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1. Introduction

The determination of the structure functions for the inclusive deep-inelastic scattering (DIS)
via the exchange of an electro-weak gauge boson is among the best studies processes in perturbative
QCD both from the experimental and theoretical perspective. The structure functions have been
determined with high accuracy over a wide range of energy scales 𝑄2 of the exchanged boson in
the electron-proton collider HERA ref. [1], and further experiments are being considered such as
the Electron-Ion Collider (EIC) at Brookhaven National Lab [2, 3] and the Large Hadron Electron
Collider (LHeC) [4, 5].

Precise determinations of the quark momentum distributions 𝑞 i(𝜉, 𝑄
2) (with 𝜉 = 𝑥 at the

leading-order of perturbative QCD) as well as, less directly, of the gluon distribution 𝑔(𝜉, 𝑄2)
and the strong coupling 𝛼s from structure-function data, require higher-order calculations of the
corresponding coefficient functions (partonic structure functions). These coefficient functions are of
relevance also beyond the cross sections for inclusive DIS, see, e.g., refs. [6, 7] on Higgs production
in vector-boson fusion and ref. [8] on jet production in DIS.

In this proceeding, we consider the flavour non-singlet contributions 𝐹3 structure function, the
second-order corrections have been calculated and verified long ago [9–12]. The corresponding
three-loop expressions were obtained in ref. [13] and recently re-calculated in ref. [14]. At the
fourth order, only the lowest five Mellin-𝑁 moments have been computed so far [15] using the
Forcer program [16].

In the present article, we take the next step towards the determination of the fourth-order non-
singlet coefficient functions 𝑐 (4)

3,ns(𝑥) the leading and sub-leading contributions for the large-𝑛2
𝑓

limit
contributions. These results are obtained with the same method that was presented in ref. [17] for
the computation of 𝑐 (4)

𝐿,ns(𝑥) and 𝑐
(4)
2,ns(𝑥) for the extraction of a large number of moments, reaching

(odd) values of 𝑁 beyond 𝑁 = 1000. Such a large number of moments is essential for sufficiently
constraining the space of harmonic sums [18, 19] and re-construct the full analytic dependence in
𝑁 , and hence on 𝑥 in terms of harmonic polylogarithms (HPLs) [20].

The remainder of this article is organized as follows: In section 2 we briefly recall the theoretical
framework for the coefficient functions in inclusive DIS and their determination of the fourth order
in 𝛼s. In section 3 we review the method for the generation of the necessary Mellin moments [17].
The analytic results for the coefficient functions in 𝑁- and 𝑥-space are beyond the scope of this
proceeding and are left for a soon-to-be-published paper. We summarize our method and results
and give a brief outlook in section 4.

2. Theoretical framework and notations

The focus of this computation regards the computation of the spin-average hadronic tensor for
the inclusive lepton-nucleon DIS,

lepton(𝑘) + nucleon(𝑝) → lepton(𝑘 ′) + 𝑋 (1)

at lowest order in the weak current and fourth order in QCD, namely O
(
𝛼 𝛼4

𝑠

)
. The interaction

happens through the exchange of a gauge boson with momentum 𝑞 = 𝑘 − 𝑘 ′, and the inclusive
hadronic final state 𝑋 consists of all contributions allowed by quantum number conservation. The
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hadronic tensor factorized from the leptonic tensor in the cross section, and can be expressed as
a function of the exchanged energy 𝑄2 = −𝑞2 and the Bjorken variable 𝑥 =

𝑄2

2 𝑝 ·𝑞 in terms of the
structure functions 𝐹𝐿,2,3,

𝑊𝜇𝜈 (𝑝, 𝑞) =
1

4𝜋

∫
d𝑧 𝑒𝑖 𝑞 𝑧 ⟨nucl., 𝑝 |𝐽†𝜇 (𝑧)𝐽𝜈 (0) |nucl., 𝑝⟩ (2)

= 𝑒𝜇𝜈
1
2𝑥

𝐹𝐿 (𝑥, 𝑄2) + 𝑑𝜇𝜈
1
2𝑥

𝐹2(𝑥, 𝑄2) + 𝑖 𝜖𝜇𝜈𝛼𝛽
𝑝𝛼𝑞𝛽

𝑝 · 𝑞 𝐹3(𝑥, 𝑄2) (3)

with,

𝑒𝜇𝜈 = 𝑔𝜇𝜈 + 𝑞𝜇𝑞𝜈

𝑄2 , 𝑑𝜇𝜈 = −𝑔𝜇𝜈 + (𝑝𝜇𝑞𝜈 + 𝑝𝜈𝑞𝜇) 2𝑥
𝑄2 + 𝑝𝜇𝑝𝜈

4𝑥2

𝑄2 . (4)

