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We present a lattice determination of the leading-order hadronic vacuum polarization (HVP) con-
tribution to the muon anomalous magnetic moment, aﬂVP, in the so-called short and intermediate
time-distance windows, aﬁD and af,". We employ gauge ensembles produced by the Extended
Twisted Mass Collaboration (ETMC) with Ny = 2+ 1 + 1 flavours of Wilson-clover twisted-mass
quarks with masses of all the dynamical quark flavours tuned close to their physical values. The
simulations are carried out at three values of the lattice spacing equal to ~ 0.057,0.068 and
0.080 fm with spatial lattice sizes up to L ~ 7.6 fm. For the short distance window we obtain
a;P = 69.27 (34) - 1071, in agreement with the dispersive determination based on experimental
e*e™ data. For the intermediate window we get instead alvlv =236.3(1.3)- 1079, which is consis-
tent with recent determinations by other lattice collaborations, but disagrees with the dispersive
determination at the level of 3.6 .
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1. Introduction

The anomalous magnetic moment of the muon a, = (g — 2)/2, is one of the most precisely
determined quantities in physics, both experimentally and theoretically. It is a crucial quantity for
which a long-standing tension between the experimental value and the Standard Model (SM) predic-
tion might provide important evidence for New Physics (NP) beyond the SM. From the theoretical
side, the dominant source of uncertainty in the determination of a, comes from the leading-order
(LO) Hadronic Vacuum Polarization (HVP) term agvp of order O(a/gm). The most precise predic-
tion for the HVP contribution has been obtained till now using a data-driven approach, in which the
HVP contribution is reconstructed from the experimental cross section data for electron-positron
annihilation into hadrons (the R-ratio method), using dispersion relations [1-6]. The SM prediction
for a,,, obtained using the dispersive value for the LO-HVP [7], shows a remarkable tension of 4.2 o
with the experimental result [8]. Having accurate lattice determinations of the LO-HVP, using the
pure SM theory, becomes thus of crucial important in order to crosscheck the dispersive result,
especially in view of the fact that the dispersive determination, being data-driven, could be affected
by NP contaminations present in e*e™ data (see Ref. [9] for a first study of this point).

On the lattice, the LO-HVP contribution is typically evaluated employing the so-called time
momentum representation [10] in which the LO-HVP is obtained as

VP = 2agm/0 dr i K (myt) V(1) , M

where ¢ is the Euclidean time, m,, the muon mass, and the kernel function K (z) is defined as!

1 .
2z oy . sin (y)
K(2) =2/ dy(1-y) [1 - Js (5 ” . Joy) = : )
0 VvI—-y
The Euclidean vector correlator V(¢) at vanishing three-momentum is defined as
1 - -
vi=-3 Y, [ d it G
i=1,2,3
with J,, (x) being the electromagnetic (em) current operator
L= > a0yl p(x) @)

f=u.d,s,c,...

and ¢y the electric charge for the quark flavour f (in units of the absolute value of the electron
charge). A breakthrough concerning the precision achieved in the evaluation of the HVP came
from the recent lattice result by the BMW Collaboration [11]. Their value of aEVP turns out to
differ from the dispersive one at the level of 2.10-, giving rise to a value for the total muon anomaly
that is much closer to the experimental result. The BMW results triggered in the last few years a

joint effort by the lattice QCD community, with many collaborations trying to provide independent

HVP

determinations of a 7

with sub-percent accuracy. In this respect, important benchmark quantities,

1The leptonic kernel K (z) is proportional to z2 at small values of z and it goes to 1 for 7 — co.
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tailored to ease the comparison across different lattice determinations, and which enable to probe
e*e” annihilation data in different center-of-mass energy regions, are the so-called time windows
introduced by the RBC/UKQCD Collaboration [12]. They are given by

a® =2a?

. 2 /O B dt £ K(m,t) @ (1) V(1), {w =SD,W,LD}, (5)

where the time-modulating functions ®" are defined as

1
1+ e 2@-1)/A"

1 1
1+ e20-10)/A 1 4 g-20-11)/A"

0P(r) = 1- oV(r) = 0C(r) = 1 |

(0)
withtg =04fm, t; =1fm, A =0.15fm, and aZIVP = ale + azv + aIﬁD. Each time window can be
separately compared with the dispersive determination, since the modulating functions ®" (¢) have
analogous energy counterparts which allow to probe the low (w = LD), intermediate (w = W) and
high (w = SD) energy part of the e*e™ — hadrons differential cross section (see Sec. II of [13]
for a detailed discussion). In particular the short-distance (alSlD) and intermediate (aX") windows
offer the possibility of a high-precision comparison between the two approaches, since the lattice
vector correlator is typically very precise for Euclidean times ¢ < 1 fm. In Ref. [13] we presented
the results of our calculation of the short and intermediate time window contributions. The scope
of this proceedings is to provide a short description of the analysis and a summary of our main
findings.

