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1. Introduction

Modifications of General Relativity (GR) may include terms of higher orders in the Riemann
tensor and its contractions, if confined just to the metric tensor, or may combine additional fields
beside the metric, such as extra scalars. These corrections are typically introduced to account
for phenomena that are not adequately described by classical GR alone, such as the behavior of
spacetime at extremely high energies or in the presence of strong gravitational fields.

There have been various proposals for quadratic corrections to GR, each with its own motivations
and limitations, most of them formulated as effective actions generated by the integration of a
quantum matter sector in the functional integral. Other modifications may include higher-order
derivative terms in the gravitational action. The inclusion of these terms is motivated by attempts
to address the renormalizability of gravity [1].

Among the quadratic corrections, of particular interest are those incorporating the Gauss-Bonnet
term, that arises in certain higher-dimensional theories of gravity. It involves the contraction of
the Riemann curvature tensor with itself and is a topological invariant in four dimensions. Gauss-
Bonnet gravity has been studied extensively in the context of braneworld scenarios and string theory
[2].

Another interesting class of corrections are those that modify the gravitational field equations with
the inclusion of f(R) terms in the action, where the Einstein-Hilbert action is replaced by a general
function of the Ricci scalar curvature. Quadratic corrections can arise naturally in these modified
gravity frameworks, for instance starting from the simple R + R? theory [3]

1
yStambinsky = ﬂ /d4x\/ —8 [R‘F OCRZ] ‘l‘y(m), (1.1)

(see for instance the discussions in [4-6]), where .7 (") is the ordinary matter action. The quadratic
term R? can give rise to the acceleration of the early universe with an inflationary behavior.

It’s worth noting that while quadratic corrections to GR offer interesting avenues for exploration
and can address certain shortcomings of the theory, they also come with their own challenges.
These include the need to ensure consistency with experimental tests, such as solar system obser-
vations and gravitational wave detections, as well as theoretical constraints from principles like
causality and energy conditions.

In the context of higher derivative gravity theories, the issue of unitarity and the potential presence
of ghosts becomes a significant concern. For example, in Lovelock theory [7] [8], the specific com-
bination of higher curvature terms leads to a consistent theory without ghosts. However, in general,
the introduction of higher derivative terms increases the complexity of the theory and makes it
more challenging to maintain unitarity. Ghosts can arise if the coefficients or combinations of
these higher derivative terms are not properly chosen.

The Einstein-Gauss-Bonnet theory (EGB), proposed by Lanczos [9, 10] and generalized by Love-
lock [7], holds a special position among alternative theories to GR. What sets it apart is that it
requires no additional fundamental fields beyond those already present in GR, while ensuring that
its field equations can be expressed with no more than second derivatives of the metric. This is
crucial because higher-derivative theories can lead to the Ostrogradsky instability (see [11]), which
can result in unphysical behavior. As a result, the theory is highly motivated and occupies an im-
portant position in the landscape of possible alternatives to GR.
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In d = 4 the GB term is topological, and this has been the main reason to discard such contribution
in realistic cosmology.

However, a recent study [12] has suggested that a nontrivial contribution to the Gauss-Bonnet (GB)
term in a 4-dimensional (4d) theory can be derived by taking the d — 4 limit of the fields while
simultaneously performing a singular limit on the coupling. However, this proposal poses several
issues as it requires a specific compactification to be consistently formulated. In a general compact-
ification, the extra degrees of freedom of the metric manifest as extra fields, and assumptions must
be made regarding their dependence on the extra dimensions as we move to d = 4 [13-17]. For
example, in compact extra dimensions, a harmonic expansion generates an infinite tower of Kaluza-
Klein modes that must be taken into account. One possibility is to consider only the zero mode
in the classical d=4 theory, which is known as dimensional reduction (DRED). This procedure
neglects the dependence of the fields on the extra dimension and is part of the regularization pro-
cess of the effective action at d = 4, which includes extra scales in the resulting Lagrangian [18].
Despite these challenges, it allows evading the strict requirements of Lovelock’s theory. As just
mentioned, this requires a rescaling of the coupling constant

o —

o
a4 1.2)
In [12], it was suggested that by incorporating a rescaling into the Lanczos tensor, the terms in-
volving the renormalized coupling could remain finite and non-vanishing, resulting in a regular
0/0 limit. If successful, this approach would enable the Gauss-Bonnet term to directly impact the
4d theory of gravity without requiring the inclusion of extra degrees of freedom. Although not
particularly new from the perspective of regulating quantum corrections in the conformal anomaly
effective action, the interest of the GR community in this extension has been remarkable. The regu-
larization of these theories follows the ordinary Wess-Zumino method [18, 19], which involves the
Weyl rescaling of the metric for the counterterms Vg and V2, which are defined below. The reg-
ularization of the resulting action requires a subtraction, which can be performed in several ways
due to the arbitrariness of finite subtractions.

1.1 Conformal backreaction

Modifications of gravity by the inclusion of a quantum matter sector may lead to very inter-
esting realizations if the matter sector satisfies specific spacetime symmetries. For example, there
are some important implications for the structure of the effective action if the matter sector is con-
formal [20-22].

