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1. Introduction

The anomalous magnetic moment of the muon is one of the quantities which is getting a deal
of attention in relation to new physics searches. The combined result of the BNL’s E821 experiment
[1] and the first run of the E989 experiment at Fermilab [2] shows a precision of 0.35 ppm and a
tension with the Standard Model’s prediction [3] of 4.2 𝜎, if one does not include recent lattice
determinations, most notably the result by the BMW collaboration [4]. The next runs of the E989
experiment and the upcoming experiments at J-PARC [5] and CERN [6] aim to further reduce the
experimental uncertainty.

Theoretically, the dominant source of uncertainty is the leading hadronic vacuum polarization.
The most precise result for 𝑎LO,HVP

𝜇 is obtained using the dispersive relations and the experimental
data for the cross section of 𝑒+𝑒− to hadrons. Currently, the precision of the dispersive approach
is about 0.6% [3]. Independent results can be obtained using the lattice framework, which does
not require experimental inputs and has started to produce competitive results for the muon’s 𝑔 − 2.
The most precise result from lattice simulations is the one from the BMW collaboration, which
shows a precision of about 0.8% [4]. The target precision on the HVP for the next few years is of
few per mille. To achieve this precision, it is necessary to include the strong and electromagnetic
isospin-breaking corrections, which contribute at the percent level.

In this work, we present preliminary results for the leading connected contributions to HVP
from strange and charm quarks. This is the first and necessary step for a long-term research project
aiming to evaluate the full HVP diagram, by including the isospin-breaking effects as well as the
disconnected terms. The novelty of our approach is the use of C★ boundary conditions, which allows
for defining QED on the lattice with a local and gauge-invariant formulation. The configurations
used for this work have been generated by the RC★ collaboration using the openQ*D-1.1 code
[7]. The lattice setup and the methods for the observable are described in sections 2 and 3. Our
preliminary results are presented in section 4.

2. Lattice setup

We perform measurements on two QCD ensembles generated by the RC★ collaboration. The
configurations are produced at the SU(3) symmetric point, i.e 𝑚𝑢 = 𝑚𝑑 = 𝑚𝑠 ≃ (𝑚𝑝ℎ𝑦𝑠

𝑢 +
𝑚

𝑝ℎ𝑦𝑠

𝑑
+ 𝑚𝑝ℎ𝑦𝑠

𝑠 )/3, by using the Lüscher-Weisz action for the SU(3) field and 𝑂 (𝑎) improved
Wilson fermions. The ensembles are generated with periodic boundary conditions in time and C★

boundary conditions in the spatial directions, i.e. all the fields are periodic up to charge conjugation

𝑈𝜇 (𝑥 + 𝐿𝑘 𝑘̂) = 𝑈∗
𝜇 (𝑥), 𝜓 𝑓 (𝑥 + 𝐿𝑘 𝑘̂) = 𝐶−1𝜓

𝑇

𝑓 (𝑥), 𝜓 𝑓 (𝑥 + 𝐿𝑘 𝑘̂) = −𝜓𝑇
𝑓 (𝑥)𝐶. (1)

The action parameters, lattice sizes, and pion masses are shown in Table 1. More details about
the tuning of the parameters in the simulations, the scale setting, and the calculations of the meson
masses are given in Ref. [8]. In particular, the values of the lattice spacing in Table 1 are determined
from the auxiliary scale 𝑡0 with the reference value of the CLS determination (8𝑡0)1/2 = 0.415 fm
[9]. The two ensembles are generated with the same bare parameters but different lattice volumes.
This gives us the possibility to get an idea about the finite-volume effects. To obtain the results
shown in section 4 we use respectively 200 and 108 independent configurations for the ensembles
A400a00b324 and B400a00b324.
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Ensemble V 𝛽 𝜅𝑢,𝑑,𝑠 𝜅𝑐 𝑐sw,SU(3) 𝑎 [fm] 𝑚𝜋± [MeV]
A400a00b324 64 × 323 3.24 0.1344073 0.12784 2.18859 0.05393(24) 398.5(4.7)
B400a00b324 80 × 483 3.24 0.1344073 0.12784 2.18859 0.05400(14) 401.9(1.4)

Table 1: Parameters of the ensembles used in this work. The lattice spacings and pion masses have been
computed in Ref. [8].

3. Methods for the hadronic vacuum polarization

In the time-momentum representation (TMR) [10], the leading HVP contribution to 𝑎𝜇 =

(𝑔𝜇 − 2)/2 is given by the convolution

𝑎HVP
𝜇 =

(𝛼
𝜋

)2 ∞∑︁
𝑡=0

𝐺 (𝑡)𝐾̃ (𝑡;𝑚𝜇), (2)

where 𝐺 (𝑡) is the spatially summed correlator of two electromagnetic currents

𝐺 (𝑡) = −1
3

∑︁
𝑘=1,2,3

∑︁
®𝑥
⟨𝑉𝑘 (𝑥)𝑉𝑘 (0)⟩ , (3)

and 𝐾̃ (𝑡;𝑚𝜇) is the QED kernel, for which we use the expression in Appendix B in [11]. There are
two commonly used discretizations of the vector current in lattice QCD: the local vector current

𝑉 𝑙
𝜇, 𝑓 (𝑥) = 𝜓̄ 𝑓 (𝑥)𝛾𝜇𝜓 𝑓 (𝑥), (4)

and the point-split or conserved one defined by

𝑉𝑐
𝜇, 𝑓 (𝑥) =

1
2

[
𝜓̄ 𝑓 (𝑥 + 𝜇̂)

(
1 + 𝛾𝜇

)
𝑈†

𝜇 (𝑥)𝜓 𝑓 (𝑥) − 𝜓̄ 𝑓 (𝑥)
(
1 − 𝛾𝜇

)
𝑈𝜇 (𝑥)𝜓 𝑓 (𝑥 + 𝜇̂)

]
, (5)

where we use the label 𝑓 to denote the vector current operator of a single flavor. By inserting the
expression of the current in the expectation value in equation (3) and considering all the possible
Wick contractions between the fields, one obtains two different types of contributions: the connected
terms that are flavor diagonal, and the disconnected diagonal and off-diagonal ( 𝑓 ′ ≠ 𝑓 ) terms,

⟨𝑉𝑘 (𝑥)𝑉𝑘 (0)⟩ =
∑︁
𝑓

𝑞2
𝑓 ×

𝑓

𝑓

+
∑︁
𝑓 , 𝑓 ′

𝑞 𝑓 𝑞 𝑓 ′ ×

𝑓

𝑓

𝑓

𝑓 𝑓 ′

𝑓 ′

. (6)

In the following, we will focus only on the connected terms.
The local vector current in equation (4) is neither conserved nor improved on the lattice. If we

consider only the connected contractions, it renormalizes independently for each flavor 𝑓 [12, 13]

𝑉𝑅
𝜇, 𝑓 = 𝑍

𝑚 𝑓

𝑉
(𝑉 𝑙

𝜇, 𝑓 + 𝑎𝑐𝑉𝜕𝜈𝑇𝜇𝜈, 𝑓 ), (7)

where 𝑇𝜇𝜈, 𝑓 = −𝜓̄ 𝑓
1
2 [𝛾𝜇, 𝛾𝜈]𝜓 𝑓 is the tensor current, 𝑐𝑉 is a constant, and 𝑚 𝑓 is the mass of

the valence quark with flavor 𝑓 . The current in equation (5) is instead conserved on the lattice
but still requires 𝑂 (𝑎) improvements. In this work, we do not consider any improvements at the
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Figure 1: Example of comparison of the correlators 𝐺𝑘𝑘 (𝑡), with 𝑘 = 𝑐, 𝑙 (left), and the relative errors
(right) for the light quark. 𝑐 and 𝑙 denote the conserved and the local discretization of the vector current.

