
P
o
S
(
R
A
D
C
O
R
2
0
2
3
)
0
8
0

New Results from IR-Improved Amplitude-Based
Resummation in Quantum Field Theory

B.F.L. Ward,𝑎,∗ S. Jadach†,𝑏 W. Placzek,𝑐 M. Skrzypek,𝑏 Z.A. Was𝑏 and S.A. Yost𝑑
𝑎Department of Physics, Baylor University,
One Bear Place # 97316, Waco, TX 76798-7316, USA

𝑏Institute of Nuclear Physics, Polish Academy of Sciences,
ul. Radzikowskiego 152, 31-342 Krakow, Poland

𝑐Institute of Applied Computer Science, Jagiellonian University,
ul. Prof. Stanisława Lojasiewicza 11, 30-348 Krakow, Poland

𝑑Department of Physics, The Citadel,
171 Moultrie Street, Charleston, SC 29409, USA

E-mail: bfl_ward@baylor.edu

There is a continuing effort to support and prepare the precision physics programs for the present
and planned future colliders such as HL-LHC, FCC, CLIC, CEPC, and CPPC. We discuss new
results from IR-improved amplitude-based resummation in quantum field theory relevant to such
support and preparation with some emphasis on the interplay between soft and collinear resum-
mation algebras.

16th International Symposium on Radiative Corrections: Applications of Quantum Field Theory to
Phenomenology ( RADCOR2023)
28th May - 2nd June, 2023
Crieff, Scotland, UK

†Deceased.
∗Speaker

© Copyright owned by the author(s) under the terms of the Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International License (CC BY-NC-ND 4.0). https://pos.sissa.it/

mailto:bfl_ward@baylor.edu
https://pos.sissa.it/


P
o
S
(
R
A
D
C
O
R
2
0
2
3
)
0
8
0

New Results from IR-Improved Amplitude-Based Resummation in Quantum Field Theory B.F.L. Ward

1. In Memoriam

Sadly, my (BFLW) close friend and collaborator, Prof. Stanislaw Jadach, passed away suddenly
on February 26, 2023. His CERN Courier∗ obituary is reproduced here in Fig. 1. He was a
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Sigurd Hofmann, an extraordinary scientist, 
colleague and teacher, passed away on 17 June 
2022 at the age of 78. Remarkable in his scientific 
life was the discovery of proton radioactivity, 
which was achieved in 1981, as well as the syn-
thesis of six new superheavy chemical elements 
between 1981 and 1996. 

Sigurd Hofmann 1944–2022

Discoverer of superheavy elements
him for almost 50 years. Accuracy and scien-
tific exactness were important to him from the 
beginning. He investigated fusion reactions and 
radioactive decays in the group of Peter Arm-
bruster and worked with Gottfried Münzenberg. 

Sigurd achieved international fame through 
the discovery of proton radioactivity from 

StaniSław Jadach 1947–2023

A leading light in radiative corrections 
Stanisław Jadach, an outstanding theoretical 
physicist, died on 26 February at the age of  
75. His foundational contributions to the
physics programmes at LEP and the LHC, and 
for the proposed Future Circular Collider at 
CERN, have significantly helped to advance 
the field of elementary particle physics and its
future aspirations.

Born in Czerteż, Poland, Jadach graduated in 
1970 with a masters in physics from Jagiellonian 
University. There, he also defended his doctorate, 
received his habilitation degree and worked until 
1992. During this period, whilst partly under 
martial law in Poland, Jadach took trips to  
Leiden, Paris, London, Stanford and Knoxville, 
and formed collaborations on precision theory 
calculations based on Monte Carlo event-gener-
ator methods. In 1992 he moved to the Institute 
of Nuclear Physics Polish Academy of Sciences 
(PAS) where, receiving the title of professor in 
1994, he worked until his death. 

Prior to LEP, all calculations of radiative cor-
rections were based on first- and, later, partially 
second-order results. This limited the theoret-
ical precision to the 1% level, which was unac-
ceptable for experiment. In 1987 Jadach solved 
that problem in a single-author report, inspired 
by the classic work of Yennie, Frautschi and 
Suura, featuring a new calculational method for 
any number of photons. It was widely believed 
that soft-photon approximations were restricted 
to many photons with very low energies and 
that it was impossible to relate, consistently, the 
distributions of one or two energetic photons 
to those of any number of soft photons. Jadach 
and his colleagues solved this problem in their 
papers in 1989 for differential cross sections, 
and later in 1999 at the level of spin amplitudes. 
A long series of publications and computer pro-
grammes for re-summed perturbative Standard 
Model calculations ensued. 

