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1. Introduction

Observations done by the Wilkinson Microwave Anisotropy Probe (WMAP) and the Planck
observatory indicate that the extent of the Baryon Asymmetry of the Universe (BAU) amounts
to [1, 2]

𝜂CMB
𝐵 = 6.104 ± 0.058 × 10−10. (1)

Hence, explaining the observed BAU has been one of the central themes of Particle Cosmology for
decades. The existence of this non-zero BAU is one of the greatest pieces of evidence for physics
beyond the Standard Model (SM). Moreover, the observation of neutrino oscillation phenomena [3–
5] indicates the existence of non-zero neutrino masses in contradiction with the SM prediction. A
minimal resolution to both of these problems is to introduce additional neutrinos, which are singlets
of the SM gauge group: SU(3)𝑐 × SU(2)𝐿 × U(1)𝑌 . The inclusion of a lepton number violating
Majorana mass term permits these additional neutrinos to have large masses whilst suppressing the
masses of the SM neutrinos. This mechanism is aptly referred to as the seesaw mechanism [6–9].
The violation of lepton number by two units satisfies one of the famous Sakharov conditions [10]
for the generation of appreciable particle asymmetries. Further to this, the expansion of the FRW
Universe provides a cosmic arrow of time as well as satisfying the out-of-equilibrium condition,
again provided by Sakharov. In combination with the CP violation present in the Yukawa sector,
these properties allow for the generation of large lepton asymmetries, which may then be re-
processed into a baryon asymmetry through equilibrium (𝐵 + 𝐿)-violating sphaleron transitions.
This mechanism of generating appreciable BAU is widely known as leptogenesis [11, 12].

In [13], we consider a class of leptogenesis models which can provide naturally light SM
neutrino masses as well as generate appreciable levels of BAU to match the observed CMB data.
We assume these models to contain three singlet neutrinos, which have mass splittings comparable
to their decay widths, permitting maximal mixing between the heavy eigenstates. This framework is
commonly referred to as Resonant Leptogenesis (RL). To this end, we compute the CP asymmetries
associated with this tri-resonant model and follow this up with a set of complete Boltzmann equations
to calculate the generated BAU. These Boltzmann equations describe the evolution of the neutrino
and lepton number densities prior to the sphaleron freeze-out when the temperature of the universe
falls below 𝑇sph ≈ 132 GeV [14]. A particular highlight of our study is the preservation of the
variations in the relativistic degrees of freedom. In much of the literature, the degrees of freedom
are taken to be constant due to the high-temperature scales. However, we show that the small
variations, which pervade even above temperatures of 𝑇 = 100 GeV, can have a significant impact
on the generated BAU.

Finally, we present results for the allowed regions of parameter space which can achieve
successful leptogenesis and compare these results with current and future experiments. In particular,
we make comparisons with coherent flavour-changing processes within nuclei from experiments
such as MEG [15, 16] and PRISM [17], as well as collider experiments such as the LHC and FCC.

2. Flavour Symmetric Model

We utilise a minimal extension of the SM, with the inclusion of three right-handed neutrinos,
which are singlets of the SM gauge group: SU(3)𝑐 × SU(2)𝐿 × U(1)𝑌 , and have lepton number
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L = 1. Given this additional particle content and quantum number assignment, the SM is extended
through the additional Lagrangian terms

L𝜈𝑅 = 𝑖𝜈𝑅 /𝜕𝜈𝑅 −
(
𝐿 h𝜈Φ̃ 𝜈𝑅 + 1

2
𝜈𝐶𝑅 m𝑀𝜈𝑅 + H.c.

)
. (2)

Here, 𝐿𝑖 =
(
𝜈𝐿,𝑖, 𝑒𝐿,𝑖

)T, with 𝑖 = 1, 2, 3, are left-handed lepton doublets; 𝜈𝑅,𝛼, with 𝛼 = 1, 2, 3, are
right-handed neutrino singlet fields; and Φ̃ is the isospin conjugate Higgs doublet. The matrices
h𝜈
𝑖𝛼

and (m𝑀 )𝛼𝛽 are the neutrino Yukawa couplings and Majorana mass matrix, respectively.
It is worth pointing out that the inclusion of the Majorana mass matrix explicitly breaks lepton
number conservation by two units, Δ𝐿 = 2, satisfying one of the three Sakharov conditions for the
generations of appreciable lepton asymmetry.

Without loss of generality, we may select a basis for the singlet neutrino sector such that the
Majorana mass term is diagonalised, i.e m𝑀 = diag(𝑚𝑁1 , 𝑚𝑁2 , 𝑚𝑁3). In this basis, the Lagrangian
in the unbroken phase takes the form

L𝜈𝑅 = 𝑖𝑁 /𝜕𝑁 −
(
𝐿 h𝜈Φ̃ 𝑃𝑅𝑁 + H.c.

)
− 1

2
𝑁 m𝑀𝑁. (3)

In this expression, 𝑁𝛼 = 𝜈𝑅,𝛼 + 𝜈𝐶
𝑅,𝛼

, and 𝑃𝑅/𝐿 = 1
2
(
14 ± 𝛾5) are right/left-chiral projection

operators.
In the broken phase, the addition of a Dirac mass term from the Yukawa sector results in the

mixing between left- and right-chiral neutrinos, with the mass basis in the broken phase a particular
combination of left- and right-chiral neutrinos

𝑃𝑅

(
𝜈

𝑁

)
=

(
𝑈𝜈𝜈𝐶

𝐿
𝑈𝜈𝜈𝑅

𝑈𝑁𝜈𝐶
𝐿

𝑈𝑁𝜈𝑅

) (
𝜈𝐶
𝐿

𝜈𝑅

)
. (4)

In the above, we have defined 𝜈𝑖 as light neutrino mass eigenstates and 𝑁𝑖 as heavy neutrino mass
eigenstates. Furthermore, the unitary matrix, 𝑈, diagonalises the full neutrino mass matrix. To
leading order in the quantity 𝜉𝑖𝛼 = (m𝐷m−1

𝑀
)𝑖𝛼 [18], the light neutrino mass matrix may be written

as

m𝜈 = −m𝐷m−1
𝑀 mT

𝐷 , (5)

with m𝐷 = h𝜈𝑣/
√

2 the Dirac mass matrix, with Higgs VEV, 𝑣 ≃ 246 GeV [7]. By virtue of this
relation, it is clear that to satisfy observed neutrino data, the Majorana mass matrix would have to
be GUT scale if the Dirac matrix is of electroweak scale (||m𝐷 || ∼ 𝑣), and of general structure. As a
result, the impact of singlet neutrinos on experimental signatures would be minimal as the charged
current interactions are suppressed through the mixing parameter 𝐵𝑖𝛼 = 𝜉𝑖𝛼 [18]

L𝑊
int = −𝑔𝑤√

2
𝑊−

𝜇 𝑒𝑖𝐿𝐵𝑖𝛼𝛾
𝜇𝑃𝐿𝑁𝛼 + H.c. . (6)

Consequently, there is a motivation to identify models which allow for low-scale heavy neutrino
masses whilst remaining in alignment with the observed neutrino data.
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One approach which may be taken to address this problem is to assume the existence of a
symmetry on the flavour structure of the Yukawa couplings, h𝜈

0 , which would render the light
neutrino eigenstates massless

−m𝐷m−1
𝑀 mT

𝐷 = −𝑣
2

2
h𝜈

0 m−1
𝑀 (h𝜈

0 )
T = 03. (7)

From this, small neutrino masses may be generated through perturbations about the symmetric
Yukawa couplings

(h𝜈
0 + 𝛿h𝜈) m−1

𝑀 (h𝜈
0 + 𝛿h𝜈)T =

2
𝑣2 m𝜈 . (8)

In the case of a near degenerate heavy neutrino mass spectrum, the condition on the symmetric
Yukawa couplings given in (7) may be approximately satisfied by

h𝜈
0 (h

𝜈
0 )

T = 03. (9)

This motivates a nil-potent structure of the Yukawa matrix. In particular, we have identified the
structure

h𝜈
0 =

©«
𝑎 𝑎 𝜔 𝑎 𝜔2

𝑏 𝑏 𝜔 𝑏 𝜔2

𝑐 𝑐 𝜔 𝑐 𝜔2

ª®®¬ , (10)

with 𝑎, 𝑏, 𝑐 ∈ C, and 𝜔 = exp
(

2𝜋𝑖
6

)
the generator of the Z6 group. This structure is not unique

in satisfying the constraint given in (9). Other similar structures, such as Z3, with generators
𝜔′ = exp

(
2𝜋𝑖

3

)
would also produce a vanishing light neutrino mass spectrum at leading order. Most

interestingly, this symmetry-motivated structure offers large CP-violating phases which contribute
significantly to the generation of appreciable BAU. Instead, this possibility is not easily achievable
in bi-resonant models, where the CP-odd phases are strongly correlated to the light-neutrino masses.

As a further insight, since this symmetry exists within the flavour structure, any additional
contributions to the light neutrino mass matrix with an identical flavour structure will vanish. In
particular, the first-order loop correction to the light neutrino mass matrix [18] may be incorporated
into the zero mass condition of the symmetric Yukawa matrix

𝑣2

2
h𝜈

0

[
m−1

𝑀 − 𝛼𝑤

16𝜋𝑀2
𝑊

m†
𝑀
𝑓 (m𝑀m†

𝑀
)
]

h𝜈T
0 = 03 , (11)

where

𝑓 (m𝑀m†
𝑀
) =

𝑀2
𝐻

m𝑀m†
𝑀

− 𝑀2
𝐻
13

ln

(
m𝑀m†

𝑀

𝑀2
𝐻

)
+

3𝑀2
𝑍

m𝑀m†
𝑀

− 𝑀2
𝑍
13

ln

(
m𝑀m†

𝑀

𝑀2
𝑍

)
. (12)

In the above, 𝛼𝑤 ≡ 𝑔2
𝑤/(4𝜋)2 is the electroweak gauge-coupling parameter, and 𝑀𝑊 , 𝑀𝑍 , and 𝑀𝐻

are the masses of the𝑊 , 𝑍 , and Higgs bosons, respectively.
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3. Leptonic Asymmetries