The integration of a conformal sector allows to derive a form of gravity which is expressed uniquely
in terms of corrections extracted from the two invariants Vg and V2, defined in terms of the Euler
density and the square of the Weyl tensor

Vi(g,d) E#E/ddx\/—gE
Ver(g,d =4) E‘LLS/d4x\/—gC2, (1.3)

where
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ClDoBrCl) - = ROPTR g5 — %R"‘ﬁRaﬁ R CEIE) 2)2( . 1)R2 (1.4)
is the square of the Weyl tensor. We will neglect the dependence on the scale u in our discussion. In
general this dependence is accompanied also by the extra dimensional scale L in the integration over
the d — 4 coordinates of the metric, which are neglected in DRED. In four dimensions, E, appearing
in (1.3), is proportional to the Euler characteristic of the spacetime, identifying its topological
structure. In this second case the tensor indices in its definition run from O to 3 and its original
expression reduces to

E=R

,uvaﬁRMvaB _4R,uvR“v +R?. (1.5)

The general expression given in (1.3), with indices varying from O to d — 1 define its extension to
d dimensions.

Of these two terms, only the first one is present in the 4d EGB theorie(s), which are purely classical
variant of the renormalized anomaly action. They contain some tracts of the conformal anomaly
action, as discussed in [18, 23], but also differences, for being obtained from a singular classical
limit on the coupling of the GB term, accompanied by the reduction of the metric to d = 4.

As we are going to see, the limit is not uniquely identified. The approach borrows on the stan-
dard formalism of dimensional regularization (DR) of an effective action in field space, with finite
subtractions which depend on the prescription. For example, in a conformal anomaly action, log-
arithmic terms are automatically generated in its expression if these subtractions are defined quite
closely to what is usually done in flat space. We have identified two types of subtractions in [18],
which will be commented upon in the next sections.

On the other hand, the elimination of the dilaton field in the nonlocal version of such actions is di-
rectly related to the redefinition of V. If we restrict ourselves to the case of a 4d GB theory, which
is defined only by the inclusion of a GB term, without any quantum correction, the generation of a
nonlocal GB theory, for example, is entirely associated with the addition of a €R?/18 term in Vf in
dimensional regularization (DR), with € =d — 4.

These points have been discussed in the 4d EGB case in [18, 24]. For instance, the elimination of
the dilaton (conformalon) field in the generation of nonlocal versions of such theories, discussed in
the case of anomaly induced actions, plays a crucial role in their derivation. In general, however,
the procedure needs to be amended as we move towards the flat spacetime limit, since nonlocal
actions of this type have been shown to be in disagreement with the perturbative effective action,
if this is computed in the standard diagrammatic approach with Feynman diagrams. The disagree-
ment holds beyond 3-point functions, as shown in [25].

If conformal symmetry is bound to play an important role in the dynamics of the early universe,
then such actions and their nonlocalities need to be studied with care. Nonlocal modifications of
GR are at the center of several investigations, also in connection with the production of gravita-
tional waves, as in [26,27].

Such nonlocal actions, connected with the trace anomaly, are specific, and are characterised by
the presence of multiple insertions of 1/[J interactions, corresponding to anomaly poles. They
may provide a reference point for the interesting nonlocal extensions discussed in the recent litera-
ture [5], for being associated with the quantum breaking of an important symmetry.
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Here, we are going to review these aspects in some detail, in order to clarify some of the technical
issues discussed in our previous works.

2. DR with Dimensional Reduction (DRED)

To reduce the effective action from d dimensions to d = 4, we need two scales: the renor-
malization scale u to regulate the UV behavior of the theory, and the IR scale L from the extra
dimensions. This applies to both classical and quantum cases, and the dependence on these scales
is logarithmic, affecting V. Neglecting the extra dimensional components of the metric leads
to the appearance of the second scale after dimensional reduction. The resulting action in d = 4
takes the form of dilaton gravity, which naturally exhibits scale breaking. When a conformal mat-
ter sector is coupled to a gravitational theory, it can backreact on the gravitational metric, and the
reduction to d = 4 naturally breaks conformal symmetry. However, this is not taken into account
in the local 4d EGB presented in recent literature, as the d — 4 limit is performed with respect
to a fiducial metric in d dimensions (g), which misses finite terms containing a logarithmic scale.
Further details and examples of how to handle these cutoffs are provided in the following sections
and in the appendix. Notice that of the two counterterms Vg and V. introduced in the renormal-
ization of a quantum conformal sector, only the second one is necessary for the cancelation of the
singularities coming from the diagrammatic expansion, and it is nontopological. The first, instead,
is introduced in order to satisfy the Wess-Zumino consistency condition in the effective action [24].
This term is evanescent at d = 4. The evanescence of vertices associated with Vg has been discussed
recently in [25], where we have presented a method for the extraction of the minimal number of
form factors of such effective actions, due to the presence of tensor degeneracies related to Love-
lock identities [28,29].

2.1 Special features of the GB term

Before delving into a comprehensive examination of the quantum effective action, it is im-
portant to discuss some notable characteristics of the Gauss-Bonnet term (Vg) that have garnered
considerable attention in various contexts, including string theory. One particularly remarkable
feature is its ability to eliminate double poles in the propagators of specific linear combinations of
higher derivative invariants within the action. In general, expanding the Riemann tensor in fluctua-
tions &,y around a flat Minkowski vacuum

2
Ruvpo = Ripo + R 0pe + - @2.1)

shows quite clearly that at quadratic level the theory, arrested at the “R>” term, is plagued by
propagating double poles, corresponding to the kinetic operator (12, as one can easily derive from
the action

Sy = /ddx ((Ruvpos)* +a(Ryuy)* +bR?) (2.2)
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expanded to quadratic order in the fluctuations 4. In the harmonic gauge (dyht" = %8"}1), with

h= hﬁ, such double poles are associated with the action
1
A= / dx /g ((a+ 4R D2hyy + (b— 1)hh) | 2.3)

and vanish if we choose for .7 the Gauss-Bonnet (GB) combination. Its contribution to the equation
of motion appears through its first derivative with respect to the metric

0
Vi = —Vg, 2.4

explicitly given by the relation
VY = 4R 0poRYP — 8R 00 sRY — 8RuaR* + 4RRyy — guvE, 2.5)

vanishing at d = 4 in any metric, as one can check. Notice that the variation of density ,/gE with
respect to the metric is a boundary distribution and not identically zero [24].