Most of the analysis of LEP data was based 

exclusively on the novel calculations provided by 
Jadach and his colleagues. The most important 
concerned the LEP luminosity measurement via 
Bhabha scattering, the production of lepton and 
quark pairs, and the production and decay of 
W and Z boson pairs. For the W-pair results at 
LEP2, Jadach and co-workers intelligently com-
bined separate first-order calculations for the 
production and decay processes to achieve the 
necessary 0.5% theoretical accuracy, bypassing 
the need for full first-order calculations for the 
four-fermion process, which were unfeasible at 
the time. Contrary to what was deemed possible, 
Jadach and his colleagues achieved calcula-
tions that simultaneously take into account QED  
radiative corrections and the complete spin–
spin correlation effects in the production and 
decay of two tau leptons. He also had success in 
the 1970s in novel simulations of strong inter-
action processes.

After LEP, Jadach turned to LHC physics. 
Among other novel results, he and his collabo-
rators developed a new constrained Markovian 

algorithm for parton cascades, with no need to 
use backward evolution and predefined parton 
distributions, and proposed a new method, using 
a “physical” factorisation scheme, for combining 
a hard process at next-to leading order with a 
parton cascade, much simpler and more efficient 
than alternative methods.

Jadach was already updating his LEP-era  
calculations and software towards the increased 
precision of FCC-ee, and is the co-editor and 
co-author of a major paper delineating the need 
for new theoretical calculations to meet the pro-
posed collider’s physics needs. He co-organised 
and participated in many physics workshops 
at CERN and in the preparation of comprehen-
sive reports, starting with the famous 1989  
LEP Yellow Reports.

Jadach, a member of the Polish Academy of 
Arts and Sciences (PAAS), received the most 
prestigious awards in physics in Poland: the 
Marie Skłodowska-Curie Prize (PAS), the  
Marian Mięsowicz Prize (PAAS), and the  
prize of the Minister of Science and Higher  
Education for lifetime scientific achievements. 
He was also a co-initiator and permanent mem-
ber of the international advisory board of the 
RADCOR conference.

Stanisław (Staszek) was a wonderful man and 
mentor. Modest, gentle and sensitive, he did 
not judge or impose. He never refused requests 
and always had time for others. His professional 
knowledge was impressive. He knew almost 
everything about QED, and there were few  
other topics in which he was not at least knowl-
edgeable. His erudition beyond physics was 
equally extensive. He is already profoundly and 
dearly missed.

Wiesław Płaczek Jagiellonian University, 
Maciej Skrzypek and Zbigniew Was  
Institute of Nuclear Physics and  
Bennie Ward Baylor University.
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Stanisław Jadach made major contributions to  
the physics programmes at LEP and the LHC. 
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Sigurd was born on 15 February 1944 in  
Böhmisch-Kamnitz (Bohemia) and studied 
physics at TH Darmstadt, where he received his 
diploma in 1969 and his doctorate in 1974 with 
Egbert Kankeleit. Afterwards, he joined the GSI 
Helmholtz Centre for Heavy Ion Research in 
Darmstadt, his scientific work there occupying 
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Figure 1: CERN Courier obituary for the late Prof. Stanislaw Jadach.

pioneering member of the RADCOR International Advisory Board and he was the Chair of the
Local Organizing Committee when the Institute of Nuclear Physics hosted the 1996 RADCOR in
Krakow, Poland. His many outstanding contributions to our field helped to keep our field alive. We
all miss him dearly. This contribution is dedicated in memoriam to him.

