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1. Introduction

Multi-hadron dynamics is a crucial ingredient to understand many important aspects of Quan-
tum Chromodynamics (QCD). Consider first the hadron spectrum, most of the known hadrons are
resonances, i.e., unstable particles that appear in multi-body scattering processes.1 Examples of
this are puzzling excited baryons such as the Λ(1405) [2], or the 𝑁 (1440) (Roper) resonance [3], as
well as exotic tetraquark hadrons detected at LHCb [4, 5]. Similarly, nuclear physics is essentially
a multi-nucleon problem, with the binding energies and properties of all atomic nuclei emerging
from the interactions of protons and neutrons.

Multi-body interactions also play an important role in weak processes involving hadrons,
which are often used to test the Standard Model. Here, I will highlight two examples. First,
nucleon resonances can be produced in neutrino-nucleus interactions. Understanding the effects
of these resonances is important for reliable predictions of backgrounds in neutrino experiments
such as Hyper-Kamiokande or DUNE [6]. Second, several CP violating weak decays of kaons
and 𝐷 mesons have multi-hadron final states, such as 𝐾 → 𝜋𝜋 (related to the well-known 𝜖 ′/𝜖
quantity [7, 8]) and 𝐷 decays to two pions or kaons [9]. The latter are particularly interesting, as
no Standard Model prediction is currently available.

Lattice QCD offers the prospect of determining multi-hadron quantities and resonance prop-
erties from first principles [10]. This is an active area of research, as evidenced by the numerous
contributions on this topic at the Lattice 2022 conference [11–23]. More formally, the problem
can be formulated as constraining the QCD Scattering Matrix (S-Matrix), Ŝ, from lattice QCD.
This object contains all the information about the interactions of the theory in its matrix elements
between asymptotic incoming and outgoing states. For instance, resonances emerge as complex
poles in Ŝ, and the real and imaginary part of the pole position correspond to the resonance mass
and width.

However, the determination of multi-hadron quantities differs significantly between experi-
ments and lattice QCD. In experiments, incoming asymptotic states are prepared, interact, and then
emerge and become asymptotic states. By measuring the momenta and energy of the products of
the different reactions, we can analyze the energy distribution of events or the total cross section.
All these quantities are related to the scattering amplitudes and the scattering phases. In contrast,
lattice QCD is formulated in Euclidean space-time, so there is no notion of time evolution in the
Minkowski sense. Additionally, by working in a finite volume, it is not possible to define asymptotic
states in lattice QCD, but only quantum-mechanical stationary states. Lüscher’s pioneering work in
the 1980s [24, 25] established a connection between the finite and infinite volume, particularly be-
tween the two-particle energy levels and the two-particle scattering amplitude. Enormous progress
has been achieved since then, including extensions to three-particle processes and many-body for-
mulations based on effective field theories (EFTs) formulated in finite volume. These theoretical
frameworks can be referred to as "finite-volume formalisms".

In this talk, I will present my perspective on the recent progress in multi-hadron quantities from
lattice QCD. I will begin with two-hadron processes, then discuss the three-particle formalism and
some results, and, finally, ongoing work involving more than three particles.

1See Ref [1] for a review.
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2. Two-body interactions in finite volume

The Lüscher formalism provides an indirect connection between the energy levels obtained
from Euclidean correlation functions and the two-particle scattering amplitude2. Following the
original works [24, 25], several theoretical extensions have achieved a formalism that enables
the study of generic two-to-two systems below the first inelastic threshold with more than two
particles [29–38]. The two-particle formalism comes in the form of a determinant equation, the
so-called two-particle quantization condition:

det
[
K2 (𝐸∗) + 𝐹−1

2 (𝐸, 𝑷, 𝐿)
] ����

𝐸=𝐸𝑛

= 0, (1)

where K2(𝐸∗) is the two-particle K-matrix that depends on the center-of-mass (CM) energy, and
𝐹2(𝐸, 𝑷, 𝐿) is a kinematic function, also referred to as the generalized Lüscher zeta function, which
depends on the energy and momentum of the system, as well as the box size 𝐿.