The vanishing of V]if ¥, as shown by (2.3), is not expected to hold for a generic d. It is, instead, an
obvious result at d = 4, given the topological nature of the integral, for being proportional to the
Euler number of the underlying spacetime manifold (.#)

Ve =dny (). (2.6)

Vi shares properties similar to those of the EH action at d = 2,

Sen(d) = / d?x\/3R, (2.7)

due to the topological nature of both functionals.
Clearly, all the functional derivatives of Vg (4) or #zx(2) vanish for any metric g,y at d =4 and
d = 2 respectively,

(VE (4)).“1V1-~,Un\’n —_ 07 (yEH(z)),UlV]-»-#nVn — 0’ (2.8)

while
(Vig () )H1vi--Hnvn | f1at = 0, n=1,2. (2.9)

Eq. (2.9) shows that around flat space this term is responsible only for the generation of interacting
classical vertices, from the trilinear level up. Therefore, the analysis of Vg as a possible correction
to the EH action,

yEGB = yEH(d) + (XVE(d)
M3 [ 2
=—/[d R+ —oE 2.10
> / x\/§< + 2 ) : (2.10)
giving equations of motion of the form

2 v 1
G*Y + ﬁ%avE“ =0, Gy = Ryy — ngR, (2.11)
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is rather involved. As previously noted, it is essential to examine the term OCVE” ¥ thoroughly in the
d — 4 limit. The final outcome of this analysis is contingent on the method employed to perform
the limit, which leads to the emergence of extra degrees of freedom at d = 4, as is typical of any
compactification. Consequently, actions that depend on how the extra degrees of freedom of the
metric are parameterized in the extra dimensional space arise as the limit is taken.

Purely gravitatonal actions generating second order equations of motion in any dimensions have
been classified by Lovelock. We recall that Lovelock’s theorem identifies the EH action - with the
inclusion of a cosmological constant A - as the unique, purely gravitational action, yielding second
order equations of motion at d = 4. Obviously, the theorem does not contemplate in its assumptions
the possibility of considering singular actions, regulated according to specific schemes, which is
the case of [12].

2.2 Lovelock

We pause for a moment and briefly comment on the class of actions that generalize the GB
term in higher dimensions.
As just mentioned, in 1971 Lovelock demonstrated that in 3+1 dimensions, the only lagrangian
theory with diffeomorphism invariance, second order equations of motion linear in the second
derivatives of the metric, is the standard Einstein gravity with a cosmological constant.
Topological terms, in the form of the Euler densities, share this property in general dimensions

1

En — W 5){:;2;}2 RIJII'LZ V1V2Ru3u4 Vive o R.ud—lllc(/dilvd7 (212)
with an action of the form
[d/2]
S = / d'x\/3 Y. tuEan. (2.13)
n=0
Explicitly
Ey =1,
E, =R,
E4 = R*PORyypo — 4R Ryy + R, (2.14)

and so on for cubic and for terms of higher orders.

In the variant proposed in [13,16,30], the regulated action extends to the GB term an approach that
has been introduced in the past in d = 2 for the EH action. A careful analysis shows that the results
of this procedure is to generate actions of Horndeski type, which are characterised by equations
of motion of second order, but with the inclusion of a dilaton field. As such they correspond to a
special form of dilaton gravity rather than to pure gravitational theories. Since the steps introduced
derivation of the 4d EGB action are contained in the analysis of the with the anomaly actions, we
turn to a discussion of the latter.

3. From the conformal anomaly actions to the 4¢d EGB theory

As discussed above, Einstein-Gauss-Bonnet (EGB) theories in four dimensions (4d) are ob-
tained by taking a singular limit on the coupling constant of the topological Gauss-Bonnet term.
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Although this term has no dynamical content in 4d, its coupling can be infinitely renormalized to
obtain a finite action. By exploiting its evanescence in the equations of motion of the metric, one
can derive a (0/0) contribution to the classical action, that includes both gravity and a dilaton field.
This allows for the definition of a quartic dilaton gravity theory, extensively studied in the previous
literature and reviewed in [31]. However, there are other possibilities.

Drawing from previous work on anomaly actions and the inclusion of a finite renormalization of the
topological Gauss-Bonnet term, one can show that a 4d EGB action quadratic in the dilaton field
can be expressed in a nonlocal form by solving for the same dilaton field in terms of the metric.
This action has the same form as the one originally introduced by Riegert [32] in the search for a
functional solution of the anomaly constraint at d = 4.

Riegert’s analysis was not performed in the context of dimensional regularization, but an extension
of this analysis was presented in [19], where the Wess Zumino (WZ) form of the action was dis-
cussed.

Recently, we have shown that the WZ form is not the only possible one, since the regularization of
VE and V» can be affected by finite subtractions associated with additional scales. In other words
one can generate logarithms in the effective action if the subtraction terms are investigated quite
closely to DR in flat space [18,24]. As we reduce the theory from generic dimensions to d = 4
extra scales appear due to V2, which is a true counterterm.

The action in [32] was originally proposed as a way to find functional solutions to the anomaly
constraint without considering Weyl invariant terms arising from the virtual corrections. As a re-
sult, the additional logarithmic terms that naturally arise in the exact definition of the renormalized
effective action are not included in this formulation. These terms break dilatation invariance and
are not accounted for by the scaleless action of Riegert-type.

The absence of scales in Riegert’s analysis is quite obvious, since at d = 4 no scales are generated
by the Weyl rescaling of the metric. Therefore, the rescaling used by Riegert in the derivation of
the anomaly induced action does not follow an ordinary DR procedure.

Our works [18,24] discuss these contributions by combining dimensional regularization (DR) with
dimensional reduction (DRED) in order to establish a well-defined procedure for deriving the effec-
tive action at d = 4 with the inclusion of logarithmic corrections associated both with the breaking
of the dilatation symmetry for the dilatation anomaly and the trace anomaly.

To regulate divergences in quantum field theory, dimensional regularization (DR) with finite renor-
malizations is commonly employed. However, there is ongoing debate over the optimal method to
perform the d — 4 limit, with a focus on addressing concerns arising from Weyl-invariant correc-
tions that depend on the choice of extra dimensional metric and the regularization technique used.
These corrections, absent in nonlocal actions obtained as functional solutions of the trace anomaly
constraint, are significant in computing correlation functions evaluated around flat space.

It is important to note that 4d EGB theories are derived from the anomaly action by removing
Weyl-invariant terms that result from quantum corrections. These corrections originate from the
singular term (1/€)V2, which is defined as the integral of the squared Weyl tensor (C?). This term
is introduced at the 1-loop level in an anomaly action to regulate the contributions of such quantum
corrections.

The Weyl-invariant corrections are denoted as .%s and jf, and their specific form depends on the
regularization method used. However, regardless of the choice of regularization, the corrections
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exhibit a logarithmic behavior. It is worth noting that both V» and Vg are analytic in d, and as
such, their formal expansions around d = 4 are well-defined, at least for non-singular metrics.
Overall, the study of the relationship between anomaly actions and the 4d EGB theory provides
important insights into the behavior of Weyl-invariant corrections and the most appropriate way to
perform the d — 4 limit.

4. The conformal anomaly action

To examine the backreaction of a conformal sector on the gravitational metric, we consider the
partition function Z3(g) given by the bare functional (in the Euclidean case) as

Py(g) = N / DyeSi(s), @.1)

where .4 is a normalization constant, and } represents a conformal scalar. The 1-particle
irreducible effective action is denoted by .#5(g), which is defined as the logarithm of the partition

function:
e 788 = Zy(g) ¢ Sp(g) = —log Zp(g). 4.2)
In this case, we assume that the quantum matter fields are in a conformal phase. The effective
action .5(g) includes all the multiple insertions of the stress energy tensor u‘clcl/lar given by
w2 05
scalar \/g S Suv

1 1
= VAV~ 58" 8P Vax Vpx + 2 [g“VD —VEVY g R-RMY| 17 (43)
which is renormalized using Vg and V- in the form
Zr(g)=N /Dq’e*SO(g’q’)+bléVE(g’deéch (8.d), (4.4)

where .4 is a normalization constant, and can be expressed in terms of stress energy tensor correla-
tors (T1T» ... T,), with propagators and vertices that can be defined in any background, using (4.3).
The purpose of the two counterterms is to eliminate the divergences present in the bare effective
action .%, which is given by the expression

S(g,d) = —log ( / ches@vg)) +log. AN . (4.5)
This allows us to define a regularized effective action .7, given by
1 1
yR(g,d> = <y]’B(g?d) +b/EVE(g7d) +bEVC2 (gvd)7 (46)

where b' and b are constants and Vg and V. are integrals that depend on the choice of explicit
metrics in the d-dimensional space. The expansion of these integrals needs to be performed with
great care in order to properly eliminate the divergences in .73.
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We implement DR on the counterterms, and use the analiticity of the two functionals V respect to
d, expanding their expressions around d = 4, to obtain

Vij2(8:d) = (Vijco(8,4) + €V} e (8:4) + O(eD) ) A7

in terms of only one background metric (g). One can show by a Weyl rescaling that while
Ve2(g,4) = V2(§,4) at order € = d — 4 the the expansion in terms of g and g differ by finite terms
containing extra scales.

Investigating the structure of (4.2) requires consideration of the Weyl scalings in d dimensions of
E and C?, as well as their integrals Vi and V2. To analyze .#3 as d — 4, we need to isolate the
single pole divergences in 1/€ that affect it. This can be achieved by expressing .3 as

b v
aled) = lim (75(0) - Wea( )~ SVe(e)). @)

where .7 is finite. The validity of (4.8) is based on the fact that a conformal sector generates only
singularities with a single pole in all the correlators, which can be canceled out by including V-
along with the evanescent term V.

In d dimensions, .73 is both finite and Weyl-invariant. However, when we extract the singular
contributions from .# and take the d — 4 limit, we need to redefine the Weyl variation in a careful
manner. Eq. (4.7) expands the residue at the 1 /€ pole for any background metric g, including the
0(&%) terms Vg Jc2(4) that require special treatment. In particular, the topological nature of Vi (4)
guarantees that it does not contribute to the infinite renormalization of the bare quantum action
g at d = 4, as it is independent of any metric variation. In fact, Vé and its variants, defined
through the Wess-Zumino part of .%% in (4.6), provide finite renormalizations for all correlation
functions of stress-energy tensors generated by the functional expansion of either .3 or .y once
the d — 4 limit is taken. This behavior is analogous to the case of the chiral anomaly diagram, such
as the AVV diagram, where the introduction of a Chern-Simons form preserves the vector Ward
identities, and the vertex does not require an infinite counterterm to regulate its two form factors
that are divergent by power-counting. Given that both the chiral anomaly and Vg are topological,
this similarity is not unexpected.

The renormalization procedure can be expressed by the equation

Irld) = (5(d) = Ve (.4) — Vilg.4)

2 (Ve(g 4)+£VE(2.4)+ O(e) + 3 (Veg.4) + €Vl 4) +0(e%), (49)
where .#; is the finite action and V= (g,4) and Vg(g,4) are introduced, respectively, to remove
the 1/€ singularities present in the bare effective action .3 and to implement in the same action
the Wess-Zumino consistency condition. After including the multiplicities b and 2/, that in free
field theory realizations are proportional to the number of massless degrees of freedom of particles
included in the loops, we obtain the expression

b v
F1(4) = lim (Fa(d)+ 2Ver(.4) + Vi (8:4) ). (4.10)

10
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which is Weyl invariant. It is important to note that the expansion of the counterterms in the second
and third brackets of Eq. (4.9) requires careful attention and explicit metrics in the d-dimensional
integrals Vg c2.

It is also worth noting that in the expression for .#%, the 1/€ contribution from .# cancels out with
the expansions of the counterterms V2. However, identifying these terms can be challenging
due to the need to compute propagators and vertices in a curved background. In some cases, such
computations can be performed using coordinate space methods in DR. For example, in the De
Sitter case, point-splitting or other techniques can be used to efficiently compute 1-point functions
such as (Tyy).

5. Weyl rescalings and the local actions

Vi and V» are not Weyl invariant away from d = 4. This will be important in identifying
their dimensional expansions in € around d = 4. We will consider only the case in which Vg is
present, since we are not including any quantum correction in the EGB case, and assume that Greek
indices run from 1 to d, unless specified otherwise. This discussion is crucial for highlighting the
difference between the various ways in which the limit is performed, either using DR. For this we
need to work out the response of Vg to the Weyl rescaling of the metric, which is expressed in terms
of a conformal factor (dilaton) ¢ and a fiducial metric g. Notice that the rescaling

20(x)

guv =¢€ 8uv 5.1

allows to identify both g and ¢ as separate fields, whose equations of motion are related by a trace
constraint [23]. This induces the relation

VEE = /39 {E A3V (2.0) + (d—3)(d— )R (z. ¢>}, 52)

between the topological density evaluated in the metrics g and g (the latter denoted as E), where
we have defined

JH(8,0) = BRMYVy ¢ —4RVH§ +4(d —2)(VH90Ip — VEVY9V, 0 + VEGV, 6VH9),  (5.3)
and
K(3.9) =4R""V 19V 2RV, 9V4 9 +4(d ~2)09V,9V" ¢ + (d — 1)(d —2)(V,.9V*9)?

5.4
which are evaluated in the fiducial metric. The Weyl scaling allows to derive the relation

55 [ ¢VED) = e VEE() 55

that can be obtained either from (5.2), as specified above or, more simply, by a metric variation. In
the second case one gets

5 1
Sern / dx\/gEs = \/3 (zg'qu4 —2RMOPYRY o+ 4RRY, + ARMVP Ry — 2RR“"> (5.6)
uv

11
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and (5.5) follows if we contract with 2g*" both sides

0
2805 | 40V EE) = V) 57)

This relation is true if we neglect boundary terms. After renormalization, ¢ and g should be treated
as independent fields, though constrained, as we have just mentioned, by a trace relation. Therefore,

the identity

0 0
‘LLV —_ —_—
26" 5w = 55 (5.8)

which is used extensively in the computation of Weyl variations of a certain metric, includes only

variations that keep g fixed. As discussed in [18], after renormalization, one should deal with more
general varations, where the dilaton and the fiducial metric should be treated as independent fields.
This approach, if the subtractions are performed using a procedure which is pretty close to DR
in flat space, does account for the breaking of the dilatation symmetry in a natural way by the
conformal anomaly action [24]. We are going to come back to this point in more detail below.
Coming to the two possible definitions of the regulated effective action, the renormalized action Sg
can be defined in two possible schemes by the equations

yR:yf+5ﬂA (5.9
and
=L+ Sz, (5.10)
where
yf_yf:yA_yWZ:yA/WZ- (511)

The finite action ff is identified by the relation

75(4) = lim (a(d) + Ve(@.0)). (5.12)

In more detail, the renormalization, in the WZ case follows the pattern
1 1
F(d) = (Fplg.d)+ZVe(@.d)) + 2 Ve(g,d) = Vi(3.d)). (5.13)

where the first term corresponds to jf while the second and the third contributions identify the
WZ action |
L§ﬂWZ:lin’lf(VE(gvd)_VE(g7d>)7 (5.14)
e—=0€&

corresponding to (5.9). Notice that in this action, the limit is performed using both g and g in d
dimensions. A different way to implement the subtractions is

1
S = lim — (Ve (g,d) — Vi (g,4)), (5.15)
e—=0 &

corresponding to (5.10). In the case of the conformal anomaly action, where also V- is present,
there are finite differences between the two regularizations. In particular, one can show that in this
case the action will contain a logarithm of the extra scales (log (L) introduced by the regularization,
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limitedly to the V. counterterm. Details of this study can be found in [24].

In the case of the 4d EGB one considers only the contribution related to Vg in (5.14), but the
approach is, for the rest, identical to the one defined for the anomaly action. It has been used for
a long time in the regularization of these theories. It has also been well-known that Vg is not a
counterterm, but, as mentioned, is needed in order to satisfy the WZ consistency condition in the
Weyl variation of the anomaly functional.

