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Figure 1: Feynman diagram for a 𝐵+ → 𝐾+ℓ+ℓ− decay.

Table 1: Gluon field ensembles used in this work, numbered in column 1. Column 2 gives the approximate
value of 𝑎 for each set. Column 3 gives the spatial (𝑁𝑥) and temporal (𝑁𝑡 ) dimensions of each lattice in
lattice units and column 4, the number of configurations and time sources used in each case. Columns 5-7
give the masses of the valence and sea quarks in lattice units, noting that 𝑚𝑢 = 𝑚𝑑 = 𝑚𝑙 and the valence
and sea masses are the same in the case of 𝑚𝑙 . Column 8 gives the heavy masses on each ensemble. In each
case, the lowest mass is tuned to that of the charm. The sea charm mass is not included here, but is close to
the valence value. For more details, see [1]

Set 𝑎(fm) 𝑁3
𝑥 × 𝑁𝑡 𝑛cfg × 𝑛src 𝑎𝑚

sea/val
𝑙

𝑎𝑚sea
𝑠 𝑎𝑚val

𝑠 𝑎𝑚ℎ

1 0.15 323 × 48 998 × 16 0.00235 0.0647 0.0678 0.8605
2 0.12 483 × 64 985 × 16 0.00184 0.0507 0.0527 0.643
3 0.088 643 × 96 620 × 8 0.00120 0.0363 0.036 0.433, 0.683, 0.8
4 0.15 163 × 48 1020 × 16 0.013 0.065 0.0705 0.888
5 0.12 243 × 64 1053 × 16 0.0102 0.0509 0.0545 0.664, 0.8, 0.9
6 0.09 323 × 96 499 × 16 0.0074 0.037 0.0376 0.449, 0.566, 0.683, 0.8
7 0.059 483 × 144 413 × 8 0.0048 0.024 0.0234 0.274, 0.45, 0.6, 0.8
8 0.044 643 × 192 375 × 4 0.00316 0.0158 0.0165 0.194, 0.45, 0.6, 0.8

1. Introduction

𝐵 → 𝐾ℓℓ̄ decays involving 𝑏 → 𝑠 flavour changing neutral currents are highly suppressed loop
processes in the standard model (SM) (see Figure 1) and are good places to look for new physics.
The increasing quantity of experimental data being collected demands better theoretical bounds on
SM quantities to reveal new physics.

The uncertainties in current SM predictions are dominated by the hadronic form factors, which
previously used the non-relativistic (NRQCD) formalism for the 𝑏 quark [2], or the Fermilab ([3])
interpretation [4]. Both of these methods rely on O(𝛼𝑠) perturbation theory to match the lattice
weak current operators to their continuum counterparts.

In this proceedings, we present the first fully relativistic calculation, using the HISQ formalism
for all valence quarks and working on MILC 𝑁 𝑓 = 2+1+1 gluon field ensembles that include HISQ
quarks in the sea [5, 6]. This eliminates the aforementioned perturbative matching, and associated
errors.
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Here, we summarise the content of [1], which covers the lattice calculation of the 𝐵 → 𝐾

form factors, and [7], which contains the SM predictions arising from these new form factor
determinations. See these references for more detail.

2. Lattice calculation details

2.1 Heavy HISQ

The calculation detailed in [1] uses the heavy-HISQ method. Because working at the physical
𝑏 mass requires extremely fine (and so costly) lattice spacings, 𝑎, to achieve small discretisation
effects, we instead work with a set of generic heavy quarks of mass𝑚ℎ, which result in heavy mesons
of mass 𝑀𝐻 , covering a range of values. In Table 1, we detail each of the 8 MILC ensembles that
we use in this work. We use a variety of heavy masses on each ensemble, generally in the range
𝑎𝑚𝑐 ≤ 𝑎𝑚ℎ ≤ 0.8. We must then perform an extrapolation to the physical 𝑏 mass 𝑚ℎ → 𝑚𝑏

(𝑀𝐻 → 𝑀𝐵). This method ultimately allows us to calculate the form factors across the full physical
𝑞2 range, and evaluate our results at any mass between 𝑀𝐷 and 𝑀𝐵.