This equation offers a beautiful separation of finite-volume effects, contained in 𝐹2, and infinite-
volume scattering, encoded in K2. If a parametrization of the K-matrix is given, for instance in
terms of the scattering phase shifts 𝛿ℓ , solutions to the determinant equation correspond to energy
levels in finite-volume, {𝐸𝑛}. However, in practice, one typically attempts to solve the inverse
problem: given a set of energy levels, what form of the K-matrix best describes the spectrum.

If we consider two scalar particles, and assuming that the lowest partial wave, the 𝑠 wave,
dominates the interactions, the quantization condition provides a one-to-one mapping between each
energy level and a value of the 𝑠-wave phase shift, 𝛿0. For more complicated systems, this relation
does not hold, and one must parametrize the amplitude over some energy range using a functional
form based on a few parameters, e.g., an effective range expansion or a phase shift including the
Adler zero expected by chiral symmetry [39]. To obtain the best fit parameters, one would minimize
a correlated 𝜒2 function that quantifies the difference between the lattice QCD energy levels and
the predicted ones based on the phase shift.

2.1 Applications of the two-body formalism

The two-particle quantization condition has been applied to several meson systems, including
some at the physical point [42, 44–46] (see Refs. [47, 48] for recent reviews). An example of the
latter is given in Fig. 1, where the 𝑠-wave phase shift for 𝐼 = 2 𝜋𝜋 and 𝐼 = 3/2 𝜋𝐾 systems is
shown. Since the pion mass is physical, one can expect quantitative agreement with experimental
results. This is seen in the left panel of Fig. 1, where the 𝜋+𝜋+ phase shift agrees within 1-2𝜎 with
fits to experimental data [40, 41]. Note that these lattice results are at a single lattice spacing, and
thus, an important future avenue in the topic of meson-meson interactions involves better control
over discretization effects. Moreover, Fig. 1 corresponds to weakly interacting systems, and it will
be interesting to further pursue the study of meson resonances at the physical point, e.g., 𝜌 or 𝐾∗.

Regarding two-particle systems, meson-baryon or baryon-baryon processes represent the cur-
rent frontier. These systems are more technically involved, since the signal-to-noise ratio is typically
worse than in two-meson systems. Despite this, there has been considerable progress in the last few

2See also the HAL QCD method [26–28].
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Figure 1: 𝑠-wave phase shift, expressed as (1/𝑘) tan 𝛿0 or 𝑘 cot 𝛿0, for 𝜋𝜋 and 𝐾𝜋 systems at maximal
isospin computed from lattice QCD at 𝑀𝜋 ∼ 140 MeV. Solid triangles (left) or circles (right) correspond
to the phase shift derived from a single energy level. The blue (left) or red (right) band correspond to best
fit results for the phase shift, and they are compared against leading order Chiral Perturbation Theory (LO
ChPT), and fits to experimental results [40, 41]. The gray LO ChPT error band on the right plot is estimated
using the variation of the LO prediction with the physical pion or kaon decay constant. The left figure is
taken from Ref. [42]. The right figure involves work in progress [43].

years in baryon-baryon [11, 49–54] and meson-baryon [55–65] systems. Here, calculations close
to the physical point are at an earlier stage, with an article on 𝑁𝜋 scattering at 𝑀𝜋 ∼ 200 MeV [65],
and only preliminary unpublished results for the amplitudes at close-to-physical pion mass [62].

I will now focus on the work of Ref. [65]. In this and other meson-baryon systems it is
important to have reliable extractions of the finite-volume energies. This can be obtained by having
an extended set of operators, and solving the generalized eigenvalue problem (GEVP) on a matrix
of correlation functions 𝐶 (𝑡) . One particular choice, referred to as "single pivot", is to first define
the eigenvectors 𝑣𝑛 of the GEVP as:

𝐶 (𝑡d) 𝑣𝑛 (𝑡0, 𝑡d) = _𝑛 (𝑡0, 𝑡d) 𝐶 (𝑡0) 𝑣𝑛 (𝑡0, 𝑡d) , (2)

where 𝑡0 must be an early time slice, and 𝑡𝑑 is an intermediate timeslice in which the diagonalization
is performed. Then, the same eigenvectors are used to rotate the corresponding matrix at other time
slices 𝑡 ≠ 𝑡d. An example of this for the 𝐼 = 3/2 𝑁𝜋 system is shown in Fig. 2, where single-baryon
(Δ-like) and 𝑁𝜋-like operators are included, and the stochastic Laplacian-Heaviside approach is
used [66, 67]. The stability of the GEVP is checked by varying the different 𝑡0 and 𝑡d choices,
as well as by monitoring changes under variations of the operator set. Stable results under these
variations provide confidence in the robustness of the spectrum.

