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1. Introduction

The internal structure of hadrons has been the subject of studies both theoretically and experi-
mentally. One of the quantities that provide information on the 3-dimensional structure of hadrons
are the transverse-momentum-dependent parton distribution functions (TMDPDFs) [1].

The computation of these quantities in lattice QCD intensified with the development of the
large momentum effective field theory (LaMET) [2] (see Refs. [3–7] for recent reviews). In such
a framework, TMDPDFs can be written in terms of a rapidity-dependent part, namely the Collins-
Soper kernel, and rapidity-independent parts, comprising the soft function and the quasi-beam func-
tion [4, 8]. In this work, we will focus on the calculation of the quasi-beam function of the pion and
the kaon.

Specifically, we present results on the pion and kaon matrix elements of non-local quark bilinear
operators with staple-shaped Wilson lines. These are renormalized employing an RI/MOM scheme
and using symmetry arguments to disentagle the mixing pattern [9].

2. Lattice Setup

2.1 Lattice Characteristics

The ensemble of gauge field configurations used in this work was generated by the Extended
Twisted Mass Collaboration (ETMC) [10] using clover-improved twisted mass fermions and the
Iwasaki gauge action. The simulated pion mass corresponds to 350 MeV and the kaon mass to
554 MeV. The hadron boost used in this work for both mesons is 𝑎 𝒑 = {0, 0, 2}2𝜋/𝐿 in the arbitrary
𝑛̂𝑧 direction, which corresponds in physical units to | 𝒑 | ≈ 1.11 GeV. The parameters used for the
simulations are given in Table 1.

Ensemble name 𝐿3 × 𝑇 𝑎 (fm) 𝑎𝜇𝑙 𝑚𝜋 (MeV) 𝑎𝜇𝑠 𝑚𝐾 (MeV)
cA211.53.24 243 × 48 0.093 0.0053 350 0.0221 554

𝑎 𝒑 | 𝒑 | (GeV) 𝑡sep/𝑎 𝑁confs 𝑁source

{0, 0, 2}2𝜋/𝐿 1.11 6, 8, 10 300 10

Table 1: Top: Parameters used in the ensemble simulation with the columns being, respectively, i) the
ensemble name, ii) the lattice volume, iii) the lattice spacing, iv) the light bare quark mass, v) the pion mass
𝑚𝜋 , vi) the strange bare quark mass, and vii) the kaon mass 𝑚𝐾 . Bottom: Statistics used in the calculation
with the columns being, respectively, i) the lattice hadron boost 𝒑 used for all our matrix elements results for
both pion and kaon, ii) the magnitude of such hadron boost in physical units, iii) the employed source-sink
separations, iv) the number of configurations used to calculate the matrix elements, and v) the number of
source-positions used for each configuration.

2.2 Correlation functions and matrix elements

The quasi-beam function is defined by the following matrix element,

𝐵Γ (𝑥, 𝒑; 𝑏, 𝑧, 𝑙) = ⟨𝑀 ( 𝒑) |𝜓̄ (𝑥) ΓW𝜓 (𝑥 + 𝑏𝑛̂⊥ + 𝑧𝑛̂𝑧) |𝑀 ( 𝒑)⟩, (1)
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with 𝑀 ( 𝒑) referring to above being the mesonic state with boost 𝒑 = (0, 0, 𝑝𝑧), 𝜓 the quark field
and W the staple-shaped Wilson line whose definition is given by

W(𝑏, 𝑧, 𝑙) = 𝑊†
𝑧 (𝒙 − 𝑙𝑛̂𝑧 , 𝑙)𝑊⊥ (𝒙 − 𝑙𝑛̂𝑧 , 𝑏)𝑊𝑧 (𝒙 − 𝑙𝑛̂𝑧 + 𝑏𝑛̂𝑇 , (𝑙 + 𝑧)) , (2)

with 𝑊𝑖 (𝒙, 𝐿) being the Wilson line starting from position 𝒙 and going in the direction 𝑛̂𝑖 for a
distance 𝐿. The longitudinal parts 𝑊𝑧 of this asymmetric staple are taken parallel to the direction
of the boost of the hadron, whereas the perpendicular one 𝑊⊥ goes along one of the transverse
direction, either 𝑛̂𝑥 or 𝑛̂𝑦 . By argument of rotational invariance, in this preliminary study we selected
the transverse direction 𝑛̂⊥ = 𝑛̂𝑥 . A graphical representation of W(𝑏, 𝑧, 𝑙) is given in the left-hand-
side of Fig. 1.