We presented the contribution to the first two structure functions for large 𝑛 𝑓 in ref. [17] and we
now compute the expression for 𝐹3, associated with the fully anti-symmetric tensor 𝜖𝜇𝜈𝛼𝛽 . The
coefficients can be extracted from the tensor by acting upon it with the appropriate Lorentz projector,

P
𝜇𝜈

3 =
−𝑖

(𝑑 − 2) (𝑑 − 3)
2𝑥
𝑄2 𝜖

𝜇𝜈𝜌𝜎 𝑝𝜌𝑞𝜎 . (5)

We use the optical theorem in a framework set out in refs. [21, 22] to associate the projection of the
structure functions 𝐹𝑎 of the hadronic tensor to the forward Compton scattering,

𝑇𝜇𝜈 (𝑝, 𝑞) =
1

4𝜋

∫
d𝑧 𝑒𝑖 𝑞 𝑧 ⟨nucl., 𝑝 |𝑇 (𝐽†𝜇 (𝑧)𝐽𝜈 (0)) |nucl., 𝑝⟩. (6)

= 𝑒𝜇𝜈
1
2𝑥

T𝐿 (𝑥, 𝑄2) + 𝑑𝜇𝜈T2(𝑥, 𝑄2) + 𝑖 𝜖𝜇𝜈𝛼𝛽
𝑝𝛼𝑞𝛽

𝑝 · 𝑞 T3(𝑥, 𝑄2). (7)

The relation between the Mellin moments of the structure functions and the scattering amplitude is
given by,

M [𝐹𝑎] (𝑁) ≈
1
𝑁!

[
d𝑁T𝑎
d1𝜔𝑁

����
𝜔=0

, (8)

for odd (even) values of 𝑁 for 𝐹3 (𝐹2,𝐿) and the Mellin transform defined as,

M [𝐴(𝑥)] (𝑁) =
∫ 1

0
d𝑥 𝑥𝑁−1𝐴(𝑥). (9)

The computation of 𝐹3 is associated with the vector/axial interference of the two weak currents.
This interference also introduces a new complication due to the presence of 𝛾5 and requiring extra
care during renormalization. We employ the so-called Larin scheme to treat the presence of 𝛾5,
rewriting the axial current as

�̄� 𝛾𝜇 𝛾5 𝜓 → 𝑖
1
6
𝜖𝜇𝜈𝜌𝜎�̄� 𝛾𝜈𝛾𝜌𝛾𝜎 𝜓. (10)

In order to recover the axial Ward-identity and taking into account the particular choice for the
extension of 𝛾5 into 𝑑 dimensions, we require the use of the two renormalization constants 𝑍𝐴 and
𝑍5 [23], which are known to up to four loops in the MS-scheme [24].
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We are interested in the partonic quantity C3,ns related to the non-singlet combination of
structure functions for 𝐹3,ns, such as 𝐹

𝜈,proton
3 − 𝐹

𝜈,neutron
3 . The partonic quantity is related to the

hadronic one by a simple Mellin convolution ⊗ with the non-singlet combination of quark PDFs,

𝐹3,ns(𝑥, 𝑄2) = [C3,ns ⊗ 𝑞ns] (𝑥, 𝑄2). (11)

The coefficient functions are expressed as an expansion in powers of the strong coupling constant
𝑎s ≡ 𝛼s(𝑄2)/(4𝜋),

C3,ns(𝑥, 𝑄2) =
∑︁
𝑛=1

𝑎𝑛
s 𝑐

(𝑛)
3,ns(𝑥) . (12)

Here and below we identify the MS renormalization and mass-factorization scales 𝜇2
r and 𝜇2

f , at
which the strong coupling and the PDFs are evaluated, with 𝑄2. The dependence on 𝜇2

r and 𝜇2
f can

be readily reconstructed a posteriori, see, e.g., eqs. (2.17) and (2.18) of ref. [25]. The renormalized
expression for the non-singlet case is simply given by,

Cbare
3,ns = C3,ns(𝑁, 𝑎𝑠)𝑍ns(𝑁, 𝑎𝑠). (13)

The renormalization constant 𝑍ns of the non-singlet quark distribution depends only on the zeta
function and the anomalous dimensions 𝛾ns that can be expressed in perturbative QCD as a series
expansion in the strong coupling constant:

𝛾ns =

∞∑︁
𝑙=0

𝑎𝑙+1
𝑠 𝛾

(𝑙)
ns , 𝑎𝑠 =

𝛼𝑠

4𝜋
=

𝑔2
𝑠

16𝜋2 . (14)

