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We calculate the kaon semileptonic form factors using the two sets of the PACS10 configuration,
whose physical volumes are more than (10 fm)4 at the physical point. The lattice spacings are
0.063 and 0.085 fm. The configurations were generated using the Iwasaki gauge action and
𝑁 𝑓 = 2 + 1 stout-smeared nonperturbatively 𝑂 (𝑎)-improved Wilson quark action. From the
momentum transfer dependence of the form factors, we evaluate the slope and curvature for the
form factors at the zero momentum transfer. Furthermore, we calculate the phase space factor,
which is used to obtain |𝑉𝑢𝑠 | through the kaon semileptonic decay. These results are compared
with previous lattice results and experimental values.
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1. Introduction

A violation of the unitarity of the Cabibbo-Kobayashi-Maskawa (CKM) matrix implies the
existence of physics beyond the standard model. In the first row of the CKM matrix, a 2.2𝜎
violation is reported using the current values for the matrix elements, |𝑉𝑢𝑑 |, |𝑉𝑢𝑠 |, and |𝑉𝑢𝑏 | [1]. To
confirm whether this violation exists or not, it is important to reduce the uncertainty of the matrix
elements.

The value of |𝑉𝑢𝑠 | can be determined through the kaon semileptonic (𝐾ℓ3) decay process. The
𝐾ℓ3 decay rate Γ𝐾ℓ3 is related to |𝑉𝑢𝑠 | as,

Γ𝐾ℓ3 = 𝐶𝐾ℓ3 (|𝑉𝑢𝑠 | 𝑓+(0))2𝐼ℓ𝐾 , (1)

where 𝐶𝐾ℓ3 is a known factor including the electromagnetic and SU(2) breaking corrections, and
𝑓+(0) is the 𝐾ℓ3 form factor at zero momentum transfer 𝑞2 = 0. The phase space integral 𝐼ℓ𝐾 of the
lepton ℓ is usually calculated from the shape of the experimental 𝐾ℓ3 form factors. The value of
𝑓+(0) needs to be determined from a nonperturbative calculation of the strong interaction, such as
lattice QCD.

Precise values of 𝑓+(0) were provided by various lattice QCD calculations [2–9] including
ours [10]. Recently we report updates of our calculation in Ref. [11], where 𝑓+(0) in the continuum
limit is obtained using the two ensembles of the PACS10 configuration generated on more than (10
fm)4 volumes at the physical point. Since we evaluate the form factors as a function of 𝑞2, in this
report, we discuss physical quantities obtained from the 𝑞2 dependence of the form factors, which
are the slope and curvature of the form factors at 𝑞2 = 0, and also the phase space integral 𝐼ℓ𝐾 in
Eq. (1). Almost all results in this report were already presented in Ref. [11].

2. Result

The Iwasaki gauge action and the nonperturbatively improved Wilson quark action with the
six-stout link smearing [12] are utilized to generate the PACS10 configuration, which has more than
(10 fm)4 volume at the physical point. The details of the configuration generations are explained in
Refs. [13] and [14] for the finer and coarser lattice spacings, respectively. The same quark action
is employed in the measurement of the 𝐾ℓ3 form factors. The simulation parameters at each lattice
spacing are tabulated in Table 1 including the masses for 𝜋 and 𝐾 , 𝑀𝜋 and 𝑀𝐾 .

In this work we calculate the two 𝐾ℓ3 form factors, 𝑓+(𝑞2) and 𝑓0(𝑞2), from the 𝐾ℓ3 3-point
functions. Through the matrix element extracted from the 3-point functions, 𝑓+(𝑞2) is defined by

〈𝜋( ®𝑝𝜋)
��𝑉𝜇��𝐾 ( ®𝑝𝐾 )〉 = (𝑝𝐾 + 𝑝𝜋)𝜇 𝑓+(𝑞2) + (𝑝𝐾 − 𝑝𝜋)𝜇 𝑓−(𝑞2), (2)

where 𝑞2 is the momentum transfer squared and 𝑉𝜇 is the weak vector current. Another form factor
𝑓0(𝑞2) is defined by 𝑓+(𝑞2) and 𝑓−(𝑞2) as,

𝑓0(𝑞2) = 𝑓+(𝑞2) + −𝑞2

𝑚2
𝐾 − 𝑚2

𝜋

𝑓−(𝑞2). (3)

The calculation of the 3-point functions is carried out using the local and conserved vector cur-
rents. Thus, we have two form factor data obtained from the local and conserved currents at
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Table 1: Simulation parameters of the PACS10 configurations at the two lattice spacings. The bare
coupling (𝛽), lattice size (𝐿3 · 𝑇), physical spatial extent (𝐿[fm]), lattice spacing (𝑎[fm]), the number of the
configurations (𝑁conf), and pion and kaon masses (𝑚𝜋 , 𝑚𝐾 ) are tabulated.

𝛽 𝐿3 · 𝑇 𝐿[fm] 𝑎[fm] 𝑁conf 𝑚𝜋[MeV] 𝑚𝐾 [MeV]
2.00 1604 10.1 0.063 20 138 505
1.82 1284 10.9 0.085 20 135 497

each lattice spacing. The local vector current is renormalized by the renormalization factor
𝑍𝑉 = 1/

√
𝐹bare
𝜋 (0)𝐹bare

𝐾 (0). The two form factors, 𝐹bare
𝜋 (0) and 𝐹bare

𝐾 (0), are the unrenormal-
ized electromagnetic form factors for 𝜋 and 𝐾 at 𝑞2 = 0 with the local vector current.

2.1 Form factors

The data for 𝑓+(𝑞2) and 𝑓0(𝑞2) at finite lattice spacings are presented in Fig. 1 as a function of
𝑞2. The figure contains the data calculated from the local and conserved currents at the two lattice
spacings. Thanks to the huge volume of the PACS10 configurations, we obtain several data near the
𝑞2 = 0 region, which stabilize a 𝑞2 interpolation of the form factors to 𝑞2 = 0. The lattice spacing
dependence of the conserved current data is larger than that of the local current data, especially in
𝑓+(𝑞2).

We carry out simultaneous 𝑞2 interpolation and continuum extrapolation using all the data we
calculated: the two form factors 𝑓+(𝑞2) and 𝑓0(𝑞2) with the local and conserved currents at the
two lattice spacings. The fit form is based on the NLO SU(3) ChPT formula [15, 16], and we add
correction terms corresponding to finite lattice spacing effects by introducing functions 𝑔cur

+ (𝑞2, 𝑎)
and 𝑔cur

0 (𝑞2, 𝑎). The superscript “cur” expresses the local or conserved vector currents. The fit
forms are given by

𝑓 cur
+ (𝑞2) = 1 − 4

𝐹2
0
𝐿9𝑞

2 + 𝐾+(𝑞2) + 𝑐0 + 𝑐+2𝑞4 + 𝑔cur
+ (𝑞2, 𝑎), (4)

𝑓 cur
0 (𝑞2) = 1 − 8

𝐹2
0
𝐿5𝑞

2 + 𝐾0(𝑞2) + 𝑐0 + 𝑐0
2𝑞

4 + 𝑔cur
0 (𝑞2, 𝑎). (5)

The NLO functions 𝐾+(𝑞2) and 𝐾0(𝑞2) are described in Refs. [15, 16]. The pion decay constant in
the chiral limit 𝐹0 = 0.11205 GeV is employed. We choose three types of 𝑔cur

+,0(𝑞
2, 𝑎), called fit A,

B, and C, to investigate a systematic error of the fit results, whose explicit forms are described in
Ref. [11].

A typical example of the simultaneous fit results is presented in Fig. 1 by dashed and dot-
dashed curves, which are obtained with the fit A form. From the fit results, the form factors in the
continuum limit are obtained as a function of 𝑞2 presented in Fig. 2. In this report, we will discuss
physical quantities obtained from the 𝑞2 dependence of the form factors. We note that the result of
𝑓+(0) and value of |𝑉𝑢𝑠 | determined with our 𝑓+(0) were discussed in Ref. [11].
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Figure 1: The 𝐾ℓ3 form factors 𝑓+ (𝑞2) and 𝑓0 (𝑞2) as a function of 𝑞2 are plotted in the left and right panels,
respectively. In each panel, the data with the local and conserved currents at the two lattice spacings are
expressed by different symbols. The dashed and dot-dashed curves represent fit results from a simultaneous
𝑞2 interpolation and continuum extrapolation with fit A. This figure is reprinted from Ref. [11].
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Figure 2: The 𝐾𝑙3 form factors 𝑓+ (𝑞2) and 𝑓0 (𝑞2) in the continuum limit using the fit A form for the
continuum extrapolation. The error bands are only statistical error. This figure is reprinted from Ref. [11].

