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1. Introduction

Over the past decade, there has been extensive studies on the Higgs boson and its fundamental
properties such as the Higgs mass, spin and decay width. Notably, the Higgs interactions with𝑊, 𝑍𝛾,
gluon and third generation charged fermions are compatible with the Standard Model (SM) within
10% accuracy[1, 2]. One of the pressing questions in the ongoing and upcoming Large Hadron
Collider (LHC) experiments pertains to the self-interactions of the Higgs boson. Understanding
these self-interactions is crucial for unraveling the Higgs field potential and gaining deeper insights
into the electroweak spontaneous symmetry breaking mechanism.

The Higgs self interactions are accessible by studying the multiple-Higgs boson production
from high-energy particle collisions. Currently, the most viable production mode is the production
of a pair of Higgs bosons, which provides direct access to Higgs trilinear coupling 𝜆ℎℎℎ [3] and
also offers indirect means to constrain the Higgs quartic coupling [4]. This discussions primarily
focuses on the dominant production mode 𝑔𝑔 → ℎℎ, in which two incoming gluons emitted by the
protons collides to yields a pair of Higgs bosons.

In the standard model, the perturbative calculation of this process faces challenges due to
the absence of tree-level interactions between the Higgs boson and gluons. The leading-order
(LO) cross section is derived from the square of the one-loop amplitude, prominently via the
virtual top quark loop. Extending these calculations beyond LO in perturbative QCD becomes
increasingly complex due to intricate multi-loop, multi-scale Feynman diagrams. Thanks to several
recent developments, the next-to-leading order (NLO) has been achieved in refs. [5, 6]. Further
improves have been obtained by soft gluon resummation [7] or matching to the parton showers [8].
These calculations represent the state-of-the-art results, incorporating the full top quark mass (𝑚𝑡 )
dependence. However, they involves substantial theoretical uncertainties arising from large scale
variations and the choice of top-quark mass scheme, which needs to be tackled in the future.

In the absence of perturbative computations beyond NLO with the full𝑚𝑡 -dependence, another
method for improving the cross sections is through "infinite top quark mass approximation", where
𝑚𝑡 → ∞. In this approximation, the Higgs boson interacts with the gluons through the effective
vertices encoded in the effective Lagrangian. This approach enables calculations beyond NLO,
culminating in the next-to-next-to-next-to-leading order (N3LO) [9, 10], thanks to the decades of
theoretical physics efforts. The soft-gluon resummation effects before our work in [11] have been
studied up to NNLO plus next-to-next-to-leading logarithmic (NNLL) accuracy in ref. [12]. These
results can be further improved by accommodating the finite 𝑚𝑡 corrections by rescaling them with
the known full-𝑚𝑡 dependent cross sections [13–15]. This talk discusses the work presented in [11],
where we further improve the perturbative QCD calculations for 𝑔𝑔 → ℎℎ by employing threshold
resummation up to next-to-next-to-next-to-leading logarithmic (N3LL) accuracy in the infinite top
quark mass approximation. We also incorporate the finite top mass corrections in our results at
N3LO+N3LL in the 𝑚𝑡 → ∞ limit with the known full 𝑚𝑡 -dependent NLO calculations.

2. Theoretical aspects

In QCD improved parton model, the differential invariant mass distributions for a heavy
colourless final states with invariant mass 𝑀2 produced in hadron collisions takes the form of a
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convoluted integral:

𝑀2 𝑑

𝑑𝑀2𝜎ℎ1ℎ2 (𝑠, 𝑀2) = 𝜏
∑︁

𝑎,𝑏=𝑞,𝑞̄,𝑔

∫ 1

𝜏

𝑑𝑧

𝑧
𝜙𝑎𝑏

(
𝜏

𝑧
, 𝜇2

𝐹

)
Δ𝑎𝑏

(
𝑧, 𝑀2, 𝜇2

𝐹

)
, (1)

with 𝑠 denotes the square of the hadronic center-of-mass energy and 𝜏 =
𝑀2

𝑠
is the dimensionless

hadronic scaling variable. Similarly, the partonic scaling variable 𝑧 =
𝑀2

𝑠
with 𝑠 being the partonic

centre of mass energy. The partonic luminosity 𝜙𝑎𝑏 is defined as:

𝜙𝑎𝑏 (𝑥, 𝜇2
𝐹) ≡

∫ 1

𝑥

𝑑𝑦

𝑦
𝑓𝑎/ℎ1 (𝑦, 𝜇2

𝐹) 𝑓𝑏/ℎ2

(
𝑥

𝑦
, 𝜇2

𝐹

)
. (2)

with the factorisation scale 𝜇𝐹 and the incoming parton distribution functions 𝑓𝑐/ℎ𝑖 . The sum∑
𝑎,𝑏=𝑞,𝑞̄,𝑔 refers to the species of incoming partonic states. The Δ𝑎𝑏

(
𝑧, 𝑀2, 𝜇2

𝐹

)
is the pertur-

batively calculable coefficient functions, which can be decomposed according to their singular
behaviour as follows,

Δ𝑎𝑏 (𝑧, 𝑀2, 𝜇2
𝐹) = ΔSV

𝑎𝑏 (𝑧, 𝑀
2, 𝜇2

𝐹) + Δ
Reg
𝑎𝑏

(𝑧, 𝑀2, 𝜇2
𝐹) . (3)

Both the terms in (3) satisfy perturbatively expansion in the renormalised strong coupling constant.
In the aforementioned decomposition, the term ΔSV

𝑎𝑏
(𝑧, 𝑀2, 𝜇2

𝐹
) involves only the singular terms

when 𝑧 = 1 with the distributions of the following forms:{
𝛿(1 − 𝑧),D𝑖 (𝑧) ≡

[
ln𝑖 (1 − 𝑧)

1 − 𝑧

]
+

}
, (4)

where 𝛿(1 − 𝑧) is the Dirac delta function and D𝑖 (𝑧) is the plus distribution. The superscript SV
denotes the soft-virtual part, accounting for the real emission corrections at the threshold limit and
the pure virtual corrections. The remaining regular term Δ

Reg
𝑎𝑏

(𝑧, 𝑀2, 𝜇2
𝐹
) involves either ln𝑖 (1 − 𝑧)

or the polynomials of (1 − 𝑧). Although the logarithms ln𝑖 (1 − 𝑧) could also be large, they are
subdominant by a factor of (1 − 𝑧) compared to the soft-virtual contribution.

The soft-virtual contribution can be expressed in terms of hard function 𝐻𝑎𝑏 and the soft-
collinear function 𝑆Γ,𝑎𝑏:

ΔSV
𝑎𝑏 (𝑧, 𝑀

2, 𝜇2
𝐹) =𝐻𝑎𝑏 (𝑀2, 𝜇2

𝑅) 𝛿(1 − 𝑧) ⊗ 𝑆Γ,𝑎𝑏 (𝑧, 𝑀2, 𝜇2
𝐹 , 𝜇

2
𝑅) . (5)

Here 𝜇𝑅 stands for the renormalisation scale of the strong coupling constant 𝛼𝑠 . The hard function
𝐻𝑎𝑏 is obtained from the infrared (IR) subtracted loop corrections, and the soft-collinear function
𝑆Γ,𝑎𝑏 represents the real corrections and the contribution of the Altarelli Parisi splitting kernels in
the soft limit. Both 𝐻𝑎𝑏 and 𝑆Γ,𝑎𝑏 are free of IR poles. For more details on their structure and for
explicit results, we refer the readers to refs. [11, 16–18].

In the threshold limit, where the incoming partonic centre of mass energy is close to the
invariant mass of the Higgs pairs, the soft-virtual corrections dominate by the large logarithms of
the form ln(1 − 𝑧). This potentially spoils the perturbative convergence of the coefficient function,
if we truncate them at a fixed order in the strong coupling constant. Therefore we need the threshold
resummation [19, 20], which provides an alternative perturbative expansion.
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The 𝑧-space coefficient ΔSV
𝑎𝑏

(
𝑧, 𝑀2, 𝜇2

𝐹

)
involves integral convolutions, which is convenient to

express in the Mellin 𝑁-space, where all the convolutions turn into normal products. The Mellin
transform relates the partonic coefficient function in the 𝑧 and 𝑁-space by

Δres
𝑎𝑏 (𝑁, 𝑀

2, 𝜇2
𝐹) =

∫ 1

0
𝑑𝑧 𝑧𝑁−1ΔSV

𝑎𝑏

(
𝑧, 𝑀2, 𝜇2

𝐹

)
, (6)

with the threshold limit in the Mellin space represented by the large 𝑁 limit. Performing the
resummation in the Mellin space resolves the issues of large logarithms by reorganising the series
in the resummation parameter (𝜔 ≡ 2𝛽0𝑎𝑠 (𝜇2

