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We give an update on the ongoing effort of the RC* collaboration to generate fully dynamical
QCD+QED ensembles with C* boundary conditions using the openQ*D code. The simulations
were tuned to the U-symmetric point (mg = mg) with pions at m ,+ ~ 400 MeV. The splitting of
the light mesons is used as one of three tuning observables and fixed to mgo — mg+ =~ 5 MeV and
mgo —mg+ ~ 25 MeV on ensembles with renormalized electromagnetic coupling ar = @phys and
ar =~ 5.5appys respectively. The tuning of the three independent quark masses to the desired lines
of constant physics is particularly challenging. We will define the chosen hadronic renormalization
scheme, and we will present a tuning strategy based on a combination of mass reweighting and
linear interpolation to explore the parameter space. We will comment on finite-volume effects
comparing meson masses on two different volumes with m +L =~ 3.2 and m,+L ~ 5.1. We will
also provide some technical details on our updated strategy to calculate the sign of the fermionic
Pfaffian, which arises in presence of C* boundary conditions in place of the standard fermionic
determinant. More technical details on the generation of the configurations can be found in J.
Liicke’s proceedings
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1. Introduction

We give an update on the ongoing effort of the RC* collaboration to generate fully dynamical
QCD+QED ensembles with C* boundary conditions [1-4] and O(a) improved Wilson fermions
using the openQ*D code release 1.1 [5] at different values of the QED coupling constant. The
following discussion is based on the set of ensembles listed in Table 1, the technical details on the
generation of these configurations can be found in Jens Liicke’s proceedings [6].

In this proceedings, we focus on the tuning strategy that we use to generate the configurations,
on the mild sign problem of the Pfaffian and how we deal with it in our simulations and on the study
of QCD and QED finite-volume effects.

ensemble lattice a [fm] aR Quark Content
A400a00b324 64 x32%  0.05393(24) 0 My = Mg =mg # Me
B400a00b324 80 x 48>  0.05400(14) 0 My =mg =mg # Me

A450a07b324 64x32%  0.05469(32) 0.007076(24) my # ma = my # me
A380a07b324 64x323  0.05323(28) 0.007081(19) my # ma = my # me
A500a50b324 64x323  0.05257(14) 0.040772(85) my # ma = my # me
A360a50b324 64323  0.05054(27)  0.040633(80) my # ma = my # me
C380a50b324 96x 483  0.050625(79)  0.04073(11)  my # ma = my # me

Table 1: List of our ensembles.

2. Lines of Constant Physics

As in pure-QCD, for QCD+QED simulations it is fundamental to define a hadronic renormal-
ization, i.e. a set of observables to keep fixed towards the continuum limit. Our scheme is made
of the Wilson-flow-based scale 7y, the Wilson-flow fine-structure constant ar at energy to and the
dimensionless hadronic quantities:

2 2
$o =8t (MKt - M,rt) s
61 =810 (Mfri +Mi. + MIZ{O) , 0
> =810 (MI"‘(O - M,";i) g,

¢3 =\/8t() (MDS - MDO +MD1) .

The ¢ observables are maximally sensitive to certain combinations of quark masses and, therefore,
they are useful for the tuning of the bare quark masses.

The scale is set using the central value measured in QCD (8t0)1/ 2 =0.415fm by CLS [7]. This
value is not the most accurate determination in QCD, see e.g. [8], and it is calculated neglecting
isospin corrections. Eventually, we will need to set the scale consistently in QCD+QED, e.g. by
means of some baryon mass. Substituting the masses from the PDG [9] and the reference value for
to in Eq. (1), the values of the physical ¢s are:

¢ = 0.992, ™ = 2.26, B =~ 2.36, $B™° = 12.0. 2
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We simulate as close as possible to these values, up to ¢y which is set to zero to take advantage of
the U-spin symmetric point where m4 = m;. The values used to generate the configurations are:

¢ =0, ¢1 =2.11, ¢ =2.36, ¢35 =12.1. 3)
Keeping them constant while varying the value of ag we define our lines of constant physics plotted
in Fig. 1.
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Figure 1: Lines of constant physics.

3. Tuning Strategy

For fixed values of the bare fine-structure constant & and of the inverse SU(3)-gauge coupling
[, we tune the bare quark masses to obtain the desired values of the ¢ observables. Since we work
with mg = ms = mgs, this is a three-parameter tuning problem (which turned out to be expensive

and challenging).
l Am,-
. | Generate 3 Reweighting . | Generation
m; Interpolation | 7; o
——| Ensemble one for each p| ¢T A+ b +—— full statistics
=Am
(1000 cnfg) m; + Am; (2000 cnfg)
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¢i=¢7? Tuned

Figure 2: Conceptual flow chart of the tuning strategy.

Our tuning strategy takes into account the contribution of the sea quarks by means of reweighting
factors in the masses [10]. The main idea is to start from a guess of the bare masses 71; with
i = u, ds, c and use them to generate a limited statistics ensemble (1000 configurations). Then, with
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a guess for the shift Am;, we measure one reweighting factor for each mass shift. On each of these
four points in the bare parameter space (the original point plus the three shifted ones), we measure
the ¢ observables and we interpolate or extrapolate to the tuned point to obtain the bare masses #i;.
In the end, we generate an ensemble at full statistics (2000 configurations) using 71; and we check
if the masses are correctly tuned, if not we measure other reweighting factors. Fig. 2 shows the
conceptual steps of this strategy.