In models of thermal leptogenesis, CP-violating effects enter through the difference in the
decay rates of heavy neutrinos into leptons and Higgs bosons (𝑁 → 𝐿Φ), and the conjugate
process (𝑁 → 𝐿𝑐Φ†) [11, 12]. This difference appears at the loop level, with the wavefunction
contribution particularly dominant in models of RL, where mass splittings are of a similar size to
the decay widths of the heavy neutrinos (for a review, see [19]). To aid the discussion of analytic
results regarding the leptonic CP asymmetries, we introduce the coefficients [20–22]

𝐴𝛼𝛽 =

3∑︁
𝑙=1

h𝜈
𝑙𝛼

h𝜈∗
𝑙𝛽

16𝜋
=

(h𝜈†h𝜈)∗
𝛼𝛽

16𝜋
, (13)

𝑉𝑙𝛼 =

3∑︁
𝑘=1

∑︁
𝛾≠𝛼

h𝜈∗
𝑘𝛼

h𝜈
𝑘𝛾

h𝜈
𝑙𝛾

16𝜋
𝑓

(
𝑚2

𝑁𝛾

𝑚2
𝑁𝛼

)
, (14)

which correspond to absorptive transition rates for the wavefunction and vertex, respectively. In (14),
𝑓 (𝑥) =

√
𝑥

[
1 − (1 + 𝑥) ln

(
1+𝑥
𝑥

)]
is the Fukugita-Yanagida 1-loop function [11, 12].

Completing a full re-summation of the loop corrections, including all three Majorana neutrinos,
generates an effective 𝑁𝐿Φ̃ coupling [21–23]

(h̄𝜈
+)𝑙𝛼 = h𝜈

𝑙𝛼 + 𝑖𝑉𝑙𝛼 − 𝑖
3∑︁

𝛽,𝛾=1
|𝜀𝛼𝛽𝛾 | h𝜈

𝑙𝛽

×
𝑚𝑁𝛼

(
𝑀𝛼𝛼𝛽 + 𝑀𝛽𝛽𝛼

)
− 𝑖𝑅𝛼𝛾

[
𝑀𝛼𝛾𝛽

(
𝑀𝛼𝛼𝛾 + 𝑀𝛾𝛾𝛼

)
+ 𝑀𝛽𝛽𝛾

(
𝑀𝛼𝛾𝛼 + 𝑀𝛾𝛼𝛾

) ]
𝑚2

𝑁𝛼
− 𝑚2

𝑁𝛽
+ 2𝑖𝑚2

𝑁𝛼
𝐴𝛽𝛽 + 2𝑖ℑ𝑚𝑅𝛼𝛾

(
𝑚2

𝑁𝛼
|𝐴𝛽𝛾 |2 + 𝑚𝑁𝛽

𝑚𝑁𝛾
ℜ𝑒𝐴2

𝛽𝛾

) ,

(15)

where 𝜖𝛼𝛽𝛾 is the anti-symmetric Levi-Civita symbol, 𝑀𝛼𝛽𝛾 ≡ 𝑚𝑁𝛼
𝐴𝛽𝛾 and

𝑅𝛼𝛽 ≡
𝑚2

𝑁𝛼

𝑚2
𝑁𝛼

− 𝑚2
𝑁𝛽

+ 2𝑖𝑚2
𝑁𝛼
𝐴𝛽𝛽

. (16)

The conjugate 𝑁𝐿𝑐Φ̃† couplings, denoted by (h̄𝜈
−)𝑙𝛼, are found through the replacement of h𝜈

𝑙𝛼

by (h𝜈)∗
𝑙𝛼

in (15). These effective couplings capture both bi-resonant and tri-resonant effects,
corresponding to maximal CP asymmetries through the mixing of two and three singlet neutrinos,
respectively. In particular, one may recover the bi-resonant expressions by simply taking 𝑅𝛼𝛾

to zero.
Utilising these re-summed effective couplings, we may calculate the partial decay widths of

the heavy neutrinos as

Γ(𝑁𝛼 → 𝐿𝑙Φ) =
𝑚𝑁𝛼

8𝜋
��(h̄𝜈

+)𝑙𝛼
��2 , Γ(𝑁𝛼 → 𝐿𝐶𝑙 Φ

†) =
𝑚𝑁𝛼

8𝜋
��(h̄𝜈

−)𝑙𝛼
��2 . (17)

From this, we identify the size of the CP asymmetries within the model using the dimensionless
quantity

𝛿𝛼𝑙 ≡
Γ(𝑁𝛼 → 𝐿𝑙Φ) − Γ(𝑁𝛼 → 𝐿𝐶

𝑙
Φ†)∑

𝑘=𝑒,𝜇,𝜏 Γ(𝑁𝛼 → 𝐿𝑘Φ) + Γ(𝑁𝛼 → 𝐿𝐶
𝑘
Φ†)

=

��(h̄𝜈
+)𝑙𝛼

��2 − ��(h̄𝜈
−)𝑙𝛼

��2
(h̄𝜈†

+ h̄𝜈
+)𝛼𝛼 + (h̄𝜈†

− h̄𝜈
−)𝛼𝛼

. (18)

5



P
o
S
(
C
O
R
F
U
2
0
2
2
)
0
3
6

Tri-Resonant Leptogenesis A. Pilaftsis

980 1000 1020 1040
mN3 [GeV]

−1.0

−0.5

0.0

0.5

1.0

m
N

1

m
N

2

m
N

2
+

Γ
N

2
/
2 δ1

δ2

δ3

δT

980 1000 1020 1040
mN3 [GeV]

−1.0

−0.8

−0.6

−0.4

−0.2

0.0

0.2

m
N

1

m
N

2

m
N

2
+

Γ
N

2
/
2 δ

(3)
2

δ
(2)
2

980 1000 1020 1040
mN3 [GeV]

−0.2

0.0

0.2

0.4

0.6

0.8

m
N

1

m
N

2

m
N

2
+

Γ
N

2
/
2 δ

(3)
3

δ
(2)
3

Figure 1: Left panel: CP asymmetries generated by the decays of 𝑁1, 𝑁2 and 𝑁3, together with the total CP
asymmetry 𝛿𝑇 =

∑
𝛼 𝛿𝛼, as a function of the mass of 𝑁3. Centre panel: Comparison of the CP asymmetry

in the decay of 𝑁2 vs. 𝑚𝑁3 as calculated from two neutrino mixing (𝛿 (2)2 ) and three-neutrino mixing (𝛿 (3)2 ).
Right panel: CP asymmetry in the decay of 𝑁3 vs. 𝑚𝑁3 calculated from two-neutrino mixing (𝛿 (2)3 ) and
three-neutrino mixing (𝛿 (3)3 ). We indicate the values of 𝑚𝑁1 , 𝑚𝑁2 and the tri-resonant value of 𝑚𝑁3 with
grey dashed lines.

Furthermore, we may define the total CP asymmetry associated with each neutrino species by
summing over the lepton families

𝛿𝛼 =
∑︁
𝑙

𝛿𝛼𝑙 =
(h̄𝜈†

+ h̄𝜈
+)𝛼𝛼 − (h̄𝜈†

− h̄𝜈
−)𝛼𝛼

(h̄𝜈†
+ h̄𝜈

+)𝛼𝛼 + (h̄𝜈†
− h̄𝜈

−)𝛼𝛼

. (19)

At this point, it is important to mention that the existence of non-zero CP asymmetries is only
possible in the event that the CP-odd invariant

ΔCP = ℑ𝑚
{
Tr

[
(h𝜈)†h𝜈m†

𝑀
m𝑀m†

𝑀
(h𝜈)T (h𝜈)∗m𝑀

]}
(20)

=
∑︁
𝛼<𝛽

𝑚𝑁𝛼
𝑚𝑁𝛽

(
𝑚2

𝑁𝛼
− 𝑚2

𝑁𝛽

)
ℑ𝑚

[ (
h𝜈†h𝜈

)2

𝛽𝛼

]
(21)

does not vanish [21, 24–26] When all neutrinos are exactly degenerate, this quantity is trivially
zero, and hence CP asymmetries are not possible. However, if mass splittings are permitted, we see
that in the Z6 model presented earlier, this CP-odd quantity is proportional to the Z6 element 𝜔2

ΔCP ≈
(
|𝑎 |2 + |𝑏 |2 + |𝑐 |2

)2 ∑︁
𝛼<𝛽

𝑚𝑁𝛼
𝑚𝑁𝛽

(
𝑚2

𝑁𝛼
− 𝑚2

𝑁𝛽

)
ℑ𝑚

(
𝜔2(𝛼−𝛽)

)
. (22)

Accordingly, the Z6 structure we have proposed offers both naturally light SM neutrino masses and
produce significant levels of CP asymmetry due to the large CP-violating phases present.

In the literature, there are several examples of the bi-resonant approximation being used in
RL scenarios to enhance the contribution to the CP asymmetry through the mixing of two singlet
neutrinos whilst permitting the third neutrino to decouple, either through suppressed couplings or
a higher mass scale. However, in a model where all three neutrinos satisfy the resonance condition

|𝑚𝑁𝛼
− 𝑚𝑁𝛽

| ∼
Γ𝑁𝛼,𝛽

2
, (23)
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the contributions to CP asymmetries may be enhanced through constructive interference between
all three neutrinos [24]. Figure 1 shows the variation in the generated CP asymmetry through the
decay of singlet neutrinos, as well as the total CP asymmetry 𝛿𝑇 =

∑
𝛼 𝛿𝛼. In this figure, 𝑚𝑁1 and

𝑚𝑁2 are fixed to satisfy the resonance condition, and 𝑚𝑁3 is permitted to vary. As is expected, the
total CP asymmetry is seen to vanish in the case that 𝑚𝑁3 is equal to either 𝑚𝑁1 or 𝑚𝑁2 ; however,
is maximised when 𝑚𝑁3 = 𝑚𝑁2 + 1

2Γ𝑁2 . This maximum of the CP asymmetry is 35% larger than
what can be produced in models with only two neutrino mixing. Furthermore, at this maximum,
it can be seen that 𝛿1 ≃ 𝛿3, while 𝛿2 is significantly enhanced. Consequently, 𝛿2 is the dominant
contributor to 𝛿𝑇 .

The latter two panels in Figure 1 highlight the difference between two neutrino mixing, 𝛿 (2)𝛼 ,
and three neutrino mixing 𝛿 (3)𝛼 . It is clear from the second panel that the proper inclusion of three
neutrino mixing is important in the resonant region, as a sizeable difference becomes apparent in
the CP asymmetry of 𝑁2. A similar effect is present in the CP asymmetry of 𝑁3, shown in the final
panel, although to a lesser extent.

In general, Figure 1 highlights the importance of full and proper accounting for the mixing
of three neutrinos when these neutrinos are in consecutive resonance. As a consequence, this
tri-resonant structure saturates the available CP asymmetry and maximises the generated BAU at a
given mass scale with specified couplings. This is in contrast to the bi-resonant models commonly
studied in the literature, which neglect contributions to the CP asymmetry from the mixing of a
third neutrino species.

4. Boltzmann Equations

The generation of appreciable BAU requires not only significant CP asymmetries but also a
departure from equilibrium and baryon number violation. Here, we will introduce a complete set of
Boltzmann equations which describe the out-of-equilibrium dynamics in the early universe, which
allows for a dynamical generation of appreciable lepton asymmetry. This lepton asymmetry may
be reprocessed into a baryon asymmetry through (𝐵 + 𝐿)-violating sphaleron transitions [27].

At temperature scales pertinent to leptogenesis, it is assumed that the Universe is in the
radiation-domination era, with energy and entropy densities

𝜌(𝑇) = 𝜋2

30
𝑔eff(𝑇) 𝑇4, 𝑠(𝑇) = 2𝜋2

45
ℎeff(𝑇) 𝑇3, (24)

respectively. Here, 𝑇 is the temperature of the Universe, with 𝑔eff and ℎeff relativistic degrees of
freedom of the SM plasma. We include the variations in the relativistic degrees of freedom since
these are not constant, even when the temperature is well above 100 GeV. These variations are
small in magnitude but may have drastic implications for the generation of appreciable BAU with
low-scale neutrino masses. For our numerical simulations, we utilise the data set labelled ‘EOS C’
provided in [28].

The evolution of the neutrino and lepton asymmetry number densities are described by their
respective Boltzmann equations, written as a function of the dimensionless parameter 𝑧𝛼 = 𝑚𝑁𝛼

/𝑇 .
To align with previously used conventions, we define 𝑧 = 𝑧1 to be the dynamical evolution parameter.
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In addition, we normalise the number density of a species, 𝑖, to the photon density,

𝑛𝛾 (𝑧𝛼) =
2𝜁 (3)𝑇3

𝜋2 =
2𝜁 (3)
𝜋2

(
𝑚𝑁𝛼

𝑧𝛼

)3
. (25)

This normalisation simplifies the Boltzmann equations and relates the number density to an observ-
able quantity,

𝜂𝑖 (𝑧𝛼) =
𝑛𝑖 (𝑧𝛼)
𝑛𝛾 (𝑧𝛼)

. (26)

In the case of the neutrino Boltzmann equations, it is convenient to express the evolution in terms
of a departure-from-equilibrium quantity

𝛿𝜂𝛼 (𝑧𝛼) =
𝜂𝛼 (𝑧𝛼)
𝜂

eq
𝛼 (𝑧𝛼)

− 1. (27)

In this definition, we have used the equilibrium value of 𝜂𝛼, which may be explicitly calculated to
be

𝜂
eq
𝛼 ≈ 𝑧2

𝛼

2𝜁 (3)𝐾2(𝑧𝛼), (28)

with 𝜁 (3) Apéry’s constant, and 𝐾𝑛 (𝑧𝛼) a modified Bessel function of the second kind.
With these considerations, we may write a set of coupled Boltzmann equations, including

decay terms, Δ𝐿 = 1 and Δ𝐿 = 2 scattering processes, as well as the running of the degrees of
freedom,

𝑑𝛿𝜂𝑁𝛼

𝑑 ln 𝑧𝛼
= − 𝛿ℎ (𝑧𝛼)

𝐻 (𝑧𝛼) 𝜂eq
𝑁𝛼

(𝑧𝛼)

[
𝛿𝜂𝑁𝛼

(
Γ𝐷 (𝛼) + Γ

𝑆 (𝛼)
𝑌

+ Γ
𝑆 (𝛼)
𝐺

)
+ 2

9
𝜂𝐿 𝛿𝛼

(
Γ̃𝐷 (𝛼) + Γ̂

𝑆 (𝛼)
𝑌

+ Γ̂
𝑆 (𝛼)
𝐺

)]
+

(
𝛿𝜂𝑁𝛼

+ 1
) [
𝑧𝛼
𝐾1(𝑧𝛼)
𝐾2(𝑧𝛼)

− 3(𝛿ℎ (𝑧𝛼) − 1)
]
, (29)