2.2 Form factor calculation

We wish to calculate the scalar, vector and tensor form factors, 𝑓0(𝑞2), 𝑓+(𝑞2) and 𝑓𝑇 (𝑞2) as
functions of the 4-momentum transfer 𝑞2 = (𝑀𝐻 − 𝐸𝐾 )2 − ( ®𝑝𝐾 )2, where we work in the rest frame
of the parent 𝐻 meson. We can construct form factors using the following expressions,

𝑍𝑉 ⟨𝐾 |𝑉 𝜇latt |𝐻̂⟩ = 𝑓+(𝑞2)
(
𝑝
𝜇

𝐻
+ 𝑝𝜇

𝐾
−
𝑀2
𝐻
− 𝑀2

𝐾

𝑞2 𝑞𝜇
)
+ 𝑓0(𝑞2)

𝑀2
𝐻
− 𝑀2

𝐾

𝑞2 𝑞𝜇,

⟨𝐾 | 𝑆latt |𝐻⟩ =
𝑀2
𝐻
− 𝑀2

𝐾

𝑚ℎ − 𝑚𝑠
𝑓0(𝑞2),

𝑍𝑇 (𝜇) ⟨𝐾̂ | 𝑇 𝑘0
latt |𝐻̂⟩ =

2𝑖𝑀𝐻 𝑝
𝑘
𝐾

𝑀𝐻 + 𝑀𝐾
𝑓𝑇 (𝑞2, 𝜇),

(1)

where the scalar, vector and tensor matrix elements are extracted from multi-exponential Bayesian
fits to three-point correlation functions calculated on the lattice (see [1] for details). The vector
current is normalised via 𝑍𝑉 using the PCVC relation [8, 9]. The tensor current renormalisation
factor 𝑍𝑇 is calculated in [10], using RI-SMOM.

Applying twisted boundary conditions to the strange daughter quark for a range of different
momenta gives us good coverage of the 𝑞2 range on each ensemble.

2.2.1 Extrapolating to the continuum

Taking our form factor data points at different 𝑎𝑚ℎ, and 𝑞2 values, we perform a modified 𝑧
expansion using the Bourreley-Caprini-Lellouch (BCL) parameterisation [11],

𝑓0(𝑞2) = L
1 − 𝑞2

𝑀2
𝐻∗
𝑠0

𝑁−1∑︁
𝑛=0

𝑎0
𝑛𝑧
𝑛

𝑓+,𝑇 (𝑞2) = L
1 − 𝑞2

𝑀2
𝐻∗
𝑠

𝑁−1∑︁
𝑛=0

𝑎+,𝑇𝑛

(
𝑧𝑛 − 𝑛

𝑁
(−1)𝑛−𝑁 𝑧𝑁

)
,

(2)
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where 𝑧(𝑞2) =
√
𝑡+−𝑞2−√𝑡+√
𝑡+−𝑞2+√𝑡+

and L is a hard pion chiral logarithm term [12]. The coefficients,

𝑎0,+,𝑇
𝑛 =

(𝑀𝐷
𝑀𝐻

) 𝜁𝑛 (
1 + 𝜌0,+,𝑇

𝑛 log
(𝑀𝐻

𝑀𝐷

))
× (1 + N0,+,𝑇

𝑛 )×

𝑁𝑖 𝑗𝑘𝑙−1∑︁
𝑖, 𝑗 ,𝑘,𝑙=0

𝑑
0,+,𝑇
𝑖 𝑗𝑘𝑙𝑛

(ΛQCD

𝑀𝐻

) 𝑖 (𝑎𝑚val
ℎ

𝜋

)2 𝑗 (𝑎ΛQCD

𝜋

)2𝑘
(𝑥𝜋 − 𝑥phys

𝜋 )𝑙
(3)

contain terms allowing for discretisation effects (𝑎𝑚val
ℎ
/𝜋 and 𝑎ΛQCD/𝜋) and quark mistunings

