
P
o
S
(
R
A
D
C
O
R
2
0
2
3
)
0
8
1

Two-Loop Amplitude Reduction with HELAC

Giuseppe Bevilacqua,a Dhimiter Cankoa,b,∗ and Costas Papadopoulosa

aInstitute of Nuclear and Particle Physics, NCSR ”Demokritos”,
Agia Paraskevi 15310, Greece

bDepartment of Physics, University of Athens,
Zografou 15784, Greece
E-mail: bevilacqua@inp.demokritos.gr, jimcanko@phys.uoa.gr,
costas.papadopoulos@cern.ch

We discuss recent progress towards extending the Helac framework to the calculation of two-
loop amplitudes. A general algorithm for the automated computation of two-loop integrands is
described. The algorithm covers all the steps of the computation, from the generation of loop
topologies up to the construction of recursion relations for two-loop integrands. Finally, first steps
towards the formulation of a new approach for reducing two-loop amplitudes to a basis of master
integrals are discussed.

16th International Symposium on Radiative Corrections: Applications of Quantum Field Theory to
Phenomenology (RADCOR2023)
28th May - 2nd June, 2023
Crieff, Scotland, UK

∗Speaker

© Copyright owned by the author(s) under the terms of the Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International License (CC BY-NC-ND 4.0). https://pos.sissa.it/

mailto:bevilacqua@inp.demokritos.gr
mailto:jimcanko@phys.uoa.gr
mailto:costas.papadopoulos@cern.ch
https://pos.sissa.it/


P
o
S
(
R
A
D
C
O
R
2
0
2
3
)
0
8
1

Two-Loop Amplitude Reduction with HELAC Dhimiter Canko

1. Introduction

Continuous improvements in the precision of the data collected at the LHC are demanding
corresponding improvements of theoretical predictions. This is imperative for QCD processes
in particular, given that hadronic interactions are ubiquitous at the LHC. The calculation of hard-
scattering cross sections is at the core of perturbative QCD and is organised in terms of an expansion
in powers of the strong coupling constant. On a general ground, the precision frontier of perturbative
calculations to date is set to NNLO1. An up-to-date reference list of processes which are desired
with the highest accuracy possible can be found in Ref.[1].

Generally speaking, the bottleneck of NNLO calculations is identified in double-virtual correc-
tions, more precisely in the calculation of two-loop amplitudes. Although the workflow of two-loop
calculations varies upon the specific method considered, the key aspects can be summarized as
follows:

1. construction of two-loop integrands. This can be achieved either computing individual
Feynman diagrams or using recursion relations;

2. reduction of two-loop amplitudes in terms of Master Integrals [2–21]. This can be achieved
at integrand level or at integral level;

3. calculation of Master Integrals [22–40] based on analytical or (semi-)numerical methods.

Each of these steps comes with its own challenges, and the developements during the last years have
yielded a number of results for 2→ 3 cross sections at NNLO accuracy [41–45].

In this contribution we present steps towards the construction of Helac-2loop, a framework
for automated two-loop calculations. We focus in particular on items 1 and 2 in the list above. In
Section 2 we illustrate the basic details of the algorithm for the computation of two-loop integrand
functions. A few benchmark results are presented in Section 3. Finally, in Section 4 we sketch the
approach for the reduction of two-loop amplitudes that we plan to implement in our framework.

2. Construction of two-loop integrands

Before starting the discussion, it is convenient to introduce some basic notation. We de-
note a generic scattering process described by n external particles with the flavors of the latter,
{ f1, f2, . . . , fn}. Color degrees of freedom are treated in the color-flow representation [46]. In this
representation external gluons are labelled with a doublet of color indices {i, j}, while external
quarks and anti-quarks receive the labels {i, 0} and {0, j} respectively. A generic color state is
uniquely identified by the product δiσ1

j1
δ
iσ2
j2
· · · δ

iσn

jn
, where {σ1, σ2, . . . , σn} denotes a permutation

of the set {1, 2, . . . , n}. Thus, for a generic process consisting of ng external gluons and nq + nq̄
quarks, the number of color states is (ng+(nq+nq̄)/2)! (see e.g. Ref. [47, 48] for more details). The
calculation of scattering amplitudes is organised recursively. The building blocks of the recursion
are objects named currents, i.e. tree-level sub-amplitudes built out of a subset SB ⊂ {1, . . . , n} of
the external particles. Currents are combined into sub-amplitudes of increasing complexity till the

1For 2→ 2 processes the current frontier is N3LO.
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Figure 1: Master categories of two-loop topologies: Theta (a), Infinity (b), Dumbbell (c). The red lines
indicate the propagator that is cut in order to express the two-loop topology as an equivalent (n + 2)-particle
process at one-loop (explained in the text).

full amplitude is reached (see Ref. [47, 48] for more details). Each current (hereafter also denoted
blob, or B) is labeled with a unique integer ID(B) =

∑
i∈SB 2i−1.

The first step towards the construction of two-loop integrands consists in the generation of loop
topologies. A key observation is that all two-loop topologies describing arbitrary processes in the
Standard Model2 (SM) fall into one of the three master categories shown in Figure 1, that we name
"Theta", "Infinity" and "Dumbbell" for brevity. The shaded-gray areas Ki appearing therein, that we
also refer to as sectors, denote schematically a set {B1, . . . , BLi } of tree-level blobs inserting to the
i-th propagator of the loop, where Ki =

∑Li

j=1 ID(Bj). Similarly A, B denote generically a blob that
can possibly insert into each of the loop vertices. The number of blobs appearing in each sector,
together with the ordering in which they are displaced, defines a topology. We note, however, that
there is no one-to-one correspondence between blob orderings and loop topologies: the reason is
that the latter are symmetric under the operations of left/-right and up-down reversal. Furthermore,
Theta topologies are symmetric under any permutation of the sectors K1,K2,K3. Configurations
of blob orderings that are left-right or up-down symmetric are identified at this stage in order to
avoid double counting. For the same reason, all Theta topologies are generated according to the
rule K1 > K2 > K3. Further details concerning the topological generation phase can be found in
Ref. [49].

The topologies generated at this stage carry no information about flavor and color of the
propagators in the loop. This information is generated in the next step, referred as color-flavor
dressing (schematically illustrated in Figure 3 in the context of a simple example). The procedure
can be summarised in the following steps:

1. we cut one propagator in the two-loop topology (using the conventions shown in Figure 1).
In this way we take the perspective of a one-loop topology describing a (n + 2)-particle
process with flavors { f1, f2, . . . , fn, Fn+1, Fn+2}. We refer to the latter as the equivalent one-
loop configuration for brevity. The flavors Fn+1, Fn+2 refer to the two additional particles
originated by the cut and can take any value allowed to run into the loop. This step is
schematised in Figure 2. We draw blobs using two different colors to stress that they are
computed using different approaches. The blue blobs denote tree-level currents computed
with standard Dyson-Schwinger recursion, i.e. all possible sub-amplitudes compatible with
the external-particle content are incorporated. By contrast, the recursion defining the red

2More generally, this statement is true for any model whose Feynman rules include up to four-particle vertices
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→ →
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Figure 2: Relations among cut two-loop topologies and their equivalent one-loop configuration in (n + 2)
kinematics: Theta (a), Infinity (b), Dumbbell (c). The blobs denote tree-level currents which are attached to
the loop propagators.

blobs is partially constrained according to the non-trivial internal structure induced by the
loop propagator that has been cut (shown in yellow);

2. we treat Fn+1, Fn+2 as external particles with truly independent degrees of freedom in the
context of the one-loop process { f1, f2, . . . , fn, Fn+1, Fn+2}. This allows us to reuse (with
proper modifications) the apparatus for one-loop integrand computations already developed
in Helac-1loop [50, 51] . Of course, Fn+1, Fn+2 are constrained in both flavor and color as
they are originated by cutting a propagator. Thus, in our strategy, a redundant number of
degrees of freedom is considered at this intermediate stage. The latter shall be projected into
the lower-dimensional space describing the physical n-particle process3;

3. with reference to the one-loop configuration mentioned in the previous step, the construction
of the integrand proceeds following the conceptual design of Helac-1loop. The one-loop
propagators are dressed with colors using all possible configurations which conserve color
flow at each vertex of the loop. Similarly, propagators are dressed with flavors in all ways
that are compatible with the SM. The one-loop topology, in turn, is cut, originating two
additional external particles Fn+3, Fn+4. This sets the stage of a tree-level, (n + 4)-particle
process with flavors { f1, f2, . . . , fn, Fn+1, Fn+2, Fn+3, Fn+4}. At this point the computation of
one-loop numerator functions can be addressed with fully automated tree-level technology.
More technical details can be found in Ref. [50, 51] .

In the last step, a set of recursion relations is constructed for each two-loop topology. These
encode the instructions to compute numerators that will be used by Helac during numerical
evaluations. They can be generated once and stored in a file named skeleton. For illustrative
purposes, we provide in Figure 4 an example showing how a two-loop numerator is represented

3For the color degrees of freedom, the projection is understood as a contraction of the form(
δ
iσ1
j1
δ
iσ2
j2
· · · δ

iσn

jn
δ
iσn+1
jn+1

δ
iσn+2
jn+2

) (
δ
jn+1
in+2

δ
jn+2
in+1

)
= (NC )

α · δ
iσ′1
j1
δ
iσ′2
j2
· · · δ

iσ′n
jn

, where {σ′1, . . . , σ
′
n} ({σ1, . . . , σn+2}) is a

permutation of {1, . . . , n} ({1, . . . , n + 2}), NC is the number of colors, and α = 0 or 1 depending on the configuration.
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Figure 3: Schematic illustration of color-flavor dressing for a simple two-loop topology.

in our framework. The example refers to the 110th numerator out of a total of 332 numerators
contributing to a specific color connection stored in the skeleton. Each line reports the instructions
to compute a single current involved in the recursive calculation of the numerator. The information
concerning the two-loop topology is stored in the last line.

We have performed a number of tests at the level of individual two-loop numerators in order to
validate our implementation. Our results have been found in excellent agreement with the numerical
output generated with the help of FeynArts + FeynCalc [52, 53].

3. Benchmark results

To give an idea of the computational cost of two-loop numerator generations, we provide
in Table 1 some details concerning the requirements of CPU time and disk occupancy for a few
benchmark processes. We focus in particular on four-gluon and five-gluon amplitudes. We consider
the Leading Color (LC) approximation as benchmark for our comparisons. For the four-gluon case
we also show results based on Full Color (FC). The purpose is to understand how the computational
cost scales with increasing multiplicities and/or improved color treatment. In all cases we also
report the total number of two-loop numerators as a measure of the complexity of the calculation.
Comparing the first two rows of Table 1 we observe that, when going from LC to FC, the memory
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Figure 4: Internal representation of a two-loop numerator in the Helac framework. All lines except the
last one are in the same format as in Helac-1Loop [51]. The last line includes in addition information on
the two-loop topology [54]: the second and third numbers, 1 and 12, are used to specify the denominator
structure of the given numerator.

Process NLoops Color Numerators Size [MB] Timing [s]

gg → gg 2 Full 89392 111 415

gg → gg 2 Leading 4560 9 15

gg → ggg 2 Leading 81480 300 1303

gg → gg 1 Full 768 0.5 2

gg → ggg 1 Full 11496 15 533

Table 1: Details of CPU time and disk space required to generate and store all two-loop numerators for a
few reference processes. Leading refers to leading-color approximation, Full denotes full treatment of color
degrees of freedom. All numbers have been obtained on an Intel 1.80 GHz processor with the gfortran
compiler using the option -O3. Results of one-loop generations are also reported for comparison.

size increases by one order of magnitude. This is consistent with the larger number of numerators
that are generated and stored in FC. Similarly the CPU time scales almost by a factor of 30. A more
dramatic impact on scaling is observed, in contrast, when adding one more gluon in the computation
while taking the LC viewpoint, as can be inferred by comparing the second and third lines of Table
1. In this case, CPU time and memory scale approximately by factors 90 and 30 respectively. We
would like to stress that there is still room for better organisation of numerators and optimisation
of the whole generation chain, which is currently under study. This is expected to improve the
performance both in terms of computing efficiency and storage.

4. Steps towards a new approach for two-loop amplitude reduction

Let us consider a two-loop topology characterised by NP loop propagators for a generic
process with n external particles. Let {D1, . . . ,DNP } be the denominators of the loop propagators
(we will refer to them as propagators in the following for brevity), {p1, . . . , pn} the four-dimensional
momenta of the external particles and {k1, k2} the loop momenta. The latter, expressed in d space-
time dimensions, are decomposed as ki = k̄i + k∗i where k̄i is the four-dimensional and k∗i the

6
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extra-dimensional part. The scalar product reads ki · k j = k̄i · k̄ j + µi j (i = 1, 2), where we have
defined µi j = k∗i · k

∗
j .