2. Introduction

The future of precision quantumfield theory is dictated by the planned future colliders: FCC [1],
CLIC [2], ILC [3] CEPC [4], CPPC [5], . . .. For example, in the case of the FCC-ee, factors of
improvement from ∼ 5 to ∼ 100 are needed from theory. Resummation is key to such improvements
in many cases. In this context, we discuss here the amplitude-based resummation following from the
methodology of Yennie, Frautschi, and Suura (YFS) in Ref. [6] as it has been realized Refs. [7–13].
This approach to resummation treats the resummation of infrared (IR) singularities to all orders in

∗CERN Courier, May/June 2023 issue, p.59.
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New Results from IR-Improved Amplitude-Based Resummation in Quantum Field Theory B.F.L. Ward

the loop expansion. One of us (BFLW) has extended [14] this methodology to non-Abelian gauge
theories as well.

It is encouraging that the need for precision theory for the future collider physics objectives
is appreciated at world-leading laboratories such as CERN, as we illustrate in Fig. 2 with excerpts
from Ref. [15]. The future options for CERN are shown featuring the FCC and the important role
of higher-order calculations for its background processes is a theory highlight. We can hope that
the funding agencies take note of the implied connection.
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Some physics highlights: 
q Higher-order calculations of background processes for

LHC, HL-LHC and future colliders
q Axion physics and, in particular, studies for using axion

haloscopes to detect high-frequency gravitational waves
through oscillating electromagnetic signals sourced by 
spacetime distortions (arXiv: 2202.00695)

q String Theory: Exploring the swampland and how its 
conjectures can reveal information on the energy scales 
of nature (arXiv: 2205.12293)

q Bounds on the energy growth of gravitational amplitudes
(arXiv: 2202.08280)

Other activities:
q Full restart of scientific activities and visitor programmes after Covid. 
q TH served as a focal point for the physics community to discuss eco-

friendly practices for organising scientific events and business travel. 
These issues were discussed in a dedicated Theory Institute, named 
“Sustainable HEP”

Figure: Future of CERN.

B.F.L. Ward RADCOR2023

(a) (b)

Figure 2: Excerpts from Ref. [15] on the state of CERN: (a), Future Options and R& D; (b), Theory
highlights.

The fundamental attraction of the YFS approach is that there is no limit in principle to the
precision one may achieve as long as one calculates the corresponding hard radiation residuals to
the desired order in the respective coupling constant. This should be contrasted with other methods
of resummation in which various degrees of freedom are integrated out to allow the resummation
thereby engendering an intrinsic uncertainty in observables which require the reinstatement of those
degrees of freedom; for, the reinstatement can only be done approximately.

More specifically, YFS methods in QED are exact to all orders in the infrared limit but treat
collinear big logs perturbatively in the hard photon residuals. DGLAP-based collinear factorization
as recently done at the next-leading log level in Refs. [16–19], for example, treats collinear logs to
all orders but has a non-exact infrared limit. In what follows, after briefly reviewing in the next
Section the elements of exact amplitude resummation theory which we employ, we first present
(in Section 4) new results for precision collider physics and pioneering results in quantum gravity
using the usual YFS methods. We then investigate in Section 5 improving the collinear limit of
YFS theory. A key point is the following: Exact amplitude-based resummation realized on an
event-by-event basis gives enhanced precision for a given level of exactness and this is essential for
future precision physics as exemplified by CERN.
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3. Brief Review of Exact Amplitude-Based Resummation Theory

As it is still not generally familiar, we include here a synopsis of exact amplitude-based
resummation theory. The master formula that exhibits the theory is as follows:

𝑑𝜎̄res = 𝑒SUMIR (QCED) ∑∞
𝑛,𝑚=0

1
𝑛!𝑚!

∫ ∏𝑛
𝑗1=1

𝑑3𝑘 𝑗1
𝑘 𝑗1∏𝑚

𝑗2=1
𝑑3𝑘′ 𝑗2
𝑘′ 𝑗2

∫
𝑑4𝑦
(2𝜋)4 𝑒

𝑖𝑦 · (𝑝1+𝑞1−𝑝2−𝑞2−
∑

𝑘 𝑗1−
∑

𝑘′ 𝑗2 )+𝐷QCED

˜̄𝛽𝑛,𝑚 (𝑘1, . . . , 𝑘𝑛; 𝑘 ′1, . . . , 𝑘
′
𝑚)

𝑑3 𝑝2
𝑝 0

2

𝑑3𝑞2
𝑞 0

2
, (1)

where the new†(YFS-style) residuals ˜̄𝛽𝑛,𝑚(𝑘1, . . . , 𝑘𝑛; 𝑘 ′1, . . . , 𝑘
′
𝑚) have 𝑛 hard gluons and 𝑚 hard

photons. The new residuals and the infrared functions SUMIR(QCED) and 𝐷QCED are defined in
Ref. [21, 22]. As explained inRef. [21, 22], parton shower/MEmatching engenders the replacements
˜̄𝛽𝑛,𝑚 → ˆ̄̃

𝛽𝑛,𝑚, which allow us to connect with MC@NLO [23, 24], via the basic formula

𝑑𝜎 =
∑︁
𝑖, 𝑗

∫
𝑑𝑥1𝑑𝑥2𝐹𝑖 (𝑥1)𝐹𝑗 (𝑥2)𝑑𝜎̂res (𝑥1𝑥2𝑠). (2)

New results in precision LHC and FCC physics have been obtained using Eq.(1). One of us
(BFLW) has extended the latter equation to general relativity as an approach to quantum gravity. In
each respective application, our new results are accompanied with new perspectives. We discuss
such new results and perspectives in the next Section.

4. New Perspectives for Precision Physics: High Energy Colliders and Quantum
Gravity

The realization of eq.(1) in the MC event generator KKMC-hh [12] by four of us (SJ, BFLW,
ZAW, SAY) allows a new perspective on the expectations for precision physics for the Standard
Theory EW interactions at HL-LHC. This is illustrated by the plots in Fig. 3 in the ATLAS
analysis [25] of 𝑍𝛾 production at 8 TeV. The data are compared to the Powheg-Pythia8-Photos [26–
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(HL-)LHC:
K K MChh: Exact O(α2L) CEEX EW corrections matched to a Herwig
parton shower (built-in) or to any other shower via Les Houches files
(see also Liu et al., to appear).⇒
Recent ATLAS results on Zγ production (ATLAS-CONF-2022-046)

B.F.L. Ward RADCOR2023

IHL-LHC => Factor of ~ 10 smaller statistical errors => Test? 
Figure 3: ATLAS analysis of 𝑍/𝛾 production at 8 TeV.

†The non-Abelian nature of QCD requires a new treatment of the corresponding part of the IR limit [20] so that we
usually include in SUMIR (QCED) only the leading term from the QCD exponent in Ref. [20] – the remainder is included
in the residuals ˜̄𝛽𝑛,𝑚 .
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31], Sherpa2.2.4(YFS) [32, 33], and KKMC-hh predictions for the 𝛾𝑝𝑇 spectrum. At this level
of the uncertainties in the data at this point, all three predictions are in reasonable agreement with
the data. At HL-LHC, with 10 times the current statistics, a precision test against the theories will
obtain.

An important issue is the effect of QED contamination in non-QED PDFs. In a new perspec-
tive toward this issue [34–36] we use Negative ISR (NISR) evolution to address the size of this
contamination directly. We have, using a standard notation for PDFs and cross sections, the cross
section representation

𝜎(𝑠) = 3
4
𝜋𝜎0(𝑠)

∑︁
𝑞=𝑢,𝑑,𝑠,𝑐,𝑏

∫
𝑑𝑥 𝑑𝑧𝑑𝑟𝑑𝑡

∫
𝑑𝑥𝑞𝑑𝑥𝑞̄ 𝛿(𝑥 − 𝑥𝑞𝑥𝑞̄𝑧𝑡)

× 𝑓 ℎ1
𝑞 (𝑠𝑥, 𝑥𝑞) 𝑓 ℎ2

𝑞̄
(𝑠𝑥, 𝑥𝑞̄) 𝜌 (0)

𝐼

(
𝛾𝐼𝑞 (𝑠𝑥/𝑚2

𝑞), 𝑧
)
𝜌
(2)
𝐼

(
− 𝛾𝐼𝑞 (𝑄2

0/𝑚
2
𝑞), 𝑡

)
× 𝜎𝐵𝑜𝑟𝑛

𝑞𝑞̄ (𝑠𝑥𝑧) ⟨𝑊𝑀𝐶⟩,

(3)

which includes an extra convolution with the well known second order exponentiated ISR “radiator
function” 𝜌 (2)

𝐼
with the negative evolution time argument −𝛾𝐼𝑞 (𝑄2

0/𝑚
2
𝑞) defined in Ref. [34]. The

QED below 𝑄0 is thus removed. We illustrate this in Fig. 4 from Ref. [35] for the 𝑃𝑇𝛾 for the
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K K MChh: NISR shows effect of QED contamination in non-QED 
PDFs is below the errors on the PDFs:
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Figure 4: The distribution for 𝑃𝑇𝛾 of the photon for which it is greatest for events with at least one photon and
each lepton having 𝑝𝑇ℓ > 25𝐺𝑒𝑉, 𝜂ℓ < 2.5 calculated with (0) FSR only (black). (1) FSR + ISR (blue). and
(2) FSR + ISR with NISR (red) for NNPDF3.1-LuxQED NLO PDFs. For comparison, (3) shows FSR + ISR
with ordinary NNPDF3.1 NLO PDFs (green). The center graph shows ISR on/off ratios (1)/(0) (blue),(2)/(0)
(red) and (3)/(0) (green). The right-hand graph shows the fractional differences ((1)- (2))/(0) in red and ((2)-
(3))/(0) in green.

photon for which it is the largest in 𝑍𝛾∗ production and decay to lepton pairs at the LHC at 8 𝑇𝑒𝑉

for cuts as described in the figure. As we see in the figure, the results show that the effect of QED
contamination in non-QED PDFs is below the errors on the PDFs in agreement with arguments in
Ref. [37].

For the planned EW/Higgs factories, five of us (SJ, WP, MS, BFLW, SAY) have discussed
in Refs. [38–40] the new perspectives for the BHLUMI [8] luminosity theory error. This new
perspective is illustrated in Fig. 5 [40] wherein we show the current purview for the FCC-ee at 𝑀𝑍

and that for the proposed higher energy colliders. In addition to the improvements at 𝑀𝑍 shown in

5
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Note: Lattice methods with Jegerlehner's results allow, in principle, (c) -> (c)/6(a) (b)

Figure 5: Current purview on luminosity theory errors: (a), FCC-ee at 𝑀𝑍 ; (b), proposed higher energy
colliders

Fig. 5(a) to 0.007%, the use of the results in Ref. [41] together with lattice methods [42, 43] opens
the possibility that item (c) in Fig 5(a) could be reduced by a factor of 6‡.

In Refs. [44, 45] one of us (BFLW) has shown that amplitude-based resummation applied to
quantum gravity tames its UV divergences. One of the many consequences is, using a standard
notation,

𝜌Λ(𝑡0) �
−𝑀4

𝑃𝑙
(1 + 𝑐2,𝑒 𝑓 𝑓 𝑘

2
𝑡𝑟/(360𝜋𝑀2

𝑃𝑙
))2

64

∑︁
𝑗

(−1)𝐹𝑛 𝑗

𝜌2
𝑗

×
𝑡2𝑡𝑟

𝑡2𝑒𝑞
× (

𝑡
2/3
𝑒𝑞

𝑡
2/3
0

)3

�
−𝑀2

𝑃𝑙
(1.0362)2(−9.194 × 10−3)

64
(25)2

𝑡20

� (2.4 × 10−3𝑒𝑉)4.

(4)

Here, 𝑡0 is the age of the universe and we take it to be 𝑡0 � 13.7× 109 yrs and 𝑡𝑡𝑟 ∼ 25𝑡𝑃𝑙 [44–46] is
the transition time between the Planck regime and the classical Friedmann-Robertson-Walker(FRW)
regime. In the estimate in (4), the first factor in the second line comes from the radiation dominated
period from 𝑡𝑡𝑟 to 𝑡𝑒𝑞 and the second factor comes from the matter dominated period from 𝑡𝑒𝑞 to 𝑡0.
The estimate in (4) is close to the experimental result [47]§ 𝜌Λ(𝑡0) |expt � ((2.37±0.05) ×10−3𝑒𝑉)4.

