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1. Introduction

Due to the exponential cosmic expansion, the causal diamond for an inertial observer in a de
Sitter (dS) spacetime dSd+1 covers only a part of it known as the static patch, described by the
metric

ds2 = −

(
1 −

r2

`2
dS

)
dt2 +

dr2

1 − r2

`2
dS

+ r2dΩ2
Sd−1 . (1)

The dS length `dS is related to the cosmological constant Λ > 0 through `dS =
√

d(d−1)
2Λ . Sitting at

r = 0, the observer is surrounded by a cosmological horizon of area Ac = `
d−1
dS Vol(Sd−1) at r = `dS.

A semiclassical analysis tells us that this horizon has a Hawking temperature TdS = 1
2π`dS and an

associated Gibbons-Hawking entropy [1] (from now on we set `dS = 1)

SGH =
Ac

4GN
, (2)

whose microscopic origin remains a mystery.
In the absence of a microscopic explanation, a bottom-up approach would to be study the

quantum corrections to (2) in the low energy effective theory of gravity plus matter. These
corrections provide unambiguous data testing candidate models, in similar spirit of that in the
context of black hole microstate counting [2–6] and Higher-spin/CFT dualities [7–10]. As an
illustration, let us say one asserts that the dS horizon entropy Smacro for 3D pure gravity (computed
in [11]) counts the number W(N) of partitions of N .1 Both the macroscopic and microscopic
entropies can be brought uniquely into an expansion of the form

Smacro =S0 − 3 logS0 + · · ·

Smicro ≡ log W(N) = S0 − 2 logS0 + · · · . (3)

The failure to reproduceSmacro immediately falsifies the asserted microscopic proposal. In contrast,
as shown in [12, 13], a TT̄(+Λ2)-deformed CFT2 reproduces Smacro for 3D pure gravity up to the
logarithmic correction.

This note reports some recent progress [11, 14, 15] in studying the 1-loop corrections to (2),
which as reviewed in Section 2 comes from the quadratic fluctuations of gravitons and matter in the
Euclidean path integral around the round Sd+1 saddle. These contribute to the full dS entropy as

Smacro = · · · + b logS0 + c︸        ︷︷        ︸
1-loop

+ · · · . (4)

The logarithmic correction (i.e. the coefficient b) depends only on the massless spectrum while the
finite part c receives contributions from the full matter content.

In understanding the 1-loop corrections, a key role is played by the Harish-Chandra character
of the de Sitter group SO(1, d + 1). Our goals in this note are two-fold: first, to explain how these

1For large N , W(N) ≈ 1
4N
√

3
eπ
√

2N/3.

2



P
o
S
(
C
O
R
F
U
2
0
2
2
)
1
3
0

Characters, Quasinormal Modes, and Quantum de Sitter Thermodynamics

mathematically defined objects lead to a Lorentzian interpretation of the 1-loop Euclidean path
integral; second, to describe qualitatively new features as one extends the discussion to spinning
fields. We will restrict ourselves to generic dimensions d ≥ 3 to avoid discussing special features
that only appear in d < 3.

After setting up the problem in Section 2, we will do a quick survey for unitary irreducible
representations (UIRs) of SO(1, d + 1) in Section 3. In Section 4, we introduce the SO(1, d + 1)
Harish-Chandra character and explain its physics. We discuss in Section 5 generalizations to
spinning fields, before we conclude in Section 6. As we aim to keep the discussion concise, many
details for the derivations (including for example a careful treatment of UV-divergences) will be
inevitably omitted. We refer the interested readers to the original work [11, 14, 15] for the complete
detail.

2. What is the Lorentzian interpretation of the 1-loop sphere path integral?

Proposed by Gibbons and Hawking [16], the full dS entropy is computed by a Euclidean path
integral with a positive cosmological constant Λ, integrating over all metrics g and matter fields
collectively denoted by Φ:

S = logZ , Z =

∫
DgDΦ e−S[g,Φ] , (5)

expanded around the round sphere Sd+1 saddle. At tree level in Einstein gravity, one recovers the
Gibbons-Hawking entropy (2). At 1-loop, one integrates the quadratic fluctuations around this
saddle, which for a scalar is given by the functional determinant of a Laplace operator on the sphere
(whose radius is set to 1)

ZPI =

∫
Dφ e−

1
2
∫
Sd+1 φ(−∇2+m2)φ = det

(
−∇2 + m2

)1/2
. (6)

Such a quantity is UV-divergent and is typically regulated by for example zeta-function [17] or heat
kernel [18] regularization.