2.2 Slope and curvature

The slope and curvature of the 𝐾ℓ3 form factors at 𝑞2 = 0 are defined by

𝜆′𝑠 =
𝑚2
𝜋

𝑓+(0)
𝑑𝑓𝑠 (𝑞2)
𝑑 (−𝑞2)

����
𝑞2=0

, 𝜆′′𝑠 =
𝑚4
𝜋

𝑓+(0)
𝑑2 𝑓𝑠 (𝑞2)
𝑑 (−𝑞2)2

����
𝑞2=0

, (6)

where 𝑠 = + and 0. Those quantities are evaluated from a 𝑞2 fit of the form factors at each lattice
spacing and vector current data. Figure 3 shows the lattice spacing dependence of 𝜆′+ and 𝜆′0 with
the two current data. For 𝜆′+ in the left panel, the two current data have a different dependence on
the lattice spacing, which is similar to the one of 𝑓+(0) [11]. The results in the continuum limit
obtained from the three fits using fit A, B, C, explained in the last subsection, are stable in this
quantity. In contrast to 𝜆′+, the two current data of 𝜆′0 in the right panel almost agree with each other
at both lattice spacings. Thus, the results in the continuum limit largely depend on the fit forms in
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Figure 3: Lattice spacing dependence of 𝜆′+ (left) and 𝜆′0 (right). Circle and square symbols represent the
results with the local and conserved current, respectively. Different curves correspond to fit results using
different fit forms for the continuum extrapolation. This figure is reprinted from Ref. [11].
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Figure 4: Comparison of our result of 𝜆′+ (left) and 𝜆′0 (right) with previous lattice results [6, 8, 10, 17]
denoted by different symbols. The closed (open) symbols represent results in the continuum limit (at a finite
lattice spacing). The experimental value [18] with one standard deviation is also presented by the gray band.
The inner and outer errors express the statistical and total errors. The total error is evaluated by adding the
statistical and systematic errors in quadrature. This figure is reprinted from Ref. [11].

the continuum extrapolation. A systematic error of the slopes is estimated from the differences of
the fit results.

Our results for 𝜆′+ and 𝜆′0 are compared with previous lattice calculations [6, 8, 10, 17] in Fig. 4.
Our results in the continuum limit are reasonably consistent with other lattice results and also the
experimental values [18] expressed by the gray band. It is noted that our result of 𝜆′0 has a larger
systematic error than that of our previous calculation using the coarser lattice spacing configuration
denoted by the open circle, because in the previous calculation the systematic error of a finite lattice
spacing effect is estimated by an order counting.

A similar lattice spacing dependence to that of 𝜆′0 is seen in both the curvatures, so that the
extrapolated results largely depend on the fit forms. In Fig. 5, the results in the continuum limit are
compared with our previous calculation [10], the experimental value evaluated with the dispersive
representation [19], and the average of the experimental results [20]. Our continuum results agree
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Figure 5: Comparison of our result of 𝜆′′+ (left) and 𝜆′′0 (right) in the continuum limit with our previous
results [10] at the coarser lattice spacing and the experimental value evaluated with the dispersive repre-
sentation [19]. The gray band corresponds to the average of the experimental results [20]. The inner and
outer errors express the statistical and total errors. The total error is evaluated by adding the statistical and
systematic errors in quadrature. This figure is reprinted from Ref. [11].

with those results, albeit our results have larger errors.

2.3 Phase space integral

The phase space integral 𝐼ℓ𝐾 in Eq. (1) is defined by an integral of the form factors [21] as,

𝐼ℓ𝐾 =
∫ 𝑡max

𝑚2
ℓ

𝑑𝑡
𝜆3/2

𝑀8
𝐾

(
1 +

𝑚2
ℓ

2𝑡

) (
1 −

𝑚2
ℓ

𝑡

)2 (
𝐹

2
+(𝑡) +

3𝑚2
ℓΔ

2
𝐾 𝜋

(2𝑡 + 𝑚2
ℓ)𝜆

𝐹
2
0(𝑡)

)
, (7)

where 𝑡 = −𝑞2, 𝑡max = (𝑀𝐾 − 𝑀𝜋)2, 𝜆 = (𝑡 − (𝑀𝐾 + 𝑀𝜋)2)(𝑡 − 𝑡max), Δ𝐾 𝜋 = 𝑀2
𝐾 − 𝑀2

𝜋 , 𝑚ℓ is
the mass of the lepton ℓ, and 𝐹𝑠 (𝑡) = 𝑓𝑠 (−𝑡)/ 𝑓+(0) with 𝑠 = + and 0. We evaluate 𝐼ℓ

𝐾 0 and 𝐼ℓ𝐾 + for
ℓ = 𝑒, 𝜇 using (𝑀𝐾 , 𝑀𝜋) = (𝑚𝐾 0 , 𝑚𝜋−) and (𝑚𝐾 + , 𝑚𝜋0), respectively.