𝑅
) ln 𝑁) at everty order. The SV resummation for the

coefficient function in the Mellin space reads:

Δres
𝑎𝑏 (𝑁, 𝑀

2, 𝜇2
𝐹) = 𝑔0,𝑎𝑏 (𝑀2, 𝜇2

𝐹 , 𝜇
2
𝑅)×

exp

(
𝐶̃0,𝑎𝑏 (𝑎𝑠 (𝜇2

𝑅)) + 𝑔1,𝑎𝑏 (𝜔) ln 𝑁 +
∑︁
𝑘=2

𝑎𝑘−2
𝑠 (𝜇2

𝑅) 𝑔𝑘,𝑎𝑏 (𝜔)
)
. (7)

where 𝑔0,𝑎𝑏 results from the hard function and Altarelli Parisi splitting kernels in the Mellin
space, 𝐶̃0,𝑎𝑏 denotes the non-logarithmic part of soft function and the 𝑁-dependent terms in the
exponent arises from soft-logarithmic contributions. For processes with colourless final states, the
resummation coefficients 𝑔𝑘,𝑎𝑏 (𝜔) and 𝐶̃0,𝑎𝑏 are universal. They only depends on the nature of the
incoming particles. The exponential form in eq.(7) reorganises the perturbative series and enables
the resummation of the particular logarithmic terms to all orders in the strong coupling constant.

When the resummation calculations match to the fixed-order computations, we need to subtract
the double counting between the two. At the N𝑘LO + N𝑘LL accuracy, the double counting is just
the N𝑘LO soft-virtual contributions encoded in the partonic coefficient function. However, up to a
given logarithmic accuracy, the right-hand side of the resummation formalism eq. (7) is not uniquely
defined. One has the freedom to choose which 𝑁-independent piece should be absorbed into the
exponent. This essentially leads to ambiguities in the threshold resummation formalism at a given
logarithmic accuracy. Such resummation ambiguities have also beeen studied in ref. [21]. For more
details on the resummation ambiguities in our study, we refer the reader to section 2.4 in [11].

3. Results

In our numerical calculations, we adopt the following setup: the Higgs mass is set at 𝑚ℎ = 125
GeV, the vacuum expectation value of the Higgs field at 𝑣 = 246.2 GeV, the top-quark pole mass
𝑚𝑡 = 173 GeV and we employ the PDF PDF4LHC15_nnlo_30 provided by LHAPDF6, along with
its renormalisation group running for strong coupling constant. We choose the default central scale
as 𝜇0 = 𝑚ℎℎ/2, where 𝑚ℎℎ is the invariant mass of the Higgs pair. To assess the scale uncertainties,
we utilise the standard 7-point scale variation approach.

Our initial focus centers on the study of resummation calculations for various resummation
schemes pertaining to the inclusive cross section. The ambiguity in resummation schemes arises
from the treatment of the non-logarithmic part of the soft function, either within the exponent or out-
side in eq.(7). We observe that the scheme dependence reduces from NLO+NLL to N3LO+N3LL.
Notably, we find the least scale uncertainties in the so-called N2 scheme, where we resum the
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complete soft function contributions, including the non-logarithmic part. Beyond the scale un-
certainties, it is also worth to note that the central values of N𝑘LO+N𝑘LL in the N2 scheme are
remarkably close to N𝑘+1LO, than in other schemes. Consequently, we adhere to the N2 scheme for
the subsequent discussions.

Figure 1: Inclusive cross sections with respect to
√
𝑠 from LO+LL to N3LO+N3LL (left) and comparison

study of the best result N3LO+N3LL against N3LO and NNLO+NNLL (right), with the 7-point scale
uncertainties. The lower panels depicts the ratios over the central value of N3LO+N3LL.