Figure 1: Graphical representation of the asymmetric staple (left) and Wilson loop (right).

In order to extract the lattice matrix elements, we calculate three-point functions with a staple-
shaped operator and two-point functions for each meson. We employ momentum-smeared inter-
polating fields improving the signal-to-noise ratio for boosted meson states [11]. The parameters
for the Gaussian smearing [12] are 𝑛gauss = 50 and 𝛼gauss = 4.0 and for the momentum smearing
𝜉 = 0.6, which is tuned in order to provide the best signal-to-noise ratio for both mesons. Also, the
gauge links entering the Gaussian smearing are APE-smeared [13] with parameters 𝑛APE = 50 and
𝛼APE = 0.5. We take 𝐽𝜋+ (𝑥) = 𝑑𝛾5𝑢 for the interpolator field of 𝜋+ and 𝐽𝐾+ (𝑥) = 𝑠𝛾5𝑢 for 𝐾+.

We construct two- and three-point correlation functions with the non-local bilinear operator
with staple-shaped Wilson line which is stout-smeared [14] with parameters 𝑛stout = 5 and 𝜌stout =
0.1315. Since we employ point-sources in our lattice calculations, the correlation functions are
given by

𝐶𝑀2𝑝𝑡 (𝑡, p) =
∑

x
𝑒−i𝒑 · (𝒙−𝒙0 ) ⟨𝐽𝑀 (𝑥)𝐽†𝑀 (𝑥0)⟩, (3)

𝐶
𝑀,𝜓
3𝑝𝑡 (𝑡, 𝑡𝑠, p, Γ, 𝑏, 𝑧, 𝑙) =

∑
x,xf

𝑒−i𝒑 ·(𝒙 𝒇−𝒙0) ⟨𝐽𝑀 (𝑥 𝑓 )𝜓̄(𝑥)ΓW(𝑏, 𝑧, 𝑙)𝜓(𝑥 + 𝑏𝑛̂⊥ + 𝑧𝑛̂𝑧)𝐽†𝑀 (𝑥0)⟩,

(4)

where 𝑀 stands for the particular meson under analysis, 𝑥0 denotes the smeared point-source, 𝑡𝑠 is
the time separation between the source and the sink, and 𝜓 either the light or strange quark at the
insertion operator.

The matrix elements can be extracted by employing the ratio of the three-point to the two-
point functions taking into account the periodicity of the two-point function. Namely, the two-point
function, assuming ground state dominance, is given by

𝐶2𝑝𝑡 = 𝑐0

(
𝑒−𝐸

𝒑
0 𝑡 + 𝑒−𝐸

𝒑
0 (𝑇−𝑡 )

)
, (5)
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where 𝑇 is the temporal lattice extent. Knowing this behaviour for the two-point function, we can
then fit our results in order to extract the overlap with the ground state 𝑐0 and the ground state energy
𝐸

𝒑
0 and use them to form the following ratio:

𝐶
𝑀,𝜓
3𝑝𝑡

𝑐0𝑒
−𝐸𝒑

0 𝑡 𝑓

𝑡 , 𝑡𝑠 → ∞−→ 𝐾 (𝑝, Γ)ℎ𝑀Γ 𝜓
, (6)

where 𝐶𝑀3𝑝𝑡 is the three-point function, ℎΓ is the desired matrix element and 𝐾 (𝑝, Γ) is a kinematic
factor depending on the hadron momentum and insertion operator Γ. For all the results presented
in this work, we consider only the connected contributions for both the pion 𝜋+ and kaon 𝐾+.

The staple-shaped Wilson line introduces linear and logarithmic (cusp and end-point) diver-
gences in the three-point function for non-zero values of both 𝑏, 𝑙 and 𝑧 parameters [4]. One way
to remove the linear and cusp divergences is to divide the three-point function by the square root of
the vacuum expectation value of the Wilson loop 𝑍𝐸 given by (for a graphical representation, see
Fig. 1) [15]

𝑍𝐸 (𝑏, 𝑙)=
1
𝑁𝑐

〈
𝑊⊥

(
−𝑙𝑛̂𝑧 −

𝑏

2
𝑛̂⊥, 𝑏

)
𝑊𝑧

(
−𝑙𝑛̂𝑧 +

𝑏

2
𝑛̂⊥, 2𝑙

)
𝑊†

⊥

(
𝑙𝑛̂𝑧 −

𝑏

2
𝑛̂⊥, 𝑏

)
𝑊†
𝑧

(
−𝑙𝑛̂𝑧 −

𝑏

2
𝑛̂⊥, 2𝑙

)〉
.

(7)
The remaining end-point divergences can be eliminated by employing, e.g., RI/MOM renormaliza-
tion scheme (see next section). However, since the vertex functions in the RI/MOM conditions have
the same linear and logarithmic divergences, the RI/MOM renormalization functions can cancel all
divergences in the bare matrix elements without the use of 𝑍𝐸 .

2.3 Renormalization
The bare quasi-beam function is renormalized non-perturbatively by using the RI/MOM scheme

[16]. We define the renormalization functions for the quark field 𝑍RI/MOM
𝑞 and for the staple-shaped

operators 𝑍RI/MOM
ΓΓ′ by imposing the following renormalization conditions:

𝑍RI/MOM
𝑞 (𝜇0) = −i

Tr
[∑

𝜇 𝑆(𝑝)−1𝛾𝜇 sin
(
𝑝𝜇

) ]
12

∑
𝜇 sin2 (𝑝𝜇 ) ���

𝑝2=𝜇2
0

, (8)(
𝑍RI/MOM
ΓΓ′ (𝑏, 𝑧, 𝑙, 𝜇0)

)−1
=

Tr
[
ΛΓ (𝑏, 𝑧, 𝑙, 𝜇0)Γ′†]

12𝑒i𝜇0 · (𝑏𝑛̂⊥+𝑧𝑛̂𝑧 )𝑍RI/MOM
𝑞 (𝜇0)

, (9)

where 𝑆(𝑝) = (𝑆𝑢 (𝑝) + 𝑆𝑑 (𝑑))/2 is the average of the up and down quark propagators and ΛΓ is
the amputated vertex function defined as

ΛΓ (𝑏, 𝑧, 𝑙, 𝜇0) = ⟨𝑆𝑢 (𝑝)−1𝐺Γ (𝑏, 𝑧, 𝑙, 𝜇0)𝑆𝑑 (𝑝)−1⟩, (10)

𝐺Γ (𝑏, 𝑧, 𝑙, 𝜇0) =
∑
x 𝑓 ,x

𝑒−i𝜇0 · (𝑥 𝑓 −𝑥0 ) ⟨𝑢(𝑥 𝑓 )𝑢̄(𝑥)ΓW𝑑 (𝑥 + 𝑏𝑛̂⊥ + 𝑧𝑛̂𝑧)𝑑 (𝑥0)⟩. (11)

According to symmetry arguments, staple-shaped operators of different Dirac structures can and
will mix; thus, the renormalization function 𝑍RI/MOM

ΓΓ′ takes a matrix form. In order to define all
matrix elements of 𝑍RI/MOM

ΓΓ′ , we make use of a number of different projectors Γ′ (see Eq. 9).
The conversion to the 𝑀𝑆 reference scheme (commonly used in the analysis of experimental

data) requires the perturbative computation of the matching function and is postponed to an upcom-
ing publication [9].
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3. Results

3.1 Bare matrix elements

Matrix elements are subject to excited state contamination and we check convergence by com-
paring their value measured at various source-sink time separations 𝑡𝑠. In Fig. 2, we show the pion
matrix elements of the operator Γ = 𝛾4 and staple parameters 𝑏/𝑎 = 1, 𝑧/𝑎 = 5 and 𝑙/𝑎 = 4.

