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The parameter ex is an important measure of the imbalance between matter and antimatter
in the neutral kaon (K° and K°) system. In particular, ex provides a highly sensitive probe
of new physics and plays a critical role in the global fit of the Cabibbo-Kobayashi-Maskawa
matrix. As one of the first discovered sources of CP violation, it has been extensively measured
in experiment to per-mil precision. The theoretical calculation of ex, however, has historically
been plagued by large perturbative errors arising from charm-quark corrections. These errors
were larger than the expected magnitude of higher-order electroweak corrections in perturbation
theory, rendering these contributions irrelevant. Recently, it was discovered that a simple re-
parameterization of the effective Hamiltonian drastically reduces perturbative errors, making
these higher-order electroweak calculations worth-while. We present the O(1%) next-to-leading-
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1. Introduction

Indirect CP violation in the neutral kaon system, parameterized by €k, is one of the most sensi-
tive precision probes of new physics. The parameter ex can be expressed to excellent approximation
as [1]

, 1 -M
€x = e'% sin¢e§arg( T 12). )
12

Here, ¢ = arctan(2AMg /Al'x), with AMg and ATl'x the mass and lifetime difference of the weak
eigenstates Ky and Kg. M1, and I'|, are the Hermitian and anti-Hermitian parts of the Hamiltonian
that determines the time evolution of the neutral kaon system. The short-distance contributions to
ek are then contained in the matrix element M> = —(K' 0|L¢§§2|K 9Y/(2AMk), up to higher powers
in the operator-product expansion.

Experimentally, ex is well-known, with absolute value |ex| = (2.228 +0.011) x 1073 and an
uncertainty at the permil level [2]. The standard model (SM) contributions to neutral kaon mixing

are conveniently described by the effective |AS| = 2 Lagrangian with three active quark flavors,

G2 M3
AS|=2 ’7 1 7] 17
L= :ﬂzw [A2C8 () + 2CP () + 2,4, C ()] QL +he+..., @

valid at scales around u = 2 GeV. Here,
0%, = (57 vudf) ® (577"d}) (3)

is the local |AS| = 2 operator, where @ and 3 are color indices, and the ellipsis denotes contributions
of higher dimension local operators and non-local contributions of |AS| = 1 operators. The reason
for the appearance of the double primes will become clear later. The elements of the Cabibbo-
Kobayashi-Maskawa (CKM) matrix are combined into the parameters A; = V; V4. The long-
distance SM contributions are comprised by the hadronic matrix element of the local |AS| = 2
operator, and are given in terms of the kaon bag parameter Bx = 0.7625(97) [3]. Long-distance
contributions that are not included in Bk are parameterized by the correction factor k. = 0.94(2) [4].

With theory uncertainties approaching the percent level, also parametrically smaller corrections
have been taken into consideration recently. The power corrections to the effective Lagrangian [5]
have been revisited in an extended analysis [6], leading to a one-percent increase of the SM
prediction of e€x. In these proceedings, we present the updated perturbative results including
electroweak contributions given in Refs. [7, 8].

All diagrams have been calculated using self-written FORM [9] routines, implementing the
two-loop recursion presented in Refs. [10, 11]. The amplitudes were generated using qgraf [12].
We perfomed several analytical checks throughout several stages of the calculations, as outlined in
Refs. [7, 8].

2. Top-Quark Contribution

In this section, we calculate the coefficient C é’zt’, proportional to /l%, to NLO in the electroweak
interactions. This fixes the renormalization scheme of the electroweak input parameters contained
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Figure 1: Residual electroweak matching scale dependence in the full OS scheme. The dashed line shows
the LO result, while the solid line show the NLO result.

in the prefactor G%M‘Z,V. In fact, when only considering QCD effects, there are several equivalent
ways of rewriting the prefactor, using the tree-level relation
Gr=——, 4)
V2Mm ‘Z,Vs%v
where @ = ?/(4r) the electromagnetic coupling and 52, = sin” 6, with the weak mixing angle 6,,,.
This choice specifies which experimental data are used as parametric input for our prediction. The
numerical difference between the different schemes is expected to be large at LO, as exemplified by
the 5% difference between the on-shell and MS values of 2.
For our analysis of the top-quark contribution, it is useful to write the effective Lagrangian in
the following form:
£ = 2t (10l +he (5)

where the ellipsis now also includes contributions not proportional to A?. Using the tree-level
relation (4), we express c , in three different ways:

27 Gr
M2 4 —7C 2(#) CSQ(,U) \/— >

This effectively absorbs different parts of the radiative corrections into the measured value of the

GLM;
=5 Chr ) =-—5CE ()

Csz (u) =

muon decay rate. In the first and second relation in Eq. (6) we have factored out the powers
(a/(4m))? and @/ (4n), respectively, and absorbed them into rescaled operators, defined as

2
Os2 = (%) (7yudf) ® (577"dr). (7)
and
Qsz— (SLyﬂd(l) (ﬁyﬂdf)’ (8)

while Q:g’z has been defined in Eq. (3). Wlth these conventions, the RG evolution is described by
the same anomalous dimension in all three cases, and the LO values

Cyy () = Cgy (1) = CG () = S(xy) )
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Figure 2: Residual electroweak matching scale dependence in the MS and hybrid schemes. The dashed line
shows the LO result, while the solid line show the NLO result.

coincide. They are given by the modified [13] Inami-Lim box function [14]

dx, — 1x? +x} 3x?