4. Sign of the Pfaffian

Instead of the usual determinant of the Dirac operator, as a consequence of C* boundary
conditions, we have to deal with the fermionic Pfaffian. As it is in QCD for the determinant of
the Dirac operator with Wilson fermions, the sign of the Pfaffian can flip. This is a mild sign
problem, which disappears in the continuum limit. In our simulations, the absolute value of the
Pfaffian is included in the RHMC while the sign is incorporated in the analysis as a reweighting
factor. To compute the sign, the Pfaffian can be written as the product of the eigenvalues 4,,s of the
hermitian Dirac operator Q = ysD. Due to C* boundary conditions Q is a 24V x 24V matrix but
the eigenvalues are doubly degenerate thus we pick each one only once (see [11]):

12v
pH(CKD) = [ | 4)
n=1

where CK D is the Dirac operator with C* boundary conditions. For a high value of the mass M,
O ~ Mvys hence the negative eigenvalues are even so the determinant is positive. In fact, the sign
of the Pfaffian is estimated following the 4,,s flow from the target mass m to some arbitrarily larger
mass M. One can see that there is a relationship between the number of times A,, crosses zero and
the final sign of the Pfaffian

number of 4,, crossing zero even — positive sign

number of 4,, crossing zero odd — negative sign.
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Figure 3: Smallest eigenvalue of up quark |Q| as a function of the valence mass, calculated on C380a50b324.
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As shown in Fig. 3, we follow only the flow of the smallest eigenvalue of |Q| for different values of
the valence mass. This is sufficient because no eigenvalue can flow in the grey regions of (Fig. 3)
(as demonstrated in [11]). If the smallest eigenvalue increases the grey region keeps growing and
covers all the values of the masses where no flip can occur. The flow can be also followed starting
from the largest considered mass M. We follow the flow from both sides and we choose to continue
with the side which has the biggest step in the mass. At every step, the interval in which a sign
flip may occur shrinks. If the smallest eigenvalue shows non-monotonicity with the mass, we stop
this algorithm and track the eigenvalues and eigenvectors flow in the restricted interval, using the
methods described in [12, 13] (for a detailed description of the algorithm see [11]).

In our case, we compute only the sign of the up quark Pfaffian because the down and strange
quarks are degenerate hence they contribute with a squared Pfaffian which is positive, and the
charm quark is massive enough not to show sign flips. The probability of the sign flip depends on
the potential barrier in Fig. 4 which is determined by the rational approximation chosen for the
Dirac operator [13]. The rational approximation is defined by a range of validity and some poles,
the barrier can be lowered by increasing the lower bound of validity, which requires reducing the
number of poles.

We generated A450a07b324 with a 15-poles rational approximation (purple line in Fig. 4)
and we saw no sign flip so we decided to lower the barrier to 13-poles (blue line in Fig. 4) to
generate A380a07b324. The result is still no sign flip, the reason is under study but we propose
three possible sources. The generation algorithm is stuck in a region of the configuration space
where there is no flip so it may be not ergodic. The lattice spacing is small enough to have a small
artefact due to Wilson fermion. The up quark is too massive to have a negative eigenvalue, however
this is unlikely, since CLS has already shown that a strange quark as massive as our up quark can
give rise to sign flips [13].

Smallest eigenvalue up quark Dirac operator Potential barrier for the up quark
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Figure 4: Smallest eigenvalue of the up quark Dirac operator of A450a07b324 with different possible
rational approximations (left). The potential barrier for the sign flip of the up quark Pfaffian for different
rational approximations (right). In (right) also the logarithm is plotted which is the behaviour of the barrier
without the rational approximation.
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5. Finite-Volume Effects

QCD finite-volume effects are exponentially suppressed for stable hadron masses [14], we

estimated them by means of LO y-PT:

Mp(L) M+— > —Kl(nL)

nEZ3 {0}

Mc(L) M— > Z

nEZg\{()}

3( 1)2, i

——F K (nL),

where n = |ii|, & = M?/(4nF)? and K, is a modified Bessel function of the second kind, for
periodic [15] and C* boundary conditions. On the ensemble B400a00b324, the QCD finite-volume
effects on the pion mass are smaller than 1% (so negligible for our target precision). As one
can see in Fig. 5, the pion mass of the ensemble A400a00b324 is probably strongly affected by

finite-volume effects.
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Figure 5: Pion masses for our QCD ensembles, and ALPHA ensembles from [16].

QED finite-volume effects for hadron masses have a power-law behaviour as derived in [17]:

Mc(L)=M

{qzm)
-

2L

+q'((2)+0 1 ,
TML> L4

where £ (x) is a particular definition of the zeta function described in [17]. The leading order and
the next to leading order terms are structure-independent and are subtracted from the final result of
the analysis, while the higher-order terms in 1/L depend on the derivatives of the Compton tensor.
A detailed comparison of LO and NLO finite-volume effects is shown for charged K and D mesons

in Fig. 6.

As one can see from Fig. 6 the NLO finite-volume effects are already below the percentage
level for this unphysically big value of the QED coupling constant.
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Figure 6: QED finite-volume effects for the chartged meson masses for ar ~ 5.5apnys.

6. Conclusion and outlook

We showed some of the challenges we faced during the generation of QCD+QED ensembles
at the physical value of agym that will be important for future works, in particular, the tuning
strategy that we designed for the three parameters problem that we also plan to apply to the four
non-degenerate quarks case.

Furthermore, from the hierarchy of the finite-volume effects as shown in Fig. 6, we suppose
that the contributions of the non-universal terms in the 1/L expansion are in the sub-0.1% range for
values of m =L ~ 5.

For the sign of the Pfaffian, we described the algorithm that allows us to compute the sign for
every configuration generated.

The next step will be to split the down and the strange quark and to go closer to the physical
pion mass. We are also implementing the perturbative evaluation of isospin-breaking effects for a
cost comparison.
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