−4 −2 0 2 4

t− ts/2

0.10

0.15

0.20

0.25

0.30

R
e
( h

π
+

Γ
u

)

ts = 6

ts = 8

ts = 10

Figure 2: The real part of the bare pion matrix element of the operator Γ = 𝛾4 with staple parameters
𝑏/𝑎 = 1, 𝑧/𝑎 = 5 and 𝑙/𝑎 = 4 for source-sink time separations 𝑡𝑠 = 6𝑎 (blue circles), 𝑡𝑠 = 8𝑎 (green
circles) and 𝑡𝑠 = 10𝑎 (red circles). The plateau fits over the corresponding ranges are also shown with the
corresponding colors.

We obtain consistent results within error for source-sink time separations 𝑡𝑠 = 6𝑎 to 𝑡𝑠 = 10𝑎.
Since the plateau fit range varies for every source-sink time separation 𝑡𝑠, for all the following
results presented in this work the fitting range is chosen individually for each 𝑡𝑠 and each set of
staple parameters 𝑏,𝑧 and 𝑙.

As already mentioned in the previous sections, the staple-shaped Wilson line of the insertion
operator introduces linear and logarithmic divergences into the three-point function, which are vis-
ible for non-zero values of the staple parameters 𝑏, 𝑧 and 𝑙. As it can be seen, in Fig. 3, there is a
strong dependence of the bare results on the parameter 𝑙, which is not physical. The multiplicative
RI/MOM procedure will cancel also these divergences, since the vertex functions from which the
RI/MOM renormalization functions are calculated present the same linear and logarithmic diver-
gences (see Fig. 5 in the next section).

3.2 Renormalized matrix elements

We calculated the vertex functions of Eqs. (10), (11) with momentum sources and Landau
gauge-fixed configurations. We employed a total of 10 configurations and a democratic choice for
the scale 𝜇0 =

(
4, 4, 4,

(
4 + 1

2

)
𝐿/𝑇

)
2𝜋/𝐿 with half-twist in the temporal direction.

5
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Figure 3: The real part of the bare matrix element for the operator Γ = 𝛾4 with staple parameter 𝑏/𝑎 = 1
and source-sink time separation 𝑡𝑠 = 6𝑎.

To identify the set of operators which mix, we have considered symmetries of the twisted mass
lattice action that we employ. These include generalized parity in the 𝛼-direction (𝛼 = 1, 2, 3, 4)
combined with a discrete flavor rotation or sign change of the twisted mass term, generalized time
reversal in the 𝛼-direction (again with a corresponding flavor transformation) and charge conjuga-
tion. For more details of this analysis, we refer to an upcoming publication [9]. The number of
allowed mixing operators differs according to the shape of the staple. The expected mixing pattern
for a staple-shaped operator whose transverse direction is 𝑛̂𝑥 and the longitudinal that is parallel to
the hadron boost is 𝑛̂𝑧 is:

Ultralocal (𝑏 = 0, 𝑧 = 0, 𝑙 = 0) : no mixing
Straight Wilson line (𝑏 = 0, 𝑙 = 0) : (1, 𝛾3) , (𝛾5𝛾4, 𝜎12) , (𝛾5𝛾1, 𝜎42) , (𝛾5𝛾2, 𝜎41)

Symmetric staple (𝑧 = 0) : (𝛾5𝛾1, 𝛾5𝛾3, 𝛾5) , (𝛾1, 𝛾3, 𝜎13) , (𝛾4, 𝜎41, 𝜎43) , (𝛾2, 𝜎12, 𝜎23)
Asymmetric staple : (𝜎24, 𝛾5𝛾1, 𝛾5𝛾3, 𝛾5) , (1, 𝛾1, 𝛾3, 𝜎13) ,

(𝛾4, 𝜎41, 𝜎43, 𝛾5𝛾2) , (𝛾2, 𝜎12, 𝜎23, 𝛾5𝛾4) . (12)

Considering the expected mixing sets, we are able to extract the renormalization functions of the
staple-shaped operators under study. The procedure consists in the inversion of a sub-matrix of the
total projected vertex function matrix (see denominator of the right-hand side of Eq. (9)), whose
indices, both for the operator and the projector, correspond to the matrices present in one of the
expected mixing sets presented in Eq. (12). The results of 𝑍RI/MOM

𝑉0
= 𝑍RI/MOM

𝛾4𝛾4 for the symmetric
and asymmetric staples are shown in Fig. 4 for the transverse staple parameter 𝑏/𝑎 = 1. The lin-
ear and logarithmic divergences aforementioned in previous sections of this work, generated by the
staple-shaped Wilson line in the vertex function (see Eq. (11)), affect significantly the renormaliza-
tion function dependence on the staple parameters 𝑏, 𝑧 and 𝑙. Fig. 4 depicts specifically the strong

6
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dependence on the parameters 𝑧 and 𝑙.
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Figure 4: Real (left) and imaginary (right) parts of 𝑍RI/MOM
𝑉0

= 𝑍RI/MOM
𝛾4𝛾4 for different values of 𝑙 at 𝑏/𝑎 = 1.

By using the renormalization matrix and taking into account the mixing sets of operators, we
calculate the renormalized matrix elements in the RI/MOM scheme as follows:

ℎ𝑀Γ
RI/MOM
𝑢 =

∑
Γ′
𝑍RI/MOM
ΓΓ′ ℎ𝑀Γ′ 𝑢 . (13)

The behavior of the renormalized matrix elements with respect to the staple parameter 𝑙 is shown in
Fig. 5 for 𝜋+ for the operator Γ = 𝛾4, time separation 𝑡𝑠 = 6 and transverse staple parameter 𝑏/𝑎 = 1.
The cancellation of all linear and logarithmic divergences, introduced by the staple-shaped Wilson
line, by the combination of bare matrix elements and RI/MOM renormalization functions happens
as expected. In the following renormalized results, we employ a plateau fit over the asymptotic
limit range of 𝑙 for every set of staple parameters 𝑏, 𝑧, insertion operator Γ and source-sink time-
separation 𝑡𝑠.
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Figure 5: Left: The real part of the RI/MOM renormalized matrix element for the operator Γ = 𝛾4 with
staple parameter 𝑏/𝑎 = 1 and source-sink time separation 𝑡𝑠 = 6. The renormalized result is independent of
the staple parameter 𝑙. Right: the values of the renormalized matrix element at 𝑧/𝑎 = 7 as a function of 𝑙/𝑎.
The band shows the weighted average starting from 𝑙/𝑎 = 4.

The RI/MOM renormalized matrix elements of both 𝜋+ and𝐾+ for the insertion operator Γ = 𝛾4

and transverse staple parameter 𝑏/𝑎 = 1 are presented in Fig. 6. It is worth mentioning that these
results are calculated from symmetrized bare matrix elements, since the slight asymmetry of the
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bare matrix element results grows significantly once combined with the exploding dependence of
the RI/MOM renormalization functions for increasing values of 𝑏,𝑧 and 𝑙.
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Figure 6: Real (top panels) and imaginary (bottom panels) parts of the RI/MOM renormalized matrix ele-
ments of 𝜋+ (left panels) and 𝐾+ (right panels). The source-sink time separations are 𝑡𝑠 = 6𝑎 (blue circles),
𝑡𝑠 = 8𝑎 (green circles) and 𝑡𝑠 = 10𝑎 (red circles).

4. Conclusions

Preliminary results for TMDPDFs of the pion and the kaon are presented. The RI/MOM renor-
malized results are shown to be independent of the staple parameter 𝑙 for all values of the staple
parameter 𝑧.

Future work includes the analysis of additional meson boosts, the perturbative subtraction of
the lattice artifacts from the renormalization factors, and the conversion to the 𝑀𝑆 scheme. We then
intend to combine our previous results for the soft function [17] and quasi-beam functions together
with Collins-Soper kernels, in order to provide a full calculation of the TMDPDFs for the pion and
kaon. Investigation of different ensembles with lighter pion masses as well as the investigation of
the dependence on the finite lattice spacing are also planned.
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