observable level, thus we neglect the term proportional to the tensor current. In this case, we see
from equation (7) that the local vector current for a flavor 𝑓 renormalizes multiplicatively through
the mass-dependent renormalization factor 𝑍𝑚 𝑓

𝑉
. We describe our method to determine 𝑍𝑚 𝑓

𝑉
in

section 4.2. The choice of the local or conserved currents at the source and sink points of the quark
propagator leads to different discretizations of the correlator 𝐺 (𝑡) in TMR, but share the same
continuum limit once renormalization constants are taken into account.

3.1 Signal-to-noise ratio

Before performing the measurements, we study the effect of the discretization of the current
on the signal-to-noise ratio of the correlator. By using the two expressions of the current in
equations (4) and (5), it is indeed possible to define three types of correlator: the local-local (𝑙𝑙),
the conserved-conserved (𝑐𝑐), and the mixed one (𝑐𝑙). For instance, for the local-local correlator,
the expression to be evaluated is the following

𝐺𝑙𝑙
𝑓 (𝑡)𝑐𝑜𝑛𝑛 =

1
3

∑︁
𝑘=1,2,3

∑︁
®𝑥
𝑞2
𝑓 tr

[
𝛾𝑘𝐷

−1
𝑓 (𝑥 |0)𝛾𝑘𝐷−1

𝑓 (0|𝑥)
]
, (8)

with 𝐷−1(𝑥 |0) being the quark propagator from 0 to 𝑥. For these measurements, we use 60
configurations and 10 point sources per configuration. The aim is to understand which choice is
the most convenient in terms of signal-to-noise ratio and computational cost. With the conserved-
conserved correlator, we do not need to determine the renormalization factor. However, we expect
to have a noisier result when using the conserved current due to the fluctuations of the gauge field.
Moreover, employing the conserved current both at the sink and source points requires 3 additional
inversions of the Dirac operator per point source, one for each spatial direction 𝑘̂ = 1, 2, 3.

Figure 1 shows the three different correlators of the light quark measured on the A400a00b324
ensemble. The left panel shows the correlators plotted against time, and the right panel illustrates
the relative statistical noise of 𝐺𝑐𝑙 (𝑡) and 𝐺𝑐𝑐 (𝑡) compared to the local-local correlator. As
shown, the conserved-local correlator is only slightly (5% to 10%) noisier than the local-local
one; the conserved-conserved correlator is instead much noisier. By taking into account that the
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computational cost is even four times larger, the conserved-conserved correlator is not a good choice
to achieve the overall target precision. The other two correlators are equivalent choices unless the
uncertainty in 𝑍𝑉 gets significant, then the conserved-local correlator has the advantage to be less
sensitive to the precision of the renormalization factor since it appears only once in this correlator.

In section 4 we will show results for both local-local and local-conserved correlators, pointing
out the significant difference in the charm contribution, due to large discretization effects.

4. Strange and charm quark-connected contribution

4.1 Tuning procedure

To evaluate the leading order strange and charm quark-connected contribution to HVP, it is
necessary to perform the continuum limit and the extrapolation to the physical pion mass and take
into account all the systematics. In this work, we consider only one value for the lattice spacing and
pion mass and two different volumes. Before evaluating the correlator in equation (8), we tune the
hopping parameters 𝜅 𝑓 of the valence quarks. We choose the value of 𝜅𝑠 and 𝜅𝑐 by matching the
physical value of the masses of the mesons 𝜙 and 𝐽/𝜓 [14]

𝑚
𝑝ℎ𝑦𝑠

𝜙
= 1019.461(20) MeV, 𝑚

𝑝ℎ𝑦𝑠

𝐽/𝜓 = 3096.900(6) MeV (9)

with our lattice results, obtained respectively from the two-point functions of the interpolators

O𝑠 = 𝑠𝛾𝜇𝑠, O𝑐 = 𝑐𝛾𝜇𝑐. (10)

In this matching procedure we are neglecting the disconnected terms and the QED corrections,
which enter into the physical masses and are instead missing in our calculations.