The results of 𝐼ℓ𝐾 calculated with our form factors in the continuum limit are shown in Fig. 6
for each lepton. While our results have large systematic errors coming from the fit form dependence
in the continuum extrapolations, those results are consistent with the experimental values using the
form factors in the dispersive representation [20].

The value of |𝑉𝑢𝑠 | is determined using our result of 𝐼ℓ𝐾 for six 𝐾ℓ3 decay processes. The

experimental value of |𝑉𝑢𝑠 | 𝑓+(0)
√
𝐼ℓ𝐾 in each decay process is obtained using the experimental

inputs and correction factors in Refs. [20, 22–25]. Figure 7 shows that the six values of |𝑉𝑢𝑠 | are
consistent within the total error evaluated using the lattice and experimental errors. Their weighted
average with the experimental error is also plotted.

The value of |𝑉𝑢𝑠 | from the average of the six decay processes is compared with the previous
results using 𝑓+(0) [4–6, 8–10] including this calculation [11] as shown in Fig. 8. The result using
𝐼ℓ𝐾 agrees with that using 𝑓+(0) in this work within the total error. It is also reasonably consistent
with other previous results and those determined from the kaon leptonic (𝐾ℓ2) decay using 𝐹𝐾 /𝐹𝜋
in our calculation and in PDG22 [1]. On the other hand, our result with 𝐼ℓ𝐾 is 4𝜎 (2𝜎) away from
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Figure 6: Results of the phase space integral evaluated from our form factors for the four channels. The
experimental values [20] are also plotted. The inner and outer errors of the circle symbols express the
statistical and total errors. The total error is evaluated by adding the statistical and systematic errors in
quadrature.
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Figure 7: Values of |𝑉𝑢𝑠 | determined from our result of the phase space integral in the six decay processes.
The average of those values is also plotted. The inner and outer errors express the lattice QCD and total
errors. The total error is evaluated by adding the errors in the lattice QCD and experiment in quadrature.

the value determined through the CKM unitarity using |𝑉𝑢𝑑 | in Ref. [26] ([27]), which is shown by
the light blue (gray) band in the figure.

To clarify the difference, it is important to reduce the uncertainty in our calculation. As in
our result of 𝑓+(0), the largest error in the 𝐼ℓ𝐾 result stems from the fit form dependence in the
continuum extrapolation. This systematic error could be largely reduced, if data at a smaller lattice
spacing is added in the continuum extrapolation. It is an important future work in our calculation.
To do this, we are generating the third PACS10 configuration at a smaller lattice spacing.

3. Summary

We have calculated the 𝐾ℓ3 form factors in the 𝑁 𝑓 = 2 + 1 lattice QCD on large volumes at the
physical point. Using the form factors at the two lattice spacings, we have carried out simultaneous
𝑞2 interpolation and continuum extrapolation of the form factors to obtain 𝑞2 dependent form
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Figure 8: Comparison of |𝑉𝑢𝑠 | using our result of 𝐼ℓ𝐾 with previous results using 𝑓+ (0) [4–6, 8–11]. |𝑉𝑢𝑠 |
determined from the 𝐾ℓ2 decay are also plotted using 𝐹𝐾 /𝐹𝜋 in our calculation and PDG22 [1]. The closed
(open) symbols represent results in the continuum limit (at a finite lattice spacing). The inner and outer
errors express the lattice QCD and total errors. The total error is evaluated by adding the errors in the lattice
QCD and experiment in quadrature. The value of |𝑉𝑢𝑠 | determined from the unitarity of the CKM matrix
using |𝑉𝑢𝑑 | in Refs. [26] and [27] are presented by the light blue and gray bands, respectively.

factors in the continuum limit. From the 𝑞2 dependence of the form factors, the slope and curvature
at 𝑞2 = 0 are evaluated. Those results are consistent with the previous lattice calculations and
the experimental values. The phase space integral is also evaluated using our form factors in
the continuum limit. The value of |𝑉𝑢𝑠 | determined using the results of the phase space integral is
consistent with our result with 𝑓+(0) in the same calculation, and reasonably agrees with the previous
results. Since our error is dominated by the systematic error coming from the fit form dependence
in the continuum extrapolation, the reduction of this error is an important future direction. For
this purpose, the third PACS10 configuration is generated at a smaller lattice spacing. We plan to
calculate the 𝐾ℓ3 form factors using the configuration.
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