Figure 1: After Wick-rotating t → −iτ and identifying τ ∼ τ + 2π, the dS static patch (left) turns into a
sphere (right). The Euclidean time τ becomes an angular variable on the sphere. The horizon (yellow dot)
at r = 1 is mapped to the origin of the sphere.
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Since Sd+1 can be obtained by Wick-rotating the static patch time t → −iτ and identifying
τ ' τ + 2π in (1) (see Fig.1), one expects that a 1-loop path integral on Sd+1 would have an
interpretation as a thermal ideal gas canonical partition function for quantum fields living on a static
patch at the dS temperature TdS = 1

2π . For a free massive scalar, this means

ZPI ∼ Zbulk ≡ “Tr" e−2πĤ (7)

where Ĥ is the static patch Hamiltonian with respect to which one defines positive energy modes,
and “Tr"" is tracing over the associated Fock space. We use ∼ instead of an equal sign and put
a quotation mark on Tr because the trace is in fact ill-defined. To see this, let us pretend that
the spectrum of Ĥ were discrete. One could then compute the trace (7) by substituting the mode
expansion for the scalar field and summing over occupation numbers, leading to

Zbulk =
∏
E>0

e−πE

1 − e−2πE . (8)

Here the product is over the discrete single-particle energy spectrum labeled by E; the factor e−πE

is due to the zero-point energy for each positive-energy mode. Equivalently, we can write

log Zbulk = −

∫ ∞

0
dω ρ(ω) log (eπω − e−πω) (9)

in terms of the single-particle density of states (DOS)

ρ(ω) =
∑
E>0

δ(ω − E) = tr δ(ω − Ĥ) (10)

with tr tracing over the single-particle Hilbert space.
The trouble for us is that the spectrum of Ĥ is actually continuous, and the DOS ρ(ω) is strictly

infinite. Physically, this is due to the fact that the horizon is an infinite redshift surface, enabling the
existence of normalmodeswith arbitrary angularmomentum and energy. Subsequently, expressions
(8)-(10) do not make sense, casting doubts on the interpretation (7). What comes to rescue is the
Harish-Chandra character for the de Sitter group SO(1, d + 1), which enables us to make sense of
the right hand side of (7). Before explaining that, we will first quickly review the symmetries of
dSd+1 and the UIRs of the de Sitter group SO(1, d + 1).

3. Unitary irreducible representations of the de Sitter group SO(1, d + 1)

3.1 The geometry of dSd+1 and its symmetries

The (d + 1)-dimensional dS space dSd+1 can be thought of as a hyperboloid in R1,d+1

ηABXAXB = −
(
X0

)2
+

(
X1

)2
+ · · · +

(
Xd+1

)2
= 1 . (11)

The hyperbloid (11) has a manifest SO(1, d + 1) isometry generated by Killing vectors LAB =

XA∂XB − XB∂XA , which satisfies the algebra

[LAB, LCD] = ηBCLAD − ηACLBD + ηADLBC − ηBDLAC . (12)

4
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Defining

D = L0,d+1 , Mi j = Li j , Pi = Ld+1,i + L0,i , Ki = Ld+1,i − L0,i , (13)

the algebra (12) is recast into the conformal algebra of Rd:

[D, Pi] = Pi , [D,Ki] = −Ki , [Ki, Pj] = 2δi jD − 2Mi j ,

[Mi j, Pk] = δjkPi − δikPj , [Mi j,Kk] = δjkKi − δikKj . (14)

The static patch (1) corresponds to the intrinsic parametrization

X0 =
√

1 − r2 sinh t , Xd+1 =
√

1 − r2 cosh t , X i = r Ωi
Sd−1 , (15)

and has a manifest SO(1, 1) × SO(d) symmetry corresponding to t-translation and rