such as the latent heat and surface tension, both of which are needed to predict the spectrum of
gravitational waves.

Considering both SU(4) and SU(6) theories allows us to compare how the LLR algorithm
performs for both the first-order confinement transition of the former and the much stronger first-
order bulk transition of the latter. Our current results from 123 × 6 lattices are insufficient to resolve
the SU(4) confinement transition, apparently because its small latent heat Δ𝐸/𝑉 ≪ 1 can only
be resolved with much more precise data. Larger lattice volumes may help to reduce statistical
uncertainties, but lead to increased computational costs. Smaller values of the energy interval size
𝛿 may also be necessary, but these would further increase statistical uncertainties, as can be seen
from Eq. 9.

The comparison between the SU(4) confinement transition and the much stronger SU(6) bulk
transition, for which we find Δ𝐸/𝑉 ≈ 3.6, highlights that the LLR approach is significantly more
straightforward for strong first-order phase transitions with large latent heat. Because this is precisely
the situation in which importance sampling can be expected to struggle, our results motivate further
studies of density of states approaches focused on strong transitions with large latent heat. In

8
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addition to searching for the SU(6) confinement transition, we therefore plan to expand our studies
to SU(𝑁) lattice Yang–Mills theories with even larger 𝑁 > 6. We are also exploring broader
applications of the LLR algorithm, including to phase transitions in bosonic matrix models of
interest in the context of holographic gauge/gravity duality.
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