The main results of Ref. [65] are summarized in Figs. 3 and 4. Figure 3 shows the phase
shift of the Δ(1232). The band shows the best result and uncertainty of the phase shift based on
a parametrization via a Breit-Wigner functional form. As can be seen, the phase shift exhibits the
behavior of a narrow resonance: a rapid increase crossing 90◦ around the position of the resonance.
More insight about the comparison to other results is shown in Fig. 4. The right plot compares the
Breit-Wigner parameters of the Delta resonance from that work and other compared to the physical
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Figure 2: Energy spectrum in the 𝐼 = 3/2 𝑁𝜋 system at 𝑀𝜋 ' 200 MeV from Ref. [65]. The x axis
labels the different irreducible representations (irreps) of the finite-volume symmetry group. Different points
correspond to various choices in the parameters of the GEVP. The legend labels (𝑁op, 𝑡0, 𝑡d) where 𝑁op is
the number of operators, with 𝑛 being the maximum number of operators available in each irrep, and 𝑡0 and
𝑡d have been defined in Eq. 2.
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Figure 3: Phase shift as a function of the CM momentum for 𝑁𝜋 scattering in the channel of the Δ(1232)
resonance, i.e. 𝐼 = 3/2 and 𝐽𝑃 = 3/2+. The lower panel shows the position of the energy levels in finite
volume used to constrain the phase shift. Figure from Ref. [65], with a pion mass of 𝑀𝜋 ' 200 MeV.

point values. There appears to be a somewhat smooth trend towards the physical point result among
the different lattice calculations. The left plot shows instead the 𝑠-wave scattering lengths in the
two different isospin channels of an 𝑁𝜋 system. While there is qualitative agreement with the
physical point, such as the correct sign in the scattering lengths, the ordering of the 𝐼 = 1/2 and
𝐼 = 3/2 values is reversed compared to what is observed at the physical point. Another issue is the
poor convergence of Chiral Perturbation theory at 𝑀𝜋 ∼ 200 MeV. The leading order prediction is
significantly different from the values of the scattering length at 𝑀𝜋 ' 200 MeV, but at the physical
point agrees within 10% of the result. Further analysis at different values of the pion mass and
lattice spacing would be useful in understanding the behavior of chiral EFTs.
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Figure 4: Summary of lattice determinations of the 𝑁𝜋 𝑠-wave scattering lengths (left), and the Breit-Wigner
parameters of the Δ(1232) resonance (right). “This work” refers to Ref. [65], and other results are labeled
as “Anderson et al. 2018” [58], “Silvi et al. 2021” [68], “Fukugita et al. 1995” [55], “Lang and Verduci
2012” [56], and “Alexandrou et al. 2021” [62]. Values at the physical point are obtained using Refs. [69–71].
Thanks to S. Skinner for the plot.

2.2 Matrix elements involving two particles

To conclude this section, I will discuss another corner of the finite-volume formalism: the
computation of matrix elements involving up to two particles. This includes processes such as
𝐾 → 𝜋𝜋, 𝛾∗ → 𝜋𝜋 or 𝜋𝛾∗ → 𝜋𝜋 that can be studied via the Lellouch-Lüscher formalism and its
generalizations [30, 33, 72–76] (see Refs. [77–84] for applications). These ideas have been extended
to matrix elements of a single current between incoming and outgoing two-particle states [85–88].
Alternatively, we also proposed to study the form factors of resonances by studying the pole position
of the resonance as a function of a coupling a static, spatially periodic external field using the Lüscher
formalism in the presence of such a field [89]. Finally, the formalism for nonlocal matrix elements
involving two currents has also been explored in the literature [90–93].