In Tables 2 and 3 we show the different choices of 𝜅𝑠/𝑐 and the results for the effective masses
of the vector mesons 𝑠𝑠 and 𝑐𝑐 for both ensembles.

𝜅𝑠 𝑎𝑚𝑉 (𝑠𝑠) 𝑚𝑉 (𝑠𝑠) [MeV] 𝜅𝑐 𝑎𝑚𝑉 (𝑐𝑐) 𝑚𝑉 (𝑐𝑐) [MeV]

0.134407 0.2644(50) 967(19) 0.12784 0.8540(5) 3125(14)
0.1343 0.2731(24) 999(10) 0.12794 0.8463(5) 3097(14)
0.13422 0.2808(22) 1027(9) 0.12800 0.8418(5) 3080(14)

Table 2: Ensemble A400a00b324: mass of the vector mesons for several choices of the hopping parameters
in the valence sector. Values in MeV are obtained by using the reference value (8𝑡0)1/2 = 0.415 fm [8].

𝜅𝑠 𝑎𝑚𝑉 (𝑠𝑠) 𝑚𝑉 (𝑠𝑠) [MeV] 𝜅𝑐 𝑎𝑚𝑉 (𝑐𝑐) 𝑚𝑉 (𝑐𝑐) [MeV]

0.134407 0.2522(33) 923(13) 0.12784 0.8536(7) 3123(14)
0.134220 0.2715(22) 993(9) 0.12794 0.8458(9) 3095(14)
0.134152 0.2794(19) 1022(8)

Table 3: Ensemble B400a00b324: mass of the vector mesons for several choices of the hopping parameters
in the valence sector. Values in MeV are obtained by using the reference value (8𝑡0)1/2 = 0.415 fm [8].
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Figure 2: Masses of the vector mesons 𝑠𝑠 (left) and 𝑐𝑐 (right) as functions of the inverse of the hopping
parameter. The purple bands and their central value represent the physical mass of the mesons 𝜙 (left) and
𝐽/𝜓 (right) converted to lattice units.

We plot the masses of the vector mesons as a function of the inverse of the corresponding
hopping parameters 𝜅−1

𝑠/𝑐, which are linear in the bare masses of the valence quarks 𝑠 and 𝑐. In Fig.
2 we show this dependence for both strange (left) and charm (right) quarks. The purple bands in
the plots correspond to the physical masses in equation (9) converted to lattice units.

4.2 Renormalization constants

Evaluating 𝑎𝐻𝑉𝑃,𝑠/𝑐
𝜇 from the local-local or conserved-local correlators requires determining

the renormalization factor 𝑍𝑚 𝑓

𝑉
and the improvement coefficient introduced in (7). In this work, we

do not consider any improvement terms and evaluate the mass-dependent renormalization factor
𝑍
𝑚 𝑓

𝑉
of the local current from the ratio [15]

𝑅(𝑡) =

∑
®𝑥,𝑘

〈
𝑉𝑐
𝑘, 𝑓

(𝑥)𝑉 𝑙
𝑘, 𝑓

(0)
〉

∑
®𝑥,𝑘

〈
𝑉 𝑙
𝑘, 𝑓

(𝑥)𝑉 𝑙
𝑘, 𝑓

(0)
〉 . (11)

When 𝑡 is small, the quantity is affected by the different discretization effects of the two currents.
At large time, 𝑅(𝑡) saturates and we can determine 𝑍𝑚 𝑓

𝑉
by fitting the plateau region to a constant.