2. Lattice setup and computational strategy

Our results are based on simulations of Ny = 2+1+1 Wilson-clover twisted-mass fermions [14]
with all sea quark masses tuned very close to their physical value. We decompose the isosymmetric

QCD contribution to a}; as

ay, =a;(0) +ay(s)+ay(c)+ay(disc.), @)

where the first three terms correspond to the quark-connected light (¢ = u + d), strange (s) and
charm (c) contributions, while a}; (disc.) corresponds to the sum of all quark-disconnected dia-
grams (flavour diagonal+off diagonal). Our determination of a}; (disc.) is thoroughly discussed in
Ref. [15], here we focus on the evaluation of the quark-connected contributions. For this calculation,
we produced four ensembles almost at the physical point and at three values of the lattice spacing
in the range 0.056 — 0.08 fm.? Essential information on these ensembles are collected in Table 1.

Our strategy to compute the connected contributions to alvlv and alle is based on the following steps:

» Usage of two different discretized versions of the local em current, peculiar to our twisted-mass
LQCD setup, that in the following will be indicated as twisted-mass (“tm") and Osterwalder-
Seiler (“OS")[16]. The results obtained using the two currents only differ by O(a?) cut-off
effects, enabling to approach the continuum limit in two different ways.

2For the charm contributions, we also employ a fourth lattice spacing a ~ 0.09 fm, using three ensembles with
higher-than-physical pion masses M, € [260,365] MeV. The presence of heavier-than-physical pions does not require
a physical point extrapolation as the charm contribution is largely unsensitive to the value of the sea light-quark mass.
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e The continuum limit extrapolation is performed at a fixed spatial volume V = Lfef, with
Lyer = 5.46 fm, corresponding to the volume of our two finest lattice spacing ensembles. At
B = 1.778, a smooth interpolation in e ~M~L of the results obtained on the cB211.072.64 and

cB211.072.96 ensembles is performed.

* The valence strange- and charm-quark mass is tuned alternatively using two different hadronic
inputs: the mass of the pseudoscalar 755 and 7., and that of the ¢ and J /¥ vector meson.

* The small mistuning of the pion mass w.r.t. its isoQCD value M;fOQCD = 135.0(2) MeV
(see Table 1) is cured, for each gauge ensemble, through a first-principle evaluation of the
corrections in both valence and sea sector. In the valence, the correction is evaluated explicitly
by performing additional simulations at a slightly smaller value of the light-quark valence
bare mass au,. Sea-quark mass mistuning effects are instead evaluated adopting the RM 123
expansion method [17-19] (see Appendix A of Ref. [13] for more details). Such corrections
are dominated by the valence one and globally turn out to be negligible for all contributions
but al‘y(f), for which they correspond to a 1 — 2 o~ upwards shift of the results.

To the continuum extrapolated data at L = L we must apply a finite-size correction in order to
obtain the infinite-volume results. For all contributions but a)’lv(f), such corrections are expected
and checked to be well within the errors, hence no correction is applied. For a}f’(f) we apply
instead a finite-size correction Aaflv(f ; Ler) evaluated in the Meyer-Lellouch-Liischer-Gounaris-
Sakurai (MLLGS) model [20-27] which assumes the dominance of the finite-size effects related
to intermediate two-pion states and contains no free parameters. In what follows, our lattice data
of ay (f) for w = {SD, W} and f = {{,s,c} are already interpolated at the physical pion mass
MPMS = prisoQCD — 135 0 (2) MeV and at Lyer = 5.46 fm.

ensemble B V/a* a (fm) ape M, (MeV) L (fm)
cB211.072.64 || 1.778 | 64°-128 | 0.07957 (13) | 0.00072 | 140.2 (0.2) 5.09
cB211.072.96 || 1.778 | 96°-192 | 0.07957 (13) | 0.00072 | 140.1 (0.2) 7.64
cC211.060.80 || 1.836 | 80°-160 | 0.06821 (13) | 0.00060 | 136.7 (0.2) 5.46
cD211.054.96 || 1.900 | 96-192 | 0.05692 (12) | 0.00054 | 140.8 (0.2) 5.46

Table 1: Parameters of the ETMC ensembles used in this work. We give the light-quark bare mass,
ape = apy, = apg, the lattice spacing a, the pion mass M, and the lattice size L.