3. Three-particle processes from lattice QCD

Despite its success, the applicability Lüscher’s two-body formalism is restricted to very few
systems in QCD. For instance, many meson resonances, such as the ℎ1 or the 𝜔, have three- or
more-pion decay modes. Further examples include the Roper resonance, 𝑁 (1440), or the doubly-
charmed tetraquark, 𝑇𝑐𝑐 Moreover, the three-neutron force or 𝑁𝑁Λ interactions can be relevant for
an EFT description of the equation of state of neutron stars. Finally, processes with CP violation
involve three-meson final states (𝐾 → 3𝜋) or intermediate states (𝐾 ↔ 3𝜋 ↔ �̄�).

Extracting three-particle scattering amplitudes from finite-volume calculations is however
more complicated than in the two-particle case. This is due, in part, to the fact that three-particle
amplitudes can diverge for certain kinematic configurations when the intermediate particle in a

6
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one-particle exchange diagram goes on shell. Additionally, three-particle amplitudes contain two-
to-two subprocesses, and so, they depend on two-particle interactions. Nevertheless, significant
progress has been made in understanding the three-particle problem in finite volume, as can be seen
in recent reviews [94–97]. These advances include theoretical developments [98–133], as well as
the first applications to lattice QCD data [39, 42, 116, 134–142] boosted by technical developments
in the extractions of the lattice spectrum [67, 143, 144]. In this section, I will summarize some of
these results.

3.1 Overview of the formalism

The three-particle formalism was derived in three different ways: using (i) a generic relativistic
effective field theory (RFT) [99, 100], (ii) a nonrelativistic effective field theory (NREFT) [117, 118],
and (iii) the (relativistic) finite volume unitarity (FVU) approach [125, 134]. Initially, all three
approaches dealt with identical (pseudo)scalars with 𝐺-parity-like symmetry, e.g. a 3𝜋+ system in
isospin-symmetric QCD. Subsequent developments have extended the formalism to distinguishable
particles [110, 111, 115] and 2 → 3 transitions [103]. Work is currently underway to include three
particles with spin [145]. The three different versions of the finite-volume formalism are equivalent.
The relation between the RFT and FVU approaches has been established [112, 133], and in the
limit of only 𝑠-wave interactions, the expressions for the FVU and the NREFT in its relativistic
formulation [132] are identical.

For the sake of concreteness, I will focus on the RFT approach, for which the three-particle
quantization condition for identical (pseudo)scalars is [99]

det
[
Kdf,3(𝐸∗) + 𝐹−1

3 (𝐸, 𝑷, 𝐿)
] ����

𝐸=𝐸𝑛

= 0. (3)

Here, all objects are matrices in a space that describes three on-shell particles: two of the particles
(interacting pair) with angular momentum indices, ℓ𝑚, and a third particle (spectator) labeled
by finite-volume three-momentum, 𝒌. The matrix 𝐹3 depends on kinematics as well as on the
two-particle 𝐾-matrix, K2:

𝐹3 =
𝐹2
3

− 𝐹2
1

1/K2 + 𝐹2 + 𝐺
𝐹2, (4)

where 𝐹2 and K2 are substantially the same as in the two-particle quantization condition, and 𝐺
accounts for the finite-volume effects arising from one-particle exchange diagrams.

Kdf,3 is the quantity that parametrizes three-body effects in Eq. 3. It is, however, unphysical due
to the presence of scheme (or cutoff) dependence. The relation to the physical three-particle scat-
tering amplitude, M3, requires solving integral equations that map the K-matrices onto M3 [100].
Schematically, the procedure is:

K2,Kdf,3 −−−−−−−−−−−−−→
Integral equations

M3. (5)

Solutions to integral equations have been explored in a series of works [104, 131, 139, 146].
Generalizations of the RFT approach to nonidentical particles [110, 111, 115] are fundamentally

very similar to the formalism just described. More specifically, all the objects are promoted to
matrices in a space with an additional index labeling the flavor of the spectator particle.

7
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To conclude, it is also worth mentioning that the formalism to study matrix elements involving
three particles has been explored. In particular, for one-to-three decays such as 𝐾 → 3𝜋 [114, 123,
147], as well as for nonlocal matrix elements involving two currents, relevant for 𝐾− �̄� mixing [13].