An example of such a fit is shown in Fig. 3. We applied the same method for both ensembles and
for both 𝑍𝑚𝑠

𝑉
and 𝑍𝑚𝑐

𝑉
.

In Table 4 we show the fit ranges and the values obtained for 𝑍𝑚𝑠/𝑐
𝑉

for the tuned hopping
parameters 𝜅𝑡𝑢𝑛

𝑠/𝑐 . The errors are determined with the bootstrap procedure.

Ensemble fit range 𝑍
𝑚𝑠

𝑉
fit range 𝑍

𝑚𝑐

𝑉

A400a00b324 [15,24] 0.6712(7) [24,30] 0.6066(2)
B400a00b324 [15,24] 0.6707(5) [23,31] 0.6066(4)

Table 4: Mass-dependent renormalization factor obtained from the ratio method defined in Eq. (11).
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Figure 3: Determination of the renormalization constant 𝑍𝑚𝑠

𝑉
for the local vector current with 𝜅𝑡𝑢𝑛𝑠 = 0.13422

on the A400a00b324 ensemble.

4.3 Results

The evaluation of the leading HVP contribution to 𝑎𝜇 requires an integration over the euclidean
time

𝑎
HVP, 𝑓
𝜇 =

(𝛼
𝜋

)2 ∞∑︁
𝑡=0

𝐺 𝑓 (𝑡)𝐾̃ (𝑡;𝑚𝜇). (12)

One of the problems related to this task is that the signal deteriorates with the lattice time 𝑡, due to
the exponentially increasing errors of the correlator. Another related issue comes from the finite
size of the box: the integration domain is indeed restricted to [0, 𝑇/2], then we have to extrapolate
the correlator to infinite time. In addition, the correlator is affected by finite-volume effects (FVE)
due to the finite temporal (𝑇) and spatial (𝐿) extents.

Concerning the finite-volume effects, it has been found [16] that for given 𝐿 the leading finite-𝐿
corrections are the exponentials 𝑒−𝑚𝜋𝐿 , 𝑒−𝑚𝜋

√
2𝐿 and 𝑒−𝑚𝜋

√
3𝐿 . Similarly, the leading contribution

arising from finite 𝑇 is 𝑒−𝑚𝜋𝑇 . As a consequence, the finite-𝑇 effects are higher order corrections
since usually in the simulations 𝑇 = 2𝐿. These results have been derived for a periodic torus in four
dimensions and are affected by the choice of the boundary conditions. In our setup, the boundary
condition in the time direction is periodic, then the results for finite-𝑇 corrections found in Ref. [16]
still apply. However, we use C★ boundary conditions in all three spatial directions, which means
that the finite-𝐿 corrections are in general different. Some studies have shown that in pure QCD C★

boundary conditions lead to small improvements for the FVE, with a leading correction 𝑒−𝑚𝜋

√
2𝐿

[17]. A detailed numerical study of the finite-volume effects for ensembles with C★ boundary
conditions will be carried out in future work. In this work, we make a direct comparison of the
results for the integrand 𝐺 (𝑡)𝐾̃ (𝑡, 𝑚𝜇) and 𝑎LO,HVP

𝜇 on the two available QCD ensembles.
To control the large-time behavior of the correlator, we use the following quantity

𝐺constructed(𝑡) =
{
𝐺 (𝑡) (𝑡 ≤ 𝑡0,cut)
𝐺1-exp(𝑡) (𝑡0 > 𝑡0,cut)

(13)
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Figure 4: Comparison of the integrands for the strange (left) and charm (right) contributions between the two
ensembles. The tail of the integrands for the strange contribution is approximated by a single exponential.

where 𝑡0,cut is a properly chosen cut-off and 𝐺1-exp(𝑡) denotes the exponential extrapolation of the
correlator at large time

𝐴 exp(−𝑡 · 𝑚eff). (14)

The two parameters 𝑚eff and 𝐴 are the effective mass and the amplitude obtained through a fit
procedure to the correlator. For the masses, we use the results reported in Tables 2 and 3 for the
tuned hopping parameters. The parametrization with a single-exponential is a crude approximation
that introduces some systematics since we are neglecting the excited states contributing to the
correlator. We plan to use a more accurate model for the tail of the correlator in future works.