(N0,+,𝑇
𝑛 and 𝑥𝜋 = 𝑀2

𝜋/(4𝜋 𝑓𝜋)2) (see [1]), as well as a Heavy Quark Effective Theory inspired fit to
the heavy meson mass 𝑀𝐻 . The coefficients 𝜌0,+,𝑇

𝑛 , 𝑑0,+,𝑇
𝑖 𝑗𝑘𝑙𝑛

and 𝜁0 are tunable fit coefficients, with
𝜁𝑛≠0 = 0. This combined 𝑞2 and 𝑀𝐻 fit allows us to extrapolate our results to the physical point;
𝑎 = 0 and 𝑀𝐻 = 𝑀𝐵.

2.3 Results

Figure 2 shows the continuum form factors alongside the data points on each ensemble, in 𝑧
space, with the pole removed. We see that 𝑧 space polynomials are very nearly linear, and that the
fit is well behaved. Data on set 8, our finest ensemble, at 𝑎𝑚ℎ = 0.8 (labelled 𝑚0.8), our highest
mass, closely approaches the physical point, as we would expect, given that this is very close to the
physical 𝐵 mass. The data points labelled as sets 9 and 10 are correlated 𝐵𝑠 → 𝜂𝑠 data on sets 6
and 7, taken from [13] (see [1]).

Because our heavy-HISQ approach requires a fit in the heavy mass, with 𝑎𝑚𝑐 ≤ 𝑎𝑚ℎ < 𝑎𝑚𝑏

we are able to evaluate the form factors at any mass between 𝑀𝐷 and 𝑀𝐵. Figure 3 shows the
scalar, vector and tensor form factors, at extremal 𝑞2 values (note 𝑓+(0) = 𝑓0(0)), plotted against
𝑀𝐻 . We can see that we agree well with previous work [2, 4, 14–16], across the 𝑀𝐻 and 𝑞2 range,
with the exception of 𝑓𝑇 (𝑞2

max, 2 GeV) and 𝑓+(𝑞2
max) from ETMC [14, 15]. Our uncertainties at

𝑞2 = 0 are improved by a factor of three over previous work.

3. Phenomenology

3.1 𝐵 → 𝐾ℓ+ℓ−

We can write the SM differential decay rate for 𝐵 → 𝐾ℓ+ℓ− in terms of 𝑓0, 𝑓+ and 𝑓𝑇 , as well
as the Wilson coefficients𝑊𝑖 . This lengthy expression is discussed in detail in [7]. Schematically,

𝑑Γ𝐵→𝐾ℓ
+ℓ−

𝑑𝑞2 = F1 |𝐹𝑃 ( 𝑓0, 𝑓+,𝑊𝑖) |2 + F2 𝑓
2
+ + F3 |𝐹𝑉 ( 𝑓+, 𝑓𝑇 ,𝑊𝑖) |2 + F4 | 𝑓+𝐹∗

𝑃 ( 𝑓0, 𝑓+,𝑊𝑖) |, (4)

where F𝑖 are known functions of kinematic factors and 𝑊𝑖 . This expression does not account for
production of 𝑐𝑐 resonances, so is not valid in all regions of 𝑞2. We can compare this differential
decay rate (or equivalently the differential branching fraction B, noting that B = Γ𝜏𝐵, for 𝐵 lifetime
𝜏𝐵), directly with experiment in different 𝑞2 regions, to look for evidence of new physics.