𝑑𝜂𝐿

𝑑 ln 𝑧
= − 𝛿ℎ (𝑧)

𝐻 (𝑧)

{ 3∑︁
𝛼=1

𝛿𝜂𝑁𝛼
𝛿𝛼

(
Γ𝐷 (𝛼) + Γ

𝑆 (𝛼)
𝑌

+ Γ
𝑆 (𝛼)
𝐺

)
+ 2

9
𝜂𝐿

[ 3∑︁
𝛼=1

(
Γ̃𝐷 (𝛼) + Γ̃

𝑆 (𝛼)
𝑌

+ Γ̃
𝑆 (𝛼)
𝐺

+ Γ
𝑊 (𝛼)
𝑌

+ Γ
𝑊 (𝛼)
𝐺

)
+ ΓΔ𝐿=2

]
+ 2

27
𝜂𝐿

3∑︁
𝛼=1

𝛿2
𝛼

(
Γ
𝑊 (𝛼)
𝑌

+ Γ
𝑊 (𝛼)
𝐺

) }
− 3𝜂𝐿 (𝛿ℎ (𝑧) − 1) . (30)

In these equations, we have utilised the well-known expression for the temperature-dependent
Hubble parameter

𝐻 (𝑧𝛼) =
√︂

4𝜋3𝑔eff(𝑧𝛼)
45

𝑚2
𝑁𝛼

𝑀Pl

1
𝑧2
𝛼

, (31)

with 𝑀Pl ≈ 1.221 × 1019 GeV the Planck mass. The relevant collision terms, denoted by Γ𝑋
𝑌

, are
readily available in the literature [22].

As presented here, the Boltzmann equations are complete up to Δ𝐿 = 2 scattering processes.
Moreover, the terms included take into account the subtraction of real intermediate states (RIS).
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Such terms may contribute negatively to the Boltzmann equations due to the lack of an on-shell
contribution to the scattering amplitude.

As briefly alluded to earlier, the lepton asymmetry generated is partially re-processed into a
baryon asymmetry through (𝐵+𝐿)-violating sphaleron transitions. As may be found in the literature
[29], the generated BAU from a lepton asymmetry is given by

𝜂𝐵 = −28
51
𝜂𝐿 . (32)

However, sphaleron transitions become suppressed once the temperature of the Universe falls
below the critical temperature 𝑇sph ≈ 132 GeV. Consequently, no leptons are re-processed once the
Universe cools to a temperature below 𝑇sph.

Moreover, observations of the BAU produce the value at the recombination epoch; however, due
to the expansion of the Universe, this results in a dilution of the overall baryon asymmetry present
at 𝑇sph. To compare these two values meaningfully, we assume that as the Universe cools from
𝑇sph to 𝑇rec, there are no entropy-releasing processes. Consequently, the entropy of the Universe is
constant, and we may calculate the ratio

𝜂𝐵 (𝑇rec)
𝜂𝐵 (𝑇sph)

=
𝑛𝛾 (𝑇sph)𝑠(𝑇rec)
𝑛𝛾 (𝑇rec)𝑠(𝑇sph)

=
ℎeff(𝑇rec)
ℎeff(𝑇sph)

. (33)

For this ratio, we take the approximate value 1/27 [12, 21], and as a result, the observed baryon
asymmetry is related to the generated lepton asymmetry by

𝜂obs
𝐵 = − 1

27
28
51
𝜂𝐿 (𝑇sph). (34)

5. Variations in the Relativistic Degrees of Freedom of the SM Plasma

In this section, we consider the effect of variations in the relativistic degrees of freedom of the
SM plasma. In the Boltzmann equations, we introduce this effect through the inclusion of the factor

𝛿ℎ (𝑧) = 1 − 1
3
𝑑 ln ℎeff
𝑑 ln 𝑧

, (35)

which is greater than 1 and has the limiting value 1 for constant degrees of freedom.
While the size of this quantity does not differ significantly from unity, the final term of (29)

may be dominant for low values of 𝑧. Consequently, early in the evolution of 𝛿𝜂𝑁𝛼
, negative values

may be observed. Accordingly, the dependence of 𝜂𝐿 on 𝛿𝜂𝑁𝛼
will result in negative values for

the baryon asymmetry, 𝜂𝐵. In the case that the singlet neutrino mass scale is sufficiently low, the
sphaleron freeze-out at 𝑇sph may preserve this feature.

In Figure 2, we can see the impact of the variations in the relativistic degrees of freedom.
In these figures, the dashed lines represent regions where the relevant quantity takes on negative
values, typically 𝑧 ≲ 10−1, and solid lines represent positive values, typically 𝑧 ≳ 10−1. Whilst
these two figures are qualitatively similar, the importance of the mass scale becomes clear when we
consider the values at the sphaleron freeze-out temperature. In Figure 2a, we see that for singlet
neutrinos of mass 𝑚𝑁1 = 35 GeV, the sphaleron freeze-out occurs prior to the evolution ‘bouncing

9
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Figure 2: Evolution of 𝛿𝑁1 (red) and 𝜂𝐿 (black) for 𝑚𝑁1 = 35 GeV (a) and 𝑚𝑁1 = 45 GeV (b), with
|h𝜈

𝑖 𝑗
| ≈ 4.5× 10−5. The black and red solid (dashed) lines indicate where 𝜂𝐵 and 𝛿𝑁1 are positive (negative).