3. Short-distance window contributions

In the short-distance window, only small Euclidean times of order O(t) are relevant, since
the contributions from times ¢ > #( are exponentially suppressed by ®5P(¢). In this region of time,
our correlator V(¢) is particularly precise, with the relative uncertainties being of order O(0.1%)
or smaller, for all flavour contributions. One of the main challenges in the determination of a/SP
is represented by the continuum extrapolation, due to the presence of log-enhanced cut-off effects
of order O(a®log a) which are generated by the integration in the region of times ¢ of order O(a)
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(see Refs. [13, 28, 29] for details). Such discretization effects, containing a positive power of the

logarithm, are dangerous, since they slow down the convergence with respect to a pure a?

-scaling
and may not be visible unless simulations at very small lattice spacing are performed. Since such
artifacts are already generated in the free theory, we remove them explicitly by subtracting from our
raw data for alSlD( f =4¢,s,c) the free-theory lattice artifacts evaluated using the same bare quark

masses adopted in our numerical simulations for the different flavours.

The values of a3,>(£), a5P(s) and a3 (c) obtained after the subtraction of the perturbative
lattice artifacts are shown in Fig. 1 for both the “tm" and “OS" regularizations, together with a
representative continuum limit extrapolation. The extrapolations are always carried out by fitting
simultaneously the data corresponding to the two regularizations “tm" and “OS", and constraining
the continuum extrapolated value to be the same3. A detailed description of the fit Anséitze which
have been considered can be found in Section III of Ref. [13]. For each contribution we performed
hundreds of continuum fits which have been combined making use of the procedure developed in
Ref. [30]: starting from N fit results with mean values x; and uncertainties o (k = 1,--- , N), the
final average x and uncertainty o, are given by

N N N
2 2 2
x=Ewkxk, 0x=§wkcrk+§wk(Xk—X), ®)
k=1 k=1 k=1

where wy represents the weight associated with the k-th fit. We have excluded from the average all
fits having d.o.f. = 1 in order to avoid overfitting. Then, we have considered two choices for the
weights wy. The first one is based on the Akaike Information Criterion (AIC) [31], namely

2
Wy < e_(Xk+2Nparms_Ndata)/2 , (9)

where )(,% is the value of the XZ variable for the k-th computation, Npqrms is the number of free
parameters and Ny, the number of data points. Since in our fits the number of d.o.f. is limited,
we also tried a second choice for wy given by a step function

2

2 X2
P
"Ndof dof

wi x O , (10)

where 1 is the mean value and v/2/d.o.f. is the standard deviation of the y2/d.o.f. distribution.
The (typically small) difference between the results obtained with the above two choices of wy, is
added as a systematic error in the final error budget. We obtain

al?(6) = 48.24 (3)srar (20)gysr - 10710 = 48.24 (20) - 1071, (1)
as’(s) = 9.074 (14)srar (62)gysr - 1079 =9.074 (64) - 1071, (12)
as’(c) = 1161 Osrar (25)syse - 10710 =11.61 (27) - 10717, (13)

In Fig. 2 we show the distribution of the fit results corresponding to the AIC weights wk.

3In all cases the y2 function to be minimized has been constructed taking into account the correlation between the
“tm" and “OS" data points corresponding to the same ensemble.
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Figure 1: The light-quark (bottom), strange-quark (top-left) and charm-quark (top-right) connected contri-

butions to the short-distance window aISID versus the squared lattice spacing a* in physical units using both

the “tm" (triangles) and “OS" (squares) regularizations. For the strange and charm contributions, the blue
and red points correspond to the lattice data obtained using the masses of the g () and ¢ (J /W) mesons to
obtain the physical strange (charm) quark mass. The solid lines correspond to the results of a representative
(polynomial in a®) combined continuum extrapolation. The black data points at a* < 0 correspond to our
final results given by Eqs. (11)-(13).