We illustrate the inclusive cross sections upto N3LO+N3LL in figure 1 over a broad energy
range, spanning from

√
𝑠 = 7 TeV to

√
𝑠 = 100 TeV. We find that the N3LO+N3LL exhibits

only minimal enhancements compared to N3LO, affirming the conclusion arrived in [10] that the
asymptotic convergence in the strong coupling constant has been achieved at N3LO. The scale
uncertainties of N3LO+N3LL are a factor of 2 smaller than the N3LO and nearly one-fourth of
those in NNLO+NNLL, reaching to the sub-percent level. Notably, the N𝑘LO+N𝑘LL error bands,
representing the 7-point scale variations, are fully encompassed within the previous order error
bands when 𝑘 ≥ 2. At 13 TeV, the NLO+NLL surpasses LO+LL by 40%, which is further
enhanced at NNLO+NNLL by 6% and N3LO+N3LL by 0.4%. A comparison study of the best
results for NNLO+NNLL, N3LO, and N3LO+N3LL can be found in the right panel of figure 1,
where the N3LO error band is entirely encompassed within the NNLO+NNLL error band, and the
N3LO+N3LL error band largely resides within the N3LO. This again points to the good asymptotic
perturbative convergence at N3LO.

We also display the invariant mass distribution, 𝑑𝜎
𝑑𝑚ℎℎ

, for Higgs boson pairs upto the N3LO
accuracy at 13 TeV centre of mass energy, in the 𝑚𝑡 → ∞ approximation (as depicted in the left
panel of figure 2). The figure illustrates the profound impact of incorporating higher-order QCD
radiative corrections, resulting in a stabilisation of perturbative calculations for the invariant mass
differential distributions. Additionally, the inclusion of these higher-order corrections considerably

5
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reduces the scale uncertainties, similar to the case of the inclusive cross section.

Figure 2: The invariant mass distribution in the 𝑚𝑡 → ∞ limit (left) and with finite top quark mass
corrections (right) from LO+LL to N3LO+N3LL at

√
𝑠 = 13 TeV. The error bands represent the 7-point scale

variations with the central scale 𝜇0 =
𝑚ℎℎ

2 .

Further we combine our results in the infinite top quark mass approximations with the NLO
full𝑚𝑡 -dependent results (denoted as “NLO𝑚𝑡

”). The inclusion of finite top quark mass corrections
is crucial in the case of 𝑔𝑔 → ℎℎ for realistic phenomenological applications. The NLO𝑚𝑡

results
are directly computed using the publicly available code [8, 22]. To improve the (differential) cross
section, we multiply the (differential) QCD 𝐾 factors obtained from the 𝑚𝑡 → ∞ calculations with
NLO𝑚𝑡

, a combination referred to as (N𝑘LO + N𝑘LL) ⊗ NLO𝑚𝑡
in ref [11]. The cross section

for each scale choice is evaluated following the methodology outlined in eq.(3.4) in ref. [10]. The
relative scale errors in (N𝑘LO + N𝑘LL) ⊗ NLO𝑚𝑡

and N𝑘LO ⊗ NLO𝑚𝑡
are identical to those in

N𝑘LO+N𝑘LL and N𝑘LO in the infinite top quark mass approximation. Although we have only
considered NLO𝑚𝑡

, it is worth noting that our calculations facilitate obtaining the most advanced
theoretical predictions. They will still be valuable even after the full 𝑚𝑡 -dependent NNLO results
have become available. In the right panel of figure 2, we present predictions for the invariant mass
distributions, accounting for the NLO full top-quark mass dependence.

Besides the scale uncertainties we have discussed so far, other large uncertainties can arise
from the top quark mass scheme choice and the missing finite top quark corrections beyond NLO.
Since our work focuses on the infinite top quark mass approximation, the inclusion of higher-order
𝛼𝑠 corrections is unlikely to alleviate such uncertainties.

4. Summary

In this talk we have discussed our recent improvements regarding the (differential) cross sec-
tion for the production of a pair of Higgs bosons via gluon-gluon fusion. We have incorporated
the threshold resummation up to N3LO+N3LL accuracy within the infinite top quark mass ap-
proximation. Notably, our results have yielded the residual renormalisation and factorisation scale
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uncertainties at a remarkable sub-percent level, which are a factor of 2 smaller than N3LO and four
times smaller than NNLO+NNLL results. Moreover, the central values are very close to the N3LO
results, affirming the conclusion in [10] that the asymptotic perturbative convergence in the strong
coupling constant has been achieved at N3LO. Our results are finally combined with the full top
quark mass dependent calculations at NLO QCD for the phenomenological applications.
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