3.2 Applications to weakly-interacting systems

The computation of Kdf,3 from lattice QCD is one of the main goals of the three-particle
formalism. In the following, I will discuss some efforts to determine Kdf,3 for weakly interacting
systems consisting of 𝜋+ and/or 𝐾+. These are the natural starting point, as they represent the
simplest systems in QCD.

Let us start with the case of identical particles. In order to analyze the three-particle spectrum,
it will be important to parametrize Kdf,3 around the three-particle threshold. This can be performed
by utilizing that Kdf,3 is a smooth function in some region about threshold of Lorentz-invariant
combinations of Mandelstam variables that have the correct symmetries: parity, time-reversal and
invariance under particle exchange. As explained in Ref. [106], to quadratic order, the threshold
expansion of Kdf,3 has only five free parameters:

Kdf,3 = K iso ,0
df,3 + K iso 1

df,3 Δ + K iso ,2
df,3 Δ2 + K𝐴Δ𝐴 + K𝐵Δ𝐵 +𝑂

(
Δ3

)
(6)

where K iso,0
df,3 ,K

iso,1
df,3 ,K

iso,2
df,3 ,K𝐴,K𝐵 are real constants, Δ = (𝑠 − 9𝑀2

𝜋)/(9𝑀2
𝜋) with 𝑠 being the

square of the CM energy of the three particle system, and Δ𝐴/𝐵 are also kinematic functions of
Mandelstam variables—see e.g. Eqs. 2.15 and 2.16 in Ref. [106].

Let us first consider three pions at maximal isospin (3𝜋+). Several works have analyzed the
lattice spectra using various different formalisms [39, 42, 134, 137, 139, 140, 142, 144]. Figure 5
illustrates a summary of the determinations for K iso,0

df,3 and K iso,1
df,3 using the RFT approach and

considering only 𝑠-wave interactions. The LO ChPT prediction for these quantities, as derived
in Ref. [39], is also shown. Some points in the plot exhibit statistical significance and there is
order-of-magnitude agreement between the different determinations. However, several tensions are
also apparent. First, results from different works differ by a few standard deviations, which may
be due to discretization effects or the number of flavors used. Second, the LO ChPT prediction
does not seem to perform particularly well, especially in K iso,1

df,3 , where even the sign disagrees. It
would be interesting to see if this can be attributed to higher-order terms in ChPT. Note that while
the three-particle amplitude is available at next-to-leading order (NLO) in ChPT [148, 149], the
connection to Kdf,3 is not straightforward and requires further investigation.

In addition to 3𝜋+ in an overall 𝑠wave, there have been some studies of three positive kaons [138,
142], as well as three-meson 𝑑-wave interactions [142]. Specifically, in Ref. [142], we determined
the value of K𝐵 for three different ensembles in the 3𝜋+ and 3𝐾+ systems. This is the only term in
Eq. 6 that includes interactions in an overall 𝑑 wave. The results are presented in Fig. 6, where it
can be seen that several of these determinations yield statistically significant values of K𝐵. We also
include an extrapolation to the physical point. For the case of 3𝜋+, we used the fact that K𝐵 appears
first at NLO in ChPT and thus has an expected chiral scaling of (𝑀𝜋/𝐹𝜋)6 up to chiral logarithms.
For 3𝐾+, a linear extrapolation in (𝑀𝜋/𝐹𝜋)2 was performed. It will be interesting to study these
quantities directly at the physical point, especially for kaons, as a rather large result is expected. It
would also be useful to derive the NLO ChPT prediction for K𝐵 based on Refs. [148, 149].
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Figure 5: Summary of results for the first two terms in the expansion of Kdf,3 for the 3𝜋+ system, plotted
against the 𝑠-wave isospin-2 pion-pion scattering length. The dashed line shows the LO ChPT prediction of
Ref. [39]. All publications use the RFT formalism, and only 𝑠-wave interactions are included for the two and
three pions. The blue result ([B,RL,S]) is from Ref. [39], orange ellipses ([ETMC]) from Ref. [42], and the
red ones ([B,H,H,M,RL,S]) from Ref. [142]. Figures taken from Ref. [142].