4. Intermediate window contributions

In the case of the intermediate window, the accuracy of our lattice data is of order O(0.2%)
for ay(f), of order O(0.2%) (0(0.6%)) for af}'(s) when using the 77,5 (¢) mass to determine the
physical strange-quark mass, while for a)j’ (¢) the accuracy is typically of order O (0.5%) (O(0.2%))
when using the 77, (J/W¥) mass to determine the physical charm-quark mass. In contrast to the short-
distance window, there are no discretization effects of the type a*log(a), thanks to the exponential
suppression of the modulating function ®W (¢) at small values of ¢ ~ a. Therefore, no subtraction
of the perturbative lattice artifacts is carried out. Our lattice data corresponding to the “tm" and
“OS" regularizations are shown in Fig. 3 together with a representative example of the combined
continuum-limit extrapolation. As in the case of the short-distance window, we carry out hundreds
of fits which are then combined using Egs. (8)-(10). In Fig.4 we show the distribution of the fit
results corresponding to the AIC weights wg. Our final values are

ay (6, Let) = 205.5 (0.7)srar (1.1)gys - 10710 =205.5 (1.3) - 10717, (14)
ay (s) = 27.28 (13)srar (15)sysr - 107" =27.28 (20) - 1077, (15)
ay(c) = 2.90 3)srar (12)syse - 10719 =2.90 (12) - 1071, (16)



Time windows of the muon HVP from twisted-mass lattice QCD G. Gagliardi
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Ngis =155,  aiP(0) =48.23£0.15 x 1071 Ngg =296,  anP(s) =9.07 £0.06 x 10710

rer Pr(Y) dY = 0.91 ware o e~ O+ 2Narms—Nawa) /2 e Pr(Y)dY =064 ! Ve o e 002N —Naa) /2
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Nijs =811, aP(c) = 1157 £0.26 x 10710

e Pr(Y)dy =061 \ ware o e~ (2N Naawa) /2
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aﬁD(a) x 1010

Figure 2: Histograms of the results obtained adopting the AIC weights. For each contribution we show
the number of fits, the average (x) and the error (o) evaluated according to Eq.(8) and the cumulative
probability corresponding to the interval [x — oy, x + 0] given by the pink band. The vertical short-dashed
lines correspond to the 16-th and 84-th percentiles of the p.d.f. Pr(Y).

To the result of Eq. (14) we add the volume correction —Aaf,v(f, Leer) = 1.00 (20) - 10719 evaluated
within the MLLGS model (see Appendix F of Ref. [13]) which leads to a}y(f ) =206.5(1.3)-10719,

5. Comparison with data-driven determinations and conclusions

In order to compare with the dispersive results, we must add to our Ny = 2+ 1 + 1 is0QCD
contributions

[48.24 (20),9.074 (64),11.61 (27),-0.06 (5)] - 1071,  (17)
[206.5(1.3),27.28 (20),2.90 (12),-0.78 (21)] - 10719, (18)

aiD(f, s, ¢, disc.)

azv(f,s, ¢, disc.)

the (tiny) QED and strong isospin-breaking corrections to alvlv, which we take from BMW’20[11]
(ay (QED + SIB) = 0.43(4) - 107'°) and the b—quark and QED contributions to a3, which we
evaluate using the rhad software package [32] (ale(b + QED) = 0.35 - 10'9). We obtain:

a3’ (ETMC) = 69.27 (34) - 1077, ay (ETMC) =236.3 (1.3) - 10717, (19)

to be compared with the dispersive determinations [33]

asP(ete”) =68.4(5)- 1077, ay (e*e”) =229.4 (1.4) 10710 (20)
Our result for aISlD is in agreement at the level of 1.4 o~ with e*e™ data, while for al\y we observe
a discrepancy of 3.6 0. Our findings for the different flavour contributions to aXV are also in
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Figure 3: Same as in Fig. I for the intermediate window contributions al\y (0), azv(s), azv(c).
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Figure 4: Same as in Fig. 2 for the intermediate window contributions a)} (), ay (s), a (c).

remarkable good agreement with those from other lattice groups (see [13] for details). For the

full azv’ our result turns out to be in excellent agreement with its analog in the BMW’20[11]

(ay (BMW) = 236.7(1.4) - 10719) and CLS22 [34] (a}y (CLS) = 237.30 (1.46) - 10~'°) papers. In
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conclusion, our (first) lattice determination of alle shows that the high-energy part of the ete™ —
hadron differential cross-section is in agreement with SM predictions. However, our determination
of a}y, which is in line with the results obtained by other lattice groups, points in the direction
of a severe discrepancy w.r.t. the dispersive value (the discrepancy grows to 4.5 o if we average
ETMC 22, BMW’20 and CLS’22 results), which definitely deserves further investigations.
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