Grey dotted lines indicate the sphaleron freeze-out value, 𝑧sph, and the observed Baryon asymmetry at 𝑧sph.

back’ to positive values, resulting in an overall negative sign for the generated BAU. Conversely, in
Figure 2b, we consider singlet neutrinos of mass 𝑚𝑁1 = 45 GeV, the baryon asymmetry has had
enough time to return to positive values before the sphaleron freeze-out, and we find the expected
positive values for the generated BAU.

We highlight the impact of the variations in the relativistic degrees of freedom in Figure 3.
From these figures, it is clear that when we utilise models with sub-TeV masses, the variations in the
relativistic degrees of freedom may result in drastically different values for the observed BAU. In
particular, we call attention to the fact that for singlet neutrino masses below 100 GeV, the observed
BAU may take on negative values once the variations in the degrees of freedom are accounted for.

As a concluding remark, we note that this effect is stable under perturbations of the initial con-
ditions since the solutions of the Boltzmann equations quickly reach attractor solutions. Moreover,
we expect that this behaviour would pervade even with the inclusion of additional CP-violating
phenomena, such as coherent heavy neutrino oscillations.

6. Results

We now present the numerical solutions of the Boltzmann equations given in (29) and (30). We
assume a tri-resonant mass spectrum for the singlet neutrinos and a democratic 𝑎 = 𝑏 = 𝑐 structure
for the Yukawa couplings. We consider masses in the range 40 GeV to 1 TeV, as numerical
solutions below 40 GeV are more limited due to the neglect of thermal masses, which may cause
phase space suppression. In addition, a study at these low masses may require the inclusion of
additional CP-violating effects, such as coherent oscillations of singlet neutrinos.

The inclusion of scattering processes generates a delay in the maximum of the baryon asym-
metry evolution. As a result, the evolution of the baryon asymmetry becomes dependent on the
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Figure 3: Left panel: The generated 𝜂𝐵 for |h𝜈
𝑖 𝑗
| ≈ 3× 10−4 in the tri-resonant scenario as a function of 𝑚𝑁1

for ℎeff as given in [28] (black), [30] (blue), and taking ℎeff = const. ≈ 105 (red). The grey dotted line shows
the observed baryon asymmetry, 𝜂CMB

𝐵
= 6.104 × 10−10. Right panel: The ratio of |𝜂𝐵 | with varying ℎeff .

The black (blue) line corresponds to [28] ([30]), with respect to ℎeff = const.
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Figure 4: Evolution plots for the deviation from equilibrium of the neutrino densities 𝛿𝜂𝑁𝛼
(blue and red

solid lines) and the baryon asymmetry 𝜂𝐵 (black solid line). Input parameters for the mass of the lightest
singlet neutrino, and the scale of the Yukawa coupling can be seen on each panel, with the grey (dotted)
line indicating the value 𝑧 = 𝑧sph at which the sphaleron processes freeze out. The orange dot-dashed line
indicates the observed value of the baryon asymmetry of 𝜂CMB

𝐵
= 6.104 × 10−10.

mass scale of the singlet neutrinos. In Figure 4, we analyse this phenomenon. In both panels,
we take the initial conditions 𝛿𝜂𝑁𝛼

(𝑧0) = 0 and 𝜂𝐿 (𝑧0) = 0, with 𝑧0 = 10−2, although due to
the heavily attractive nature of the solution, the results remain unchanged for any other sensible
choice of the initial conditions. Figure 4a considers neutrinos of mass scale 𝑚𝑁1 = 1 TeV and
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Figure 5: Parameter space for the TRL model, including current limits (solid lines) and projected sensitivities
of future experiments (dashed lines). Left panel: Projected sensitivities of cLFV searches for 𝜇 → 𝑒𝛾 (orange
dashed line), 𝜇 → 𝑒𝑒𝑒 (dashed red line), coherent 𝜇 → 𝑒 conversion in titanium (dashed blue line), and
in gold (solid blue line). Right panel: Projected sensitivities for collider searches at LHC14 (blue dashed
line), FCC-ee (red dashed line), and current limits from DELPHI (orange solid line). The green region in
these panels indicates points in the parameter space where successful leptogenesis is possible, and the green
solid line corresponds to the points that reproduce exactly the observed value for a tri-resonant model. The
upper and lower yellow dot-dashed lines were obtained by scaling the total CP asymmetry 𝛿𝑇 by a factor of
2 and 0.1, respectively, then matching the observed baryon asymmetry. These lines represent an uncertainty
estimate in the calculation of the solid green line due to the oscillations of singlet neutrinos.