‡The formula to be studied is Δ𝛼ℎ𝑎𝑑 (𝑡) = Δ𝛼ℎ𝑎𝑑 (−𝑄2
0) |𝑙𝑎𝑡 + [Δ𝛼ℎ𝑎𝑑 (𝑡) − Δ𝛼ℎ𝑎𝑑 (−𝑄2

0)] |𝑝𝑄𝐶𝐷𝐴𝑑𝑙𝑒𝑟 with lat
denoting the methods of Refs. [42, 43] and pQCDAdler denoting the methods of Ref. [41].

§See also Ref. [48, 49] for analyses that suggest a value for 𝜌Λ (𝑡0) that is qualitatively similar to this experimental
result.
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5. Improving the Collinear Limit in YFS Theory

It is known [50] that in the usual YFS theory the virtual infrared function 𝐵 in the s-channel
resums (exponentiates) the non-infrared term 1

2𝑄
2
𝑒
𝛼
𝜋
𝐿 in 𝑒+(𝑝2) 𝑒−(𝑝1) → 𝑓 (𝑝4) 𝑒−(𝑝3) using

an obvious notation where the respective big log is 𝐿 = ln(𝑠/𝑚2
𝑒) when 𝑠 = (𝑝1 + 𝑝2)2 is the

center-of-mass energy squared. It is also known from Ref. [51] that the term 3
2𝑄

2
𝑒
𝛼
𝜋
𝐿 exponentiates

– see also Refs. [16–19] for recent developments in attendant collinear factorization approach. Does
the YFS theory allow an extension that would also exponentiate the latter term? In Ref. [50], three
of us (SJ, BFLW, ZAW) have answered this question in the affirmative.

Specifically, we find that the virtual infrared function 𝐵 in the s-channel can be extended to

𝐵𝐶𝐿 ≡ 𝐵 + 𝚫B

=

∫
𝑑4𝑘

𝑘2
𝑖

(2𝜋)3

[(
2𝑝 − 𝑘

2𝑘 𝑝 − 𝑘2 − 2𝑞 + 𝑘

2𝑘𝑞 + 𝑘2

)2
− 4pk − 4qk
(2pk − k2) (2qk + k2)

]
,

(5)

while the real infrared function 𝐵̃ can be extended to

𝐵̃𝐶𝐿 ≡ 𝐵̃ + 𝚫B̃

=
−1
8𝜋2

∫
𝑑3𝑘

𝑘0

{
( 𝑝1
𝑘 𝑝1

− 𝑝2
𝑘 𝑝2

)2 + 1
kp1

(2 − kp2
p1p2

)

+ 1
kp2

(2 − kp1
p1p2

)
}
,

(6)

where the extensions are indicated in boldface in an obvious notation. The YFS infrared algebra
is unaffected by these extensions while the 𝐵𝐶𝐿 does exponentiate the entire 3

2𝑄
2
𝑒
𝛼
𝜋
𝐿 term and the

𝐵̃𝐶𝐿 does carry the respective collinear big log of the exact result in Ref. [52] in the soft regime.
The corresponding collinear extension of the CEEX soft eikonal amplitude factor defined in

Ref. [53] for the photon polarization 𝜎 and 𝑒− helicity 𝜎′ is given by

s𝐶𝐿,𝜎 (𝑘) =
√

2𝑄𝑒𝑒

[
−

√︄
𝑝1𝜁

𝑘𝜁

< 𝑘𝜎 |𝑝1 − 𝜎 >

2𝑝1𝑘
+ 𝛿𝜎′ −𝜎

√︄
k𝜁
p1𝜁

< k𝜎 |p̂1𝜎
′ >

2p1k

+

√︄
𝑝2𝜁

𝑘𝜁

< 𝑘𝜎 |𝑝2 − 𝜎 >

2𝑝2𝑘
+ 𝛿𝜎′𝜎

√︄
k𝜁
p2𝜁

< p̂2𝜎
′ |k − 𝜎 >

2p2k

]
,

(7)

where from Ref. [53] 𝜁 ≡ (1, 1, 0, 0) for our choice for the respective auxiliary vector in our Global
Positioning of Spin (GPS) [54] spinor conventionswith the consequent definition 𝑝 = 𝑝−𝜁𝑚2/(2𝜁 𝑝)
for any four vector 𝑝 with 𝑝2 = 𝑚2. The collinear extension terms are again indicated in boldface.

We expect these extended infrared functions to give in general a higher precision for a given
level of exactness [55].
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