The left of Figure 4 shows our result for 𝑑B(𝐵+ → 𝐾+𝑒(𝜇)+𝑒(𝜇)−)/𝑑𝑞2, across the full 𝑞2

range, as well as data from experiment. Grey bands indicated vetoed regions where 𝑐𝑐 resonances
dominate and mean that Eq. (4) is no longer valid. We see that our result lies considerably above
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Figure 2: The scalar, vector and tensor form factors, with poles removed, in 𝑧 space. Data points on each
ensemble are included as well as a solid band indicating the continuum result for 𝐵 → 𝐾 .
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Figure 3: The scalar, vector and tensor form factors, at 𝑞2 = 0 and 𝑞2
max, plotted against 𝑀𝐻 . Other

results [2, 4, 14–16] are included for comparison. For a discussion of the scale, 𝜇, see [1].
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Figure 4: Left: our result for 𝑑B(𝐵+ → 𝐾+𝑒(𝜇)+𝑒(𝜇)−)/𝑑𝑞2 (blue band), compared with experiment [17–
22]. We linearly interpolate across both vetoed regions in grey, and the region between them. Right: the
same result, but integrated across the full 𝑞2 range, compared with experiment [17–19, 21, 23–25]. Our
value is carried down the page in grey. The dotted lines indicate additional QED uncertainty (see [7]).

experiment, particularly at low 𝑞2. On the right of the same figure, we show the result when
integrated across the full 𝑞2 range, interpolating across the vetoed regions, as is done in experiment.

Focusing specifically on the most recent experimental results in 𝑞2 bins away from the 𝑐𝑐
resonances, we plot experimental branching fractions, divided by our result, in Figure 5. Error bars
have caps at 1, 3 and 5 𝜎. We see that we are in 3 − 5𝜎 tension with LHCb [19] results in these
theoretically clean regions of 𝑞2.

3.2 𝐵 → 𝐾𝜈𝜈̄

A much cleaner channel, free from resonances, that we can also probe, is 𝐵 → 𝐾𝜈𝜈̄, although
experimental measurements are much less mature here. We can write the short distance (SD)
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Figure 5: The ratio of experimental branching fractions [19, 21, 22] to our result, over some theoretically
clean 𝑞2 bins. (1(.1)-6, and 15-22GeV2 respectively). Caps on error bars indicate 1, 3 and 5 𝜎.
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Figure 6: The branching fraction 𝐵+ → 𝐾+𝜈𝜈̄ compared with other theoretical work [26–32] (left) and
experimental bounds (right) [33, 34]. Experimental bounds in blue are current 90% confidence limits. The
red points indicate the expected future uncertainty from Belle II at 5 and 50 ab−1 [35], centred on our result.

differential branching fraction,

𝑑B(𝐵 → 𝐾𝜈𝜈̄)SD

𝑑𝑞2 =
(𝜂EW𝐺𝐹)2𝛼2

EW𝑋
2
𝑡

32𝜋5 sin4 𝜃𝑊
𝜏𝐵 |𝑉𝑡𝑏𝑉∗

𝑡𝑠 |2 | ®𝑝𝐾 |3 𝑓 2
+ (𝑞2), (5)

where the values used are given in [7]. A well determined 10% correction is added to account for
long distance effects in the case 𝐵+ → 𝐾+ (see [7]).

In Figure 6, we present our result for the branching fraction, as well as other theoretical and
experimental work. Our number is slightly larger and more precise than previous theoretical work,
and well within the current experimental confidence bounds. We have similar uncertainty to that
expected from Belle II with 50ab−1 of data [35].

4. Conclusions

We present the first fully relativistic determination of the scalar, vector and tensor form fac-
tors for 𝐵 → 𝐾 decays. We have good agreement with previous determinations, and improved
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uncertainty at low 𝑞2.
Using these form factors, we can calculate the SM branching fraction for 𝐵 → 𝐾𝑒(𝜇)+𝑒(𝜇)−

in 𝑞2 bins which are free from 𝑐𝑐 resonances and measured experimentally. We find tensions above
3𝜎 in the ratio of our result with LHCb [19], and above 5𝜎 in one instance for the low 𝑞2 bin.

We also determine the theoretically clean branching fraction 𝐵 → 𝐾𝜈𝜈̄, finding a value which
is more precise than previous experimental work. Our result has an uncertainty below 10%, which
is commensurate with the uncertainty expected from Belle II in future, with 50ab−1 of data [35].
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