Yukawa couplings |h𝜈
𝑖 𝑗
| = 3 × 10−4. It can be seen in this figure that for TeV scale neutrinos, the

baryon asymmetry reaches a maximum value before a significant amount is washed out prior to
the sphaleron freeze-out at 𝑇sph. Conversely, Figure 4b shows the evolution for neutrinos of mass
𝑚𝑁1 = 120 GeV and Yukawa couplings of size |h𝜈

𝑖 𝑗
| = 2 × 10−4. In this figure, we see that the

generation of the BAU occurs at the maximum of the evolution. In general, light singlet neutrino
masses results in the generated BAU freezing out earlier in the evolution. Finally, we observe that
in both of the panels in Figure 4, at high values of 𝑧, there is a significant difference between the
evolution of 𝛿𝜂𝑁2 and 𝛿𝜂𝑁1,3 . This is due to the significantly higher CP asymmetry associated with
𝑁2, as highlighted in Figure 1.

Figure 5 shows the parameter space on the
∑

𝛼 𝐵𝑙𝛼𝐵
∗
𝑘𝛼

vs. 𝑚𝑁1 plane. As before, we assume
a democratic flavour structure with 𝑎 = 𝑏 = 𝑐 and a tri-resonant mass spectrum. Moreover, we take
the initial conditions 𝛿𝜂𝑁𝛼

(𝑧0) = 0 and 𝜂𝐿 (𝑧0) = 0, with 𝑧0 = 10−2. We highlight the region in
which successful generation of the BAU is possible, with the solid green line indicating points in
the parameter space where the generated BAU is equal to the observed value 𝜂CMB

𝐵
= 6.104×10−10.

Points within the green-shaded region may be made to match 𝜂CMB
𝐵

by softly relaxing the tri-resonant
condition, and hence this region also permits the successful generation of the BAU.

In Figure 5, the yellow dashed lines represent bounds when additional sources of CP asymmetry
are included. The upper dashed line is obtained by scaling up the total CP asymmetry by a factor of
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2, and the lower dashed line is obtained by scaling down the CP asymmetry by a factor of 10. These
represent the theoretical uncertainty due to the neglect of coherent oscillation effects between heavy
neutrinos. These estimates were generated by assuming that the CP asymmetry from coherent
oscillations is additive to the CP asymmetry arising through singlet neutrino mixing. However,
there may be constructive or destructive interference between these two effects, highlighting the
current lack of consensus regarding whether mixing and oscillations are distinct phenomena or
whether mixing is contained within the oscillation formalism. Consequently, the numerical results
from a detailed study containing both effects may not be as extreme as the bounds presented in
Figure 5.

Figure 5a compares the available parameter space with sensitivity limits on current cLFV
experiments involving muons. In particular, we consider coherent muon to electron transitions
within nuclei, as well as 𝜇 → 𝑒𝛾 and 𝜇 → 𝑒𝑒𝑒 experiments. As may be seen in this figure, the only
experiment which may probe the parameter space of successful leptogenesis is the coherent 𝜇 → 𝑒

transition in Titanium at PRISM [17]
Figure 5b considers the projected and current limits for various collider experiments. The

estimate denoted by LHC14 (blue dashed line) presents conservative projections LHC with 300 fb−1

data operating at
√
𝑠 = 14 TeV for the sensitivity to the process 𝑝𝑝 → 𝑁ℓ± 𝑗 𝑗 [31, 32]. The orange

solid line represents 95% C.L. limits found by comparing LEP data with the prediction for signals
of decaying heavy neutrinos that are produced via 𝑍 → 𝑁𝜈𝐿 [33] at DELPHI. Similar limits have
been derived by the L3 collaboration [34]. The red dashed line shows the Future Circular Collider
(FCC) sensitivity to the same signals for electron-positron collisions assuming the normal order of
the light neutrino spectrum, and considering the lifetime of the heavy neutrinos [35].

7. Conclusions

We have showcased a class of leptogenesis models characterised by their Z6 or Z3 symmetries.
These models offer naturally light SM neutrino masses with large CP-violating phases. When
utilised in a tri-resonant framework, this model can fully saturate the available CP asymmetry. We
have highlighted how the full and consistent incorporation of a third singlet neutrino can lead to
significantly higher scales of CP asymmetry when compared with the bi-resonant approximation
commonly utilised in the literature.

Furthermore, we have presented a complete set of Boltzmann equations, accounting for various
effects such as varying degrees of freedom and chemical potential corrections. In addition, we have
included scattering terms up to Δ𝐿 = 2 processes with proper RIS subtraction. In our analysis,
we have explicitly demonstrated the importance of proper implementation of the variation of the
degrees of freedom since this feature can have a significant impact on the generated BAU.

In addition, we have illustrated that an enhanced parameter space is possible when a tri-resonant
mass spectrum is considered when compared with the expectations from a typical seesaw model.
While the parameter space found is out of range for many current experiments, it is still possible for
certain mass ranges to be probed, particularly through 𝜇 → 𝑒 conversion in Titanium at PRISM or
through collision experiments at the FCC. Due to the democratic structure of the Tri-RL models,
flavour effects will not be significant, and hence the results we provide give an upper bound on the
scale of the neutrino Yukawa couplings. However, in principle, we may expand this parameter space
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through the inclusion of additional phenomena, such as coherent oscillations and supersymmetry
(SUSY).
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