In the case of the 4d regulated EGB action, the GB contribution takes the form

Vis.0) =i (3 Veled)Vi(g.) )

— [ @ /B[04E ~ (46" (Vu99,9) +2(V,0V4 0 +409V,.659)] . (5.16)

if we adopt the WZ definition, while in the other approach, corresponding to .#4, the subtraction is
defined as

1
Vi = lim (§ (Ve(g.0)~Vi(e.4)) .17

with the two expressions differing by finite terms that depend on the regularization scales

Vi = V4(3,9.d) +log(Ly) [ d'xvE. (5.18)

Notice that in the case of Vg the log term does not play any role, since it is multiplied by a topo-
logical invariant factor, as clear from (5.18). The derivation is worked out in the appendix to which
we refer for more details. The same is not true for the counterterm V. In this second case, if we
perform a subtraction directly at d = 4, similarly to (5.17), a log term is naturally present. Notice
that if we perform a subtraction as in (5.17) logarithmic terms are naturally present. They are not
part of the 4d GB theory but are part of the conformal anomaly action. This sets a distinction
between anomalies of type "a" and "b" in a rather simple way, as discussed in [24], where the first
ones are classified as topological and the second as non-topological.

In the 4d EGB case, since the dilaton is part of the spectrum, a Weyl transformation needs to be
performed also on the EH action beside the GB action, deriving the ordinary form of the dilaton
gravity action

/ddx\/g(M,%R—2A) :/ddx “Zeld2¢ (M,%[dlé—z(d—1)i¢—(d—1)(d—2)%¢W¢]—2e2¢A)

- /ddx\/?geW—z)‘f’ (M,%[R H(d—1)(d—2)V;0V*¢] 2e2¢A) :

where Mp is the Planck mass. The DRED of this action leads to the ordinary dilaton gravity .Yzgq
in the Jordan frame

Fena (3.0) = / a5 (MR[R+69,979] 262 A) (5.20)

It is obvious that a local EGB theory includes a dilaton both from the EH and the GB sectors. In
the nonlocal version, in which the dilaton is removed by a finite renormalization of the topological
term, the Weyl gauging of the EH action is not necessary. Both sectors are expressed only in terms
of the metric g. We are now going to illustrate this point.

13
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6. The nonlocal theory

Let’s discuss the nonlocal theory, where Vg has distinct properties for d # 4. In [32] Riegert
showed, using a Weyl rescaling, how to eliminate the dilaton in the conformal anomaly effective
action, by inverting the linear relation for ¢ given by

V&(E~20R) = V&(E S 0R +4A49). 6.1)

Here, A4 is the fourth-order self-adjoint operator, which is conformal invariant when it acts on a
scalar function of vanishing scaling dimensions

2 1
Ay =V?42RMYV,V, — SRO+2 (VER)V,y, (6.2)

and satisfies the relation
V—8Mixo = /=g A0, (6.3)

if )p is invariant (i.e. has scaling equal to zero) under a Weyl transformation.

Therefore, the regularization of the GB term can indeed generate regulated GB actions which can
either take a local or a nonlocal form, depending on the way the conformal factor is treated in the
regularization procedure [19,33].

Eq. (6.1) is crucial for the elimination of ¢ from the effective action. This is obtained by the
inclusion of a boundary term ((JR). The method for identifying the anomaly action using Riegert’s
approach is different from the DR-based approaches discussed in the previous sections, which rely
on appropriate metrics and manifolds of integrations. The approach, however, can be extended to
d dimensions, as discussed in [19], by including finite renormalizations to make it consistent with
DR. In order to eliminate ¢, variants of E that satisfy equation (5.5) can be introduced. An example
is the modified and extended version of E, which includes a boundary contribution and an O(¢)
modification. This term is useful for investigating the contribution of the Vg counterterm to the
effective action and plays a role in identifying a form of the effective action similar to Riegert’s
action.

The scaling relation (6.1) is unusual because its metric variation links boundary terms in the two
metrics gy and g,v. We use in d = 4 the relations

I . ghvas

25(\/§E) = \/§VG5XG, SXO- = SI,LVOCBEG Yr5rglg#nRaﬁ},r, S[JVOC,B = 7 (64)
under a metric variation 0. These relations can be derived through integration by parts, while
observing that the conformal factor behaves like a scalar under Weyl rescalings in two distinct
frames x and x’. Notice that a fiducial metric transforms as an ordinary tensor in these frames, and
therefore, we have

20(x)

guv(x) = Zuv(x)e &y () =g, (X)) o) = 9 (x). (6.5)

‘We can define
82° = /25 95 ¢ (6.6)

14
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and vary both sides of (6.1) using the equation
8 (/8OR) = €60TIR + (d — 6),/gV RV, 8¢ —2,/gRV*8¢ —2(d —1)/gV*5¢ 6.7)

which yields atd =4

0Oy (i\/Tg (E — iDR)) = /—gA409, (6.8)
o <5¢X(y — é&pZG) =/—gM 60, (6.9)
if we use (6.4) to relate it to a boundary contribution. Eq. (6.9), integrated over spacetime, gives
consistently
/ d*x0s <5¢X0 - é6¢2"> =0, (6.10)
if we assume asymptotic flatness, and therefore
/ d*x\/—gAs8¢ =0, (6.11)
that follows from the self-adjointness of A4
[dtvgwiag) = [av=gawE. 6.12)

where & and y are scalar fields of zero scaling dimensions. Equation (6.1) is only valid in the
case where d = 4 and is significantly simpler than the more general equation (5.2), which holds for
any number of dimensions d. As we have already stressed, (6.1) does not pertain directly to a DR
procedure.

It is convenient to redefine (6.1) in the form

J0) =T +4yEM00),  J(x) =3 <E - im) L I =z (E - im) 6.13)

(V=8A4):Da(x,y) = 8*(x,). (6.14)
and invert (6.1) using the properties of the operator A4 to identify ¢ (x)
1 _
0() =5 [ dyDix)I) ~TO)). (615
The derivation of .#jy requires the solution of the equation
8.5
=7 6.16
50 ; (6.16)
that takes the form
Swz = /d4X\/§(J_(]) +20A40). (6.17)

Inserting the expression of ¢ (6.15) into this equation we obtain the WZ action given by

1
Furlg) = g [ d'xd'yI@Dyx3)I ). (6.18)

15
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or
1 2 2
Fwz(g) = 3 / d*x\/—gx <E — 3DR> / d*x' /=g Dy(x,x) <E — 3DR> . (6.19)

In the context of DR and, in particular, in the analysis of the effective actions, it is clear that
variants of the topological terms are possible.
The action above has been derived by using the properties of £ under Weyl rescaling at d = 4, but
it can be formulated in a consistent DR scheme, using (5.2).
Obviously, as we move away from d = 4, modifications of such densities are possible.
In general, we can modify such forms either by boundary terms, which play a role only if we include
a spacetime boundary and/or by additional diffeomorphism invariant contributions of O(¢€).
If we consider the modified expression of Vg given by

: 2
Ve = / d'x\/g <E4 + Sz(dR_l)2> : (6.20)
with 5
Eox EE4—|—£W (6.21)
and varying with respect to the metric one obtains
8 / dx\/8E e = €\/8(Een — %DR). (6.22)

The expression above needs to be investigated with care in the d — 4 limit since the metric is still
d-dimensional. If we use DRED, then there will be a natural cutoff in the integral, (uL)¢ as in
(5.18), that can be consistently removed as € — 0.

6.1 The nonlocal EGB expansion

The replacement of Vi with Vg is the key to reobtain the nonlocal action even in the presence
of a generalized scaling relation such as the one presented in (5.2). We redefine Sy using E.y

obtaining
Ve = / dx\/8E ¢ , (6.23)
and the action
L O -
y((;‘;/Z) = ;l_r{(l)z (VE (guv€2¢7d) - VE(g,I.LVad) . (6.24)

To reobtain the nonlocal expression we can use the relation

5 1. 2 R?
in (6.24) that gives
5.7 2
50 a\/§<E—3DR>
= o\/3 <E — iER+4A4¢> , (6.26)
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and
S = 06/ d*xv/=g { (E— §@R> ¢ +2¢A4¢} . 6.27)

As before, we can solve for ¢, deriving the regulated GB action (6.19) that coincides with the

result provided in [19] by Mazur and Mottola if we remove in their result the contribution of the
Weyl tensor V.
The nonlocal Einstein-Gauss-Bonnet (EGB) action can be expressed as a series expansion, partic-
ularly in the vicinity of a flat spacetime. This expansion is based on a dimensionless combination
of the product of scalar curvature R and the inverse of the D’ Alembertian of flat space, referred
to as RCJ~!, which has been extensively investigated in perturbative computations and hierarchical
analyses of the CWIs [34-36]. By performing an expansion around flat space, it is possible to
extract the classical interactions present in the action. One rewrites the nonlocal anomaly action in
an equivalent local form

Fwom(8,0)= —3 [ d'xy/=g[(C09)* = 2(R — 1Re™) (V,9)(V,9)]

(6.28)
1
+5 /d4x\/—g [(E—%DR)} 9, (6.29)
that can be varied with respect to ¢, giving
E OR
VgAML O =/~ { ] (6.30)
The metric and dilaton fields can be expressed perturbatively in the expansions
0 2 2
guv:g;(,t\2+g£11\2+g£u)/+”'Enuv+huv+h£¢3+--- (6.31)
p=09 190404 . (6.32)

This expansion represents a set of terms obtained by considering g,y = 6yv + Khyy, Where k
is the coupling expansion and % has a mass dimension of one. Higher-order terms in the functional
expansion of (6.28), of the order 4%, 13, and so on, are collected. A similar expansion can be applied
to ¢, where (p(l) = Kq')(l),(p(z) = qu—)(z)’ and so on. This results in the following relations

ﬁzq)(O)
(V=88)" + 9"
(V=880 + (v=gA) VoV + T"¢®

(6.33)

(E—DR)}():—DR (6.34)

(E DRH”

[F OR]® (6.35)

33

e
o

[\) \

where [ is the d’ Alembert wave operator in flat Minkowski spacetime, and we have used the
fact that E is of second order in the fluctuations while the Ricci scalar R starts at first order

m__ L pm
¢ 0 (6.36)
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and the solution of (6.35) is
9®) = Dlz {(V=ga)® SR+ B - 1[y=ORI®}. 637)
The quadratic term is given by
R - /d4 DFe 4 1 /d4 —fDR /d4 L (638)

Notice that all the 1/ terms cancel, giving a local contribution. The third order terms in the
expansion are

Fiom = =5 [ax {26050 49 (v=ga) " ¢V}
@)
+a /d“ { (~3TR1) 9 + (E<2>—§\/ngR) ¢<1>}. (6.39)
The remaining terms in (6.39) give

_ 4 (R L (y=gan)® Lg) _11’/ i (B2 =R L)
anom— 18 /d i 8A4) iR } 6 dX(E 3 gDR) iR .

(6.40)
If we rearrange A4 in the form
Ay =P +2V, (R*VVY) — %vu (RVH), (6.41)
an expansion of this operator to first order in §gy,, gives
(v=gaq)" = (v=g) " +23, (R* - ;n“VR>(1) 9. (6.42)

An integration by parts allows to extract the vertex describing the classical interaction of three
gravitational waves

1 1
anom /d4 \/ DZ /d4 & R i ) V_gnHVR(1)>EaVR(1)}
— / @ Lp 1 / d*xR L Dyl / I*RIR (6.43)

characterised just by single propagator poles if transformed to momentum space. The evaluation
of the expansion requires a set of operatorial identities in the flat limit

(\@Dz)(l):_(\/g)(l)i%r(\@D)(l)ﬁJrﬁ(\/gD)(U, (6.44)

to derive the nonlocal expression of the GB term

e fefeerlanny (0 e (@), 6

/d“ /d“’ :) . +18/d4xR (2R<2 (\/?g)<1>R<1)), (6.45)
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where the last term is purely local. This action can be used to investigate the graviton interactions up
to trilinear perturbations around flat space. The expansion of these actions up to quartic order (6.29)
requires a separate study since it has been shown that the action fails to reproduce the perturbative
expansion at quartic order.

The RO~! operator appearing in the expansion provides a link with the nonlocal cosmological
models for dark energy [5]. Previous analysis around flat space have shown [37-39] for 3-point
functions in the 7'JJ case and in [35] for the 3-graviton vertex TTT that the action is consistently
defined. Investigations of this action in the case of 4-graviton vertices have been presented in [23]
to which we refer for further details.

7. Conclusions

The ordinary Einstein-Hilbert (EH) action with a gravitational constant is commonly used to
describe the evolution of the universe. However, this approach may not provide a complete picture,
as modifications to General Relativity (GR) such as R? or f(R) theories, and topological corrections
to GR, may also play a crucial role. Advancements in gravitational wave detectors may enable us
to test these modifications and gain a deeper understanding of the nature of our universe.

One class of modified gravity theories that has attracted attention is the 4d Einstein-Gauss-Bonnet
(EGB) theories, which can be obtained through a singular limit of the Euler-Poincare density. This
method is akin to the construction of conformal anomaly actions, which arise from conformal sym-
metry, quantum corrections, and their breaking due to the conformal anomaly. However, in the case
of 4d EGB theories, the approach is purely geometric and mathematical, enabling the inclusion of
topological terms in the form of dilaton gravity models. The outcome depends on how the dilaton
field is extracted from the fiducial metric and on the treatment of its dependence on the extra di-
mensions.

Our work shows that nonlocal versions of these theories are feasible, drawing upon previous anal-
yses of conformal anomaly actions. R~ theories, considered as possible modifications of GR
that may account for dark energy in cosmology, find a natural context within the formulation of the
nonlocal conformal anomaly action, where their 1/C] behaviour is associated with the exchange of
conformal anomaly poles. The general feature of anomalies is the presence of massless exchanges
The fundamental idea in favour of such formulations is that conformal symmetry in the early uni-
verse, recognized as an important pillar of physics at the Planck scale, can be broken by quantum
corrections and can account for the dark energy. 4d EGB carry similar, though far more limited
tracts of such anomaly actions. They are classical variants of such mother theories.
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A. Cutoffs from the extra dimensions

We illustrate in this appendix how cutoffs emerge in the analysis of these actions in DRED.
We use the Weyl gauging procedure to expand the Vg counterterm. We can use (5.2) to write the
d- dimensional Vg as

Ve(d) = ut /ddx\/§ E=ut /ddx g e E £ (d—3)V, ' 4 (d—3)(d—4)K], (A1)

(d—4)

We expand in series near d = 4 the exponential e ¢ inside the integral

Ve(d) = ;f/ddx 7 YOIE 1 (d— 3)V,H + (d—3)(d —4)K] =

=Y I e [0 E ¢ (@)@ e R A
n=0 :

Using the above relation, the counterterm reads

Vi) = gy X [ 0 030V e R)) A3)

d—4'"
An expansion up to O(1) in € gives

ﬁVE(d): W /ddx\/?g[E+(Wﬂ)]+u£/ddx\/?g[¢E+(¢Wﬂ‘+1€)]+0(d—4).

(d—4)
(A4)
We can neglect the vuﬂ‘ in the first term, since it is a boundary term and integrate by parts (I)?”ﬁ‘,
obtaining
€ £ _ ~
d”_ JVe(d) = (d”‘_ B /ddx\/—g E+us /ddx\/—g [0 + (09, J* +K)|+0(d—4). (A.5)

Using (5.3) and (5.4) we can write
VuoJH — K = 4RMY (V,0V,0) — 2R0OI9 +2(V,,0V*9)* + 4000V, 0V ¢,

and after an integration by parts we get the final form of the counterterm up to O(d — 4) terms

TogVeld) = o [at TR B [ty [98 - (46" (9,090

+2(W¢W¢)2+4E¢W¢W¢)}. (A.6)

If we use DRED and neglectg the dependence of ¢(x) on the extra dimensions, the integration in
the extra dimensions is performed trivially assuming a space cutoff L and obtain

1
d—4

(d—4) o
Vi(d) = (‘(‘?_4) / d*x\/g E+ (uL)ld— / d'x/—3 [¢E—(4G“V(V”¢Vv¢)
+2(W¢W¢)2+4D¢W¢W¢)}, (A7)

where L% is the volume of the extra dimensional space. In the case of the GB term we can send
€ — 0 and observe that the log term, in this limit, is multiplied by a the value of Vg at d = 4, which
is a topological invariant, as shown in (5.18). Therefore no log terms are generated.
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