0 250 500 750 1000 1250 1500 1750 2000

(Mπ/Fπ)6

−3500

−3000

−2500

−2000

−1500

−1000

−500

0

M
2 π
K B

linear fit

This work

Physical point

(a) K𝐵 for 3𝜋+

2 4 6 8 10 12

(Mπ/Fπ)2

−80000

−60000

−40000

−20000

0

M
2 K
K B

Linear fit

This work

Physical point

(b) K𝐵 for 3𝐾+

Figure 6: Lattice QCD results for K𝐵 for three different ensembles in 3𝜋+ (left) or 3𝐾+ (right) systems. The
results for three ensembles at different values of the pion mass are shown. An extrapolation to the physical
point (black square) is also included, based on the expected chiral behavior (for pions) or a simple linear
extrapolation (for kaons). Figures taken from Ref. [142].

A class of systems that is very interesting to study are those that contain nondegenerate particles,
such as 𝑇𝑐𝑐 → 𝐷𝜋𝜋. Before considering the complications of resonant channels, it will be useful
to focus on three nonidentical weakly-interacting particles, such as 𝐾+𝜋+𝜋+ and 𝐾+𝐾+𝜋+. These
systems have additional complications compared to 3𝜋+, such as odd partial waves and different
two-particle subchannels: both 𝜋+𝜋+ and 𝐾+𝜋+ subprocesses appear in 𝐾+𝜋+𝜋+. The three-particle
formalism is similar to that described in Section 3.1, except that there is an additional matrix index
in the quantization condition labeling the flavor of the spectator particle—see Refs. [115, 116] for
more detail. Furthermore, as in the case of identical particles, the three-body short-range interaction
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can be parametrized around the three-particle threshold as:

Kdf,3 = K0 + K1Δ + K𝐵Δ
𝑆
3 + K𝐸 𝑡

𝑆
33 + O

(
Δ2

)
, (7)

where K0,K1,K𝐸 and K𝐵 are numerical constants, and Δ𝑆
3 and 𝑡33 are kinematic functions—see

Eq. 2.27 in Ref. [116]. Note that the K𝐸 term is the only one that includes interactions in an overall
𝑝 wave.

As an example of ongoing work in this direction, Fig. 7 displays results for K𝐵 and K𝐸 for
the 𝐾+𝐾+𝜋+ and 𝐾+𝜋+𝜋+ systems. By applying the quantization condition derived in Ref. [115],
which was implemented3 in Ref. [116], we have analyzed the spectra in two different ensembles
with pion masses of approximately 200 MeV and 340 MeV. Our findings indicate that short-range
𝐾𝐾𝜋 interactions are stronger than those for 𝐾𝜋𝜋, as anticipated by naive ChPT expectations. In
several cases, we also observe results that differ from zero with statistical significance.
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(a) 𝐾+𝐾+𝜋+
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K d

f,
3
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(b) 𝐾+𝜋+𝜋+

Figure 7: Preliminary results for the K𝐸 and K𝐵 terms in Kdf,3 for 𝐾+𝐾+𝜋+ (left) and 𝐾+𝜋+𝜋+ (right)
systems. The dashed or dotted lines correspond to approximate ChPT expectations (not a fit) based on the
leading chiral scaling, as described in Section 4.2 of Ref. [116]. Figures based on preliminary work presented
at this conference by S. Sharpe [43].

3.3 Three-body resonances

Weakly-interacting systems are interesting to explore the behavior of three-body systems in
general, to benchmark the three-particle formalism, or to compare three-hadron quantities to EFTs.
However, a more compelling goal is to explore the properties of resonances with three-body decay
modes. In QCD, the first step in that direction has been undertaken in Ref. [141] for the 𝑎0 resonance,
although there is not enough information yet to constrain its properties. An alternative approach has
been followed in Ref. [146], where a three-particle resonance in a toy model has been investigated
to gain further insight into the manifestation of three-particle resonances in finite volume, and how
their properties can be extracted using the formalism.

3See the associated repository [150].
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The toy model of choice is a scalar theory with two complex scalar fields 𝜑𝑖 , and a term in the
Lagrangian that allows for one-to-three transitions:

L ⊃ 𝑔

2
(𝜑0)3𝜑†1 + h.c., (8)

where 𝑔 is the one-to-three coupling. If the mass of the heavy scalar, 𝑀1, is larger than three times
that of the light scalar, 𝑀0, the heavier particle can be interpreted as a three-particle resonance.