The plots in Fig. 4 show the integrands both for the charm and strange quarks contributions
and the two ensembles. The lattice data for the charm contribution are sufficiently precise and do
not require any extrapolation or improvement. In the case of the strange contributions, the tail of the
integrand is approximated as described above. The results of the integration are listed in Table 5.
We estimate 𝑎LO,HVP

𝜇 using the two different discretizations of the correlator: conserved-local and
local-local. The strange contribution is not affected by the choice of the correlator, the results are
indeed compatible with the current uncertainties for both ensembles. By contrast, the contribution
from the charm quark is particularly sensitive to the choice of discretization. The finite-size effects
are negligible for the charm quark contribution and lead instead to a difference of about 2𝜎 for the
strange quark.

Ensemble Type 𝑎𝑠𝜇 × 10−10 𝑎𝑐𝜇 × 10−10

A400a00b324
𝑙𝑙 46.7(7) 7.83(8)
𝑐𝑙 46.2(7) 6.18(7)

B400a00b324
𝑙𝑙 48.5(7) 7.81(9)
𝑐𝑙 48.0(7) 6.16(7)

Table 5: Results for 𝑎𝑠,𝑐𝜇 in units of 10−10 determined using the TMR and two different discretizations of
the observable: local-local and conserved-local.
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4.4 Partial errors budget

The errors in Table 5 are the quadratic sum of the statistical and part of the systematic errors
as follows. The uncertainties taken into account are the statistical errors from the correlators, the
lattice spacing and 𝑍𝑉 , and the systematics from the choices of the cut-off (for the strange quark)
and the fit range used to determine 𝐴 and 𝑚eff. The statistical error is determined by using the
bootstrap method. Since 𝑍𝑉 appears as a multiplicative factor in front of the whole expression,
we employ the standard error propagation for it. The lattice spacing’s values are determined by
using the reference scale (8𝑡0)1/2 = 0.415 fm as an absolute value, without taking into account
the systematics coming from the uncertainty on this scale. Thus, our current error on 𝑎 is only a
statistical partial uncertainty. The dependence on the lattice spacing is in the QED kernel 𝐾̃ (𝑡, 𝑚𝜇):
we numerically propagate the partial error 𝛿𝑎 by repeating the evaluation of 𝑎𝜇 for 𝑁 values of
the lattice spacing drawn from a normal distribution N(𝑎, 𝛿𝑎). We use at least 𝑁 = 100 for each
result. Finally, we repeat the calculation for several values of the fit range and the cut-off and apply
a weighted averaging procedure to get the total systematics.

We remark that there are still several unaccounted uncertainties. We are currently missing the
systematics introduced by the single-exponential extrapolation of the correlator and by the use of
the reference scale 𝑡0 without an error for the determination of the lattice spacing. In this work we
did not perform a quantitative numerical study of the finite-size effects and we measured at one
value of the lattice spacing and pion mass, thus we have not performed yet an extrapolation of the
results to the continuum and physical point.

5. Conclusions and outlooks

We have measured the connected contribution to the leading hadronic vacuum polarization from
strange and charm quarks, in a setup with C★ boundary conditions in the three spatial directions.
We performed the analysis on two ensembles with different volumes, indicating that the finite-size
effects are under control. As expected, we find that the charm contribution is considerably affected
by the choice of the correlator, due to the sensitivity to the discretization effects. In addition, we
have shown that a more precise determination of the lattice spacing is needed to reach the target
precision. Our plans for future works include the evaluation of the isospin-breaking effects as well
as the disconnected terms, and a quantitative study of the finite-size effects.
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