The most general two-loop integrand can be constructed out of the Lorentz scalars

pi · pj , ki · k j , ki · pj , ki · ηj , (1)

where ηj are transverse vectors defined such that ηi · pj = 0. The integrand is understood to be a
rational function of the form

R =
N

D
≡

∑
a ca(®s, ε)

(
z(a)1

)β1
· · ·

(
z(a)na

)βna

D1 · · ·DNP

, (2)

where the β’s are integers, ®s denotes generically scalar products of the form pi · pj and z(a) ∈
S = {ki · k j, ki · pj, ki · ηj}. Those scalars z(a) which admit a decomposition in terms of linear
combinations of propagators Di cancel with the denominator. Then, the integrand can be recast in
the form

R =

NP∑
m=0

∑
σ

∑
j c̃(σ)j (®s, ε)

∏n
(m)
T+ISP

k=1

(
z̄(σ)
k

)α( j)
k

Dσ1 · · ·Dσm

(3)

where the α’s are integers and σ denotes any possible subset of {1, . . . , NP} consisting of m
elements. The residual scalar products appearing in the numerator (that we label as z̄(j)

k
for clarity)

include both the transverse ones (T), ki · ηj , as well as what is known as irreducible scalar products
(ISP). Based on Eq.(3), one can express the numerator function N using the following equation:

N =

NP∑
m=0

∑
σ

∑
j

c̃(σ)j (®s, ε)
n
(m)
T+ISP∏
k=1

(
z̄(σ)
k

)α( j)
k

∏
i<σ

Di . (4)

Our goal is to find a method to extract numerically the coefficients c̃(σ)j (®s, ε) at the integrand level.
Terms in Eq.(4) which do not depend explicitly on transverse vectors (ηj) lead to Feynman integrals
which can be addressed using integration-by-part (IBP) techniques [55–59]. Scalar products of the
form (ki · ηj)P (where P is a positive integer) can be eliminated, if present, using the following
considerations:

• if P is odd, the corresponding terms vanish upon integration;

• if P is even, the corresponding terms can be cast in a form which vanish upon integration
using so-called traceless completion [2, 60]. This is equivalent to a change of basis of the
form

(ki · ηj ) (kl · ηj ) −→ (ki · ηj ) (kl · ηj ) −
µil

d − 4
(5)

(ki · ηj )2 (kl · ηj )
2 −→ (ki · ηj )2 (kl · ηj )

2 −
(ki · ηj )2µll + (kl · ηj )2µii + 4(ki · ηj ) (kl · ηj )µil

2(d − 4)
(6)

Following the paradigm developed for one-loop calculations, and having all the aforementioned
in mind, a possible way of implementing the amplitude reduction within Helac-2Loop can be
sketched in the following steps:

7
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1. extracting the 4-dimensional part of c̃(σ)j (®s, ε) using values for the loop-momenta obtained
from the cut equations Dσ1 = · · · = Dσm = 0 in an OPP-like approach [61, 62];

2. finding the polynomial dependence on µi j terms (analogously to the treatment of R1 terms
in OPP reduction);

3. determining the missing ε-dimensional part of the numerator using two-loop rational terms
(R2 terms).

4. reducing the Feynman integrals containing ISP monomials to Master Integrals using IBP
reduction.

Notice that all four steps described above are universal. The integrand basis (steps 1 and 2),
the R2 terms (step 3) and the IBP reduction (step 4) are independent of the specific process
under consideration. On the other hand, we expect that the IBP reduction presents technical
challenges when applied to certain two-loop topologies with 5 or more external legs. Moreover, the
implementation of R2 rational terms (following up Ref. [63–65]) requires further study.

5. Summary

We have presented an approach for computing two-loop integrands for arbitrary processes in
a fully automated way. Furthermore we have sketched a possible strategy for the reduction of
two-loop amplitudes to Master Integrals. These results are part of the ongoing efforts to develop
Helac-2loop, a framework for automated two-loop amplitude calculation.
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