We perform various lattice simulations at different values of the lattice volume, and at three
different sets of parameters in the action. An example is shown in Fig. 8a, where also the usual
imprint of a resonance in finite volume, i.e. an avoided level crossing, can be seen. In order to
analyze the spectrum, we use the quantization condition for identical scalars in both FVU and RFT
approaches. We parametrize the three-body K-matrix of the RFT with an explicit pole:

K iso
df,3 =

𝑐′0
𝐸2

3 − 𝑚′2
𝑅

+ 𝑐′1, (9)

where𝑚𝑅, 𝑐0 and 𝑐1 are parameters, and a similar parametrization is used for the analogous quantity
in the FVU approach. In order to compute the properties of the resonance, we find the pole position
in the complex plane of the three-particle scattering amplitude after solving the corresponding
integral equations. More details can be found in Ref. [146].
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(a) Spectrum
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g = 4.43
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0

3.020 3.021 3.022 3.023 3.024

Re(E3/M0)

Im
(E

3
/M

0
)
×

10
7

FVU RFT

(b) Pole position

Figure 8: Left plot: Spectrum for two (black squares) and three (blue circles) particles as a function of the
box size, 𝐿, in units of the mass of the lightest particle, 𝑀0 (left). The vertical axes represents the shift with
respect to the two- or three-particle threshold. Right plot: Real and imaginary part of the pole position of a
resonance in a 𝜑4 theory, including simulations at three different values of the 1 → 3 coupling, 𝑔. The two
different patterns correspond to analysis of the finite-volume spectrum using two alternative methods: FVU
for solid blue ellipses, and RFT for red stripped ellipses. Figures taken from Ref. [146].

Figure 8b is the main result of Ref. [146]. It displays the pole position of the resonance in the
complex plane, which is related the mass (𝑀𝑅) and width (Γ) of the resonance:

𝐸pole = 𝑀𝑅 − 𝑖Γ
2
. (10)

As can be seen, the width of the resonance increases with the value of 𝑔. Note that the small value
of the width is due to the small phase factor for this transition. In addition, the resonance properties
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extracted using both formalisms are compatible. Indeed, this is the first demonstration of agreement
when analyzing the same lattice spectra with two different three-body finite-volume approaches.

4. Towards many hadron physics

There are many processes involving more than three hadrons that are relevant for our under-
standing of the strong interaction, and the Standard Model in general, for instance, exotic meson
resonances, weak decays of D mesons, as well as for binding energies and properties of atomic
nuclei. However, the complexity of lattice QCD computations of these quantities is expected to
grow with the number of hadrons.

Three ingredients are required for lattice QCD calculations of multi-hadron quantities. First,
multi-hadron correlation functions need to be efficiently computed in a situation in which the number
of Wick contractions grows factorially with the number of hadrons. Second, large enough statistical
samples are required such that observables can be extracted. Third, a theoretical framework that
relates finite-volume Euclidean observables to infinite-volume Minkowski multi-hadron quantities.
In this section, I will summarize progress on these three fronts.

Several works have addressed the topic of an efficient computation of correlation func-
tions [151–156], even up to 72 𝜋+ [155]. As presented at this conference, we propose and test
an algorithm to efficiently compute correlation functions for systems of many 𝜋+ up to 6144 𝜋+.
The algorithm scales cubically with the number of pions, and the cost is dominated by a singular-
value decomposition. The details will be presented in an upcoming manuscript [157]. An example
is given in Fig. 9, specifically, several measurements in different gauge configurations of the 6144-
𝜋+ correlation function. As can be seen, the measurements of the correlation function vary over
many orders of magnitude, making standard statistical tools completely impractical. Instead, we
find that it is possible to obtain information by assuming a log-normal distribution of the correlation
function in different configurations [158]. Indeed, this is related to ideas that there is information
about the theory in the distribution of correlation function, and not only in the mean [159].

Figure 9: Measurement of the 6144-𝜋+ correlation function on several configurations. Figure based on work
in progress presented at this conference by R. Abbott [157].
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Regarding the interpretation of many-body Euclidean quantities, there are several complemen-
tary approaches that can be pursued. First, a formalism based on quantization conditions, as is
the case of two and three particles. This remains so far unexplored. Moreover, alternative ap-
proaches to interpret Euclidean correlation functions based on spectral densities have been recently
explored [160–164]. Finally, the formulation of EFTs in finite volume can be a useful connection
between lattice QCD and infinite-volume quantities [165–169]. For example, one can use pionless
EFT in a finite volume for systems of few nucleons at low momentum, i.e. |𝑘 | � 𝑀𝜋 [170–172].

The formulation of pionless EFT in a finite volume is based on the variational principle.
The main idea is to have an expressive and trainable set of wave function ansätze with periodic
boundary conditions, such that the theory is formulated in finite volume. The parameters in the
test wave functions are optimized to minimize the energy using, e.g., state-of-the-art machine-
learning optimizers. Thus, good approximations for energies and wave functions of the states can
be obtained. An example ansatz is having independent Gaussian functions in each spatial direction.

Proof-of-concept results have been shown for up to six-nucleon systems [171, 172]. As
presented at this conference, this approach can also be used for excited states and moving frames
if the set of test wave functions is large enough and has been adequately optimized. An example
is shown in Fig. 10 for three- and four-body systems, where the two- and three-body effective
couplings have been obtained by fitting to the ground states in the rest frame of the corresponding
two- and three-body systems, as described in Ref. [172]. The red circles and blue square in this
figure correspond to predictions for energies, and in cases where lattice QCD data is available, the
predictions agree well with the observed energies.
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Figure 10: Predictions for the energy levels for He-3 and He-4 using pionless EFT in a finite-volume
(markers) compared against the lattice QCD data from Ref. [173] (dashed black lines and corresponding
colored error bands). The effective couplings in two-body sector have been matched to lattice data of the
deuteron and dineutron systems, and the three-body coupling has been constrained to the ground state in
He-3 in three different volumes—see Ref. [172].
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5. Summary and Outlook

Here I have described recent progress towards uncovering the fundamental nature of the hadron
spectrum using lattice QCD. In particular, I have discussed how multi-hadron quantities from lattice
QCD can be used to compute scattering amplitudes, resonance properties, and effective multi-hadron
couplings.

The Lüscher formalism is a well-established tool for studying two-hadron systems. Many two-
meson systems have been explored using this formalism, with some computations being carried out
directly at the physical point. However, processes involving at least one baryon are more challenging
due to the signal-to-noise problem, making it harder to obtain reliable computations of energy levels
and requiring large sets of operators. As an example, I have discussed the 𝜋𝑁 scattering amplitude
and the Δ(1232) resonance [65]. In the next few years, it is expected that more baryon systems
will be explored. It will be important to gain control over the quark mass dependence of scattering
amplitudes, as well as the continuum limit. The latter seems to be particularly important, since it
has been seen that some scattering amplitudes exhibit significant discretization effects [52].

Major developments in the three-particle formalism have enabled the first applications to
simple systems, including three-particle resonances [141, 146]. There is still much potential for
QCD applications in this area, and some formal developments are still needed. As a mid-term
goal, the Roper resonance captures all expected complications of a three-particle system: (i) it
decays into particles with different masses and isospin quantum numbers, pions and a nucleon, (ii)
it has both, two- and three-body decay modes, and (iii) it involves hadrons with spin. Nonidentical
particles [110, 111, 115], and two-to-three transitions [103] have been addressed in isolation, and
work on the formalism for spin is ongoing [145]. Once all the necessary pieces have been combined,
it will be possible to study the analytic structure of the scattering amplitude in the vicinity of the
Roper resonance using lattice QCD.

The computations of quantities beyond three hadrons are significantly more complicated, both
numerically and theoretically. One useful theoretical tool is the formulation of effective field
theories in finite volume. Specifically, pionless EFT can be used as a bridge between few-nucleon
quantities computed in finite volume and the infinite-volume properties of mid-sized nuclei such as
lithium and beryllium [170–172].

It remains to be seen what the best approach for more than three particles will be, and in fact,
the answer may depend on the specific system being studied. However, it is evident that this effort
is worth pursuing as it has the potential to provide valuable insights into the properties of exotic
hadrons, weak processes with multi-hadron final states, and the emergence of nuclei in QCD.
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