SO = T Pt -1

logx; (10)

where x; = m?/M3,, and we neglect a tiny correction of O(m?/M3,) ~ 107 [13]. We will refer
to the first normalization in Eq. (6) as “A2”, the second as “GF”, and the third as “GF2”. While,
at LO in the weak interactions, the three parameterizations are equivalent, the numerical prediction
depends on the chosen normalization and the scheme of the input parameters. These arbitrary
dependences will be mitigated to a large degree by the NLO electroweak corrections.

Additionally, we considered several renormalization schemes for electroweak parameters to
ensure we are using the scheme which shows the best perturbative convergence (the MS scheme is
always used for electromagnetic and QCD gauge couplings):

1. On-Shell scheme: on-shell values used for all masses as well as s,,
2. MS scheme: MS values used for all masses as well as Sw
3. Hybrid scheme: on-shell values used for all masses and MS value used for s,5,

As a note, in the MS scheme, only the A2 normalization for the EFT operator makes sense since
G is inherently calculated using the on-shell scheme. As shown in Fig. 1, the on-shell scheme
shows poor perturbative convergence, particularly due to the aforementioned large corrections to
the on-shell value of s,,. From Fig. 2, we see that the hybrid scheme produces the best perturbative
convergence, especially in the GF EFT normalization.

These results are then combined with the known NLO QCD results for C{, given in Ref. [15].
The residual dependence on the electroweak matching scale is shown in Fig. 3. We again see
the most desirable perturbative behavior from the hybrid renormalization scheme for electroweak
parameters. The results for the central values of the Wilson coefficients in the different EFT
normalizations in the hybrid renormalization scheme are given in Tab. 1. The reported errors are
calculated using the residual dependence on the electroweak matching scale. Noteably, we find that,
after including NLL QED resummation effects, all EFT normalizations exactly coincide.



Higher-Order Electroweak Contributions to Indirect CP Violation in Neutral Kaons

Zachary Polonsky

1S hybrid hybrid hybrid
5-0 ) T T T T T T
‘\
% A % %
S 45k 138 o
Q) \ Q) o
[l . \ 2] -
o)) ANEAY b)) EIN
O 4.0p< { 0O &
) N s ~E
e N, R =
Sl= \ Sl k<
B 35t N~ 17 ol 351 1
E 3~ 8 £
3.0 1 1 n 3.0 1 1 1 3.0 1 1 1 3.0 1 1 1
100 200 300 100 200 300 100 200 300 100 200 300
ut [GeV] e [GeV] ut [GeV) e [GeV]

Figure 3: Residual matching scale dependence with full QCD resummation, in the MS and hybrid schemes.
The dashed line shows the LO result, the dash-dotted line shows the result including NLO QCD corrections,
while the solid line show the full (QCD and QED) NLO result.

NLL QCD | NLL QCD & NLL QED
a?/(8My,s),)Ci, (2GeV) x 108 3.96(6) 3.98(6)
oG /(4\/' ms5,)Ce(2GeV) x 108 | 4.00(4) 3.98(5)
G%M%V/(4ﬂ2)C””(2 GeV) x 108 4.02(5) 3.98(5)

Table 1: Wilson coefficients. Uncertainty given is scale variation only.

In the existing literature, the QCD results are presented in the GF2 normalization, which
receives a —1% shift to the Wilson coefficient from electroweak corrections. Note that the GF

normalization, this shift is halved.

3. Charm-Top Contribution

The LO result of the box diagrams proportional to 4,4, features a large logarthim ~ x. log x.
which must be resummed in the EFT. This is accomplished by considering the mixing of |AS| = 1
operators into the |AS| = 2 operator in Eq. (5).

The Lagrangian (5) is valid below the charm-quark scale. Its Wilson coefficients are obtained

by matching from the effective four- and five flavor Lagrangians

L, 5=~ Z 15V a(CoQ1% +C_Q17) — A, Z CiQi
q q'=u,c i=3,6 (1)
G2 - .
: ZW/IZC” Os2 — 8G% (1A, + A2) G707 +hec.,

after the appropriate RG evolution, as described below. The first line in Eq. (11) contains the
|AS| = 1 current-current operators, defined as

13

((sLyqu)(qL yHdP) £ 5Eyd ) (G Pyrds)) . (12)

’
01" =

Here, a, B are SU(3) color indices. The QCD-penguin operators Q;, i = 3, ..., 6, are defined, e.g.,

in Ref. [16]. They are neglected in this work as they constitute a percent-level correction to our
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Figure 4: Sample Feynman diagrams with bilocal insertions of the current-current operators qu'. Solid
lines denote appropriate quark flavors, and wavy lines denote photons.