The poles of the renormalization constant 𝑍ns are related to the anomalous dimensions, in particular
the 𝑎𝑙+1

𝑠 𝜖−1 contribution depends on the 𝛾 (𝑙)
ns anomalous dimension. This property can be exploited

to extract the unknown splitting functions as the building blocks of the renormalization constant in
the MS scheme. The anomalous dimension at fixed 𝑁 is related to the splitting function by a Mellin
transform

𝛾ns(𝑁) = −
∫ 1

0
d𝑥 𝑥𝑁−1𝑃ns. (15)

In order to obtain the fourth-order coefficient functions 𝑐 (4)
3,ns, the lower-order calculations need to

include terms up to 𝜀4−𝑛 at order 𝛼𝑛
s as well as a lower number of fermionic loops. In particular,

the determination of the 𝑛2
𝑓

contributions to 𝑐
(4)
𝑎,ns requires the 𝑛

𝑓
parts of 𝑎 (3)

𝑎,ns.

3. Method and computations

For the purpose of this computation we have followed the same methodology that we applied
for the computation of 𝐹𝐿 and 𝐹2 at fourth-order in perturbative QCD that was presented in
ref. [17]. The treatment of the Feynman diagrams, up to the point where we apply the reduction to
master integrals and set up the system of differential equations, is closely related to the third-order
fermionic contributions in ref. [26] and the non-singlet part of ref. [27]. Our evaluation of the
Feynman integrals is entirely different, though, from both. In ref. [27] the odd moments were
computed to 𝑁 =22 for the 𝐶

𝐹
𝐶
𝐴
𝑛2
𝑓

and 𝑑𝑎𝑏𝑐𝑑𝑎𝑏𝑐/𝐶𝐴
𝑛2
𝑓

terms and to 𝑁 =42 for the 𝐶 2
𝐹
𝑛2
𝑓

terms
using Forcer [16]. By embedding the system with all available physics constraints and Diophantine
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equations, it was only possible to access the analytic all-𝑁 expression for the four-loop anomalous
dimensions but not for the coefficient functions.

Below we discuss the details of the computation and give a review of the method employed for
the first time in ref. [17]. Similarly to our previous results, we generate a large number of Mellin
moments, up to 𝑁 = 1500, to reconstruct the analytic 𝑁-dependence of the fourth-order coefficient
functions by a direct (and over-constrained) Gaussian elimination for a sufficiently general ansatz
in terms of harmonic sums.

Our setup relies on qgraf [28] and form [29–31], utilizing the program minos [32] as a
diagram database tool. Many of the form libraries we use have been employed in numerous
previous calculations, as seen in references such as [12, 15, 26, 27, 33], and have been extensively
optimized for multi-loop perturbative QCD computations. By organizing the diagrams in terms
of similar topologies and color factors, is possible to speed up the evaluation time by realizing
algebraic cancellations at an early stage of the computation. The most complicated diagrams
contributing to 𝑛2

𝑓
do not include ’genuine’ four-loop diagrams but always contain a fermionic

self-energy correction to one of the gluon propagators, as illustrated in Fig. 1.
The generation of the Mellin moments of the partonic structure functions, related to the

scattering amplitude via eq. (8), is performed via an expansion of the set of master integrals ®𝑀 . In
particular, the expansion coefficients are extracted using a system of differential equations around
1/𝑥 ≡ 𝜔 = 0, the inverse Bjorken variable.

Series expansion and differential equations
The diagrams contributing to the final result are organized in terms of topologies of minimal

complexity, where we favor the use of linear terms in the loop momenta as pure scalar products,
compared to squared propagators. The relevant topologies are shown in Fig. 2, where only the
squared propagator contribution are represented. The maximal complexity of the scalar integrals
emerging from the diagrams is of 12 powers in the denominators together with a polynomial or
order 4 in the loop momenta at the numerator. This represents a considerable increase in complexity
for the reduction programs compared with the integrals appearing in the computation of 𝐹2,𝐿 . To
circumvent the prohibitive times required by general reduction to master integrals as implemented
in dedicated public software, we employed a private code to combine integration-by-part (IBP)
identities to express the few integrals that had the highest complexity (highest combined numerator
and denominator powers) as a combination of simpler ones. This was primarily possible because
of the limited number of high-complexity integrals, where we were able to quickly explore different

Figure 1: Some of the most complicated diagrams contributing to the computation for the 𝑛2
𝑓

third-order
coefficient functions for 𝐹3,ns. All diagrams come with the color factor 𝑛2

𝑓
𝑑𝑎𝑏𝑐𝑑𝑎𝑏𝑐/𝑛𝑐. When computing

the boundary conditions, the first and second diagram will correspond to the BE and O4 topology in mincer
notation [34, 35] with a bubble insertion, respectively.