numerically small results (see Ref. [17]). The |AS| = 1 operators mix, via bilocal insertions, into
the local |AS| = 2 operator, see Fig. 4. For the contributions proportional to 1,4;, the Glashow-
Iliopoulos-Maiani mechanism ensures that the mixing starts at order m?; it is therefore convenient
to define a rescaled version of the Qs operator as

2

~ m

Q7= ﬁ@m’ydﬁ(h)’udﬁ - (13)
S

This operator is formally of dimension eight. The appearance of the strong coupling constant
in the denominator takes account of the large logarithm in the LO result. The details of the RG
running are given in Ref. [8] including the modified RGEs featuring the anomalous dimension tensor
corresponding to the mixing of double-insertions of |AS| = 1 operators into Q7. After matching
onto the three-flavor theory at the charm scale, u., the running proceeds in an analogous way as
Cg,.-

To obtain a numerical estimate of the size of the electroweak corrections, as well as an
estimate of the remaining perturbative uncertainties, we evaluate the Wilson coefficient C gé (2GeV),
including now all known QCD corrections, and varying the electroweak and charm-threshold
matching scales in the intervals 40GeV < u, < 320GeV and 1GeV < u. < 2GeV. (The
dependence on the bottom-quark matching scale is negligible in comparison.) The resulting
residual scale variation is displayed in Fig. 5.

To obtain a final value, we fix u; = m; and take the average of the highest and lowest value of C o
in the interval for the variation of u., and half the difference between the highest and lowest values as
the uncertainty. Retaining only the QCD corrections up to NNLL, we find C‘g‘;’QCD =-13.84+0.17.
Including also the LL and NLL electroweak corrections gives C‘g; = —13.92 + 0.16. This amounts
to a —0.5% shift, while the uncertainty is essentially unchanged.

4. Renormalization Scheme Dependence

One point that deserves discussion is the fact that our two-loop electroweak contributions to
C¢, and C¢), are dependent on the definition of evanescent operators. The SM prediction for the
physical observable ex must, of course, be independent of such arbitrary choices; in fact, the
scheme dependence of the Wilson coefficient will cancel exactly against the corresponding scheme
dependence of the hadronic matrix element. In the literature on g, the scheme independent product
of Wilson coefficient and matrix element is usually factorized into two separately scheme- and scale-
independent quantities, namely, the QCD correction factors 7;, and 1,,;, and the kaon bag factor Bk.
This is achieved by writing the evolution matrix as U (uo, i, @) = K~ (o, @)U (uo, pt, @)K (u, @),
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Figure 5: Residual dependence of the Wilson cofficient C‘g;(Z GeV) on the electroweak (left panel) and

charm-threshold (right panel) matching scales. The short-dashed, dotted, and dash-dotted lines show the LL,
NLL, and NNLL QCD results, respectively. The long-dashed and solid lines show the results including also
the LL and NLL electroweak corrections.

and combining the K factors, together with the appropriate part of the LO evolution matrix,
with the Wilson coefficients and the matrix elements to yield scheme-independent quantities (see
Refs. [18, 19] for details).

In our case, this strategy fails when including QED corrections, as the O(aay) |AS| = 2
anomalous dimension is scheme independent by itself. This is consistent with the general expression
for the scheme dependence of anomalous dimensions given in Ref. [18], because here the anomalous
dimension is a one-dimensional matrix, i.e. just a number. Therefore, the definition of the scheme-
invariant correction factors cannot be extended to include QED effects (as a fixed-order expansion
in ).

While a consistent estimate of the full electroweak and QED corrections can be obtained only
once a lattice calculation (or another systematic estimate) of the QED correction to the hadronic
matrix element becomes available, we point out that this correction is not enhanced by a large
logarithm and thus of order a-/(4r) ~ 107, the same as the residual scheme dependence. It is
expected to be numerically negligible compared to the O(1%) shifts found above. It follows that
for our numerics we can safely fix the definition of evanescent operators.

5. Conclusions

To summarize, given the uncancelled (but small) residual scheme dependence of our result, we
propose a temporary prescription: we rescale the NLL QCD value of 7;, and NNLL QCD value
of 1,; by factors of 0.99 and 1.005, respectively, to take account of the electroweak corrections.
Including also the power correction presented in Ref. [6], this leads to an updated SM prediction of

lex| = (2.170 % 0.065pert. % 0.076n0mpert. + 0.153param ) X 1072, (14)

Here, the quoted errors correspond to the residual perturbative, non-perturbative, and parametric
uncertainties, respectively; see Ref. [13] for details. We obtained this number by employing the
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phenomenological expression in Ref. [19], including the long-distance corrections presented in
Refs. [4, 20].

All parametric inputs are taken from PDG [21]. In particular, as input for the top-quark
mass we use the MS mass m;(m;) = 162.92(67) GeV, obtained by converting the pole mass
M, =172.5(7) GeV [21] to MS at three-loop accuracy using RUNDEC [22].
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