5
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Figure 2: Four-loop propagator topologies used for the reduction to master integrals and the expansion in
𝜔 using differential equations. The external double lines represent the off-shell exchanged bosons while the
simple lines the parton related to the 𝑑𝑎𝑏𝑐𝑑𝑎𝑏𝑐 color factor. Each diagram allows for two independent flows
of the external momenta resulting in the same topology up to a sign inversion 𝜔 ↔ −𝜔.

constraints on the selection of IBP identities to combine for performing the partial reduction of
these integrals. Once obtained the simplified set of integrals, it is possible to delegate the last step
of a full reduction to master integrals and the construction of a system of differential equations to
fire. The resulting system of differential equations takes the form,

𝜕

𝜕𝜔
®𝑀 (𝜔, 𝜀) = 𝐴(𝜔, 𝜀) · ®𝑀 (𝜔, 𝜀) , (1)

where 𝐴 ∈ Q𝑛×𝑛 (𝜔, 𝜀) is a square matrix whose elements are rational functions in 𝜔 and the
dimensional regulator 𝜀 over the field Q, with 𝑛 being the number of master integrals. We found
that a simple rescaling of the masters by monomial coefficient in 𝜔 is sufficient for making the
regular singularity manifest in the differential system. We can then use a general ansatz for both the
differential system and the master integrals to write down an iterative expression for the extraction
of the unknown expansion coefficients of the master integrals,

((𝑘 + 1)1 − 𝐴−1)︸                ︷︷                ︸
:= 𝐵𝑘

· ®𝑚𝑘+1 =

𝑘∑︁
𝑗=0

𝐴 𝑗 ®𝑚𝑘− 𝑗 , (2)

𝑀𝑖 = 𝜔𝛼𝑖

∞∑︁
𝑘=0

𝑚𝑖𝑘 𝜔
𝑘 , 𝐴 =

𝐴−1

𝜔
+

∞∑︁
𝑘=0

𝐴𝑘 𝜔
𝑘 , (3)

where 1 is the identity matrix. The singularities of the matrix 𝐵𝑘 coincide with the positive integer
eigenvalues of 𝐴−1, nonetheless by keeping 𝑘 a free parameter it is possible to write down a general
expression for the inverse 𝐵−1

𝑘
. For the finite number of 𝑘’s where it is not possible to invert the

matrix 𝐵𝑘 , we solve the system by means of Gaussian elimination, while for all other cases we rely
on a recursive expression that only involves matrix multiplications,

®𝑚𝑘+1 = 𝐵−1
𝑘 · ©«

∑︁
𝑗1+ 𝑗2=𝑘

𝐴 𝑗1 · ®𝑚 𝑗2

ª®¬ . (4)

The required boundary conditions have been computed using Forcer in the limit of 𝜔 = 0 for all
the master integrals, where the external parton is taken to be soft. We used a C++ implementation

6
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of Gaussian elimination to compute the first 10 orders of each master integral according to eq. (2)
to clear past all 𝑘’s related to a singular 𝐵𝑘 . For 𝑘 > 10 we used a form implementation of eq. (4).
With this implementation we were able to obtain O

(
𝜔1500) out of the differential equations within

no more than a few days, making the reduction to master integrals by far the most demanding part of
the computation, ranging to about a month for all 10 topologies. Such a large number of coefficients
is required to sufficiently constrain the ansatz of harmonic sums and rational coefficients resulting
in the reconstruction of the coefficient functions in 𝑁-space. The full expression for the coefficients
will be presented in full in an upcoming publication together with the full x-space result for the 𝑛2

𝑓

and 𝑛3
𝑓

to the DIS coefficient functions.

4. Conclusions

We present the framework used for the computation of the analytic for the odd-N valued
expression of the coefficient function 𝐹3 contributing to the 𝑛2

𝑓
and 𝑛3

𝑓
terms at four loops. We

implement a new tailored reduction to tackle the increased complexity in the diagrams required
reduction to master integrals. We observe that the simple rescaling method presented in [17] is
sufficient and did not require any additional manipulation for the removal of all higher-order poles
from the differential equation. The differential equations have been treated with the same recursive
expansion method already employed for the generation of the Mellin moments of 𝐹2 and 𝐹𝐿 . The
level of expansion achieved for the 𝑑𝑎𝑏𝑐𝑑𝑎𝑏𝑐 color factor gives confidence that this method can be
applied also beyond 𝑛2

𝑓
. We leave for an upcoming publication the reconstruction of the analytic

expression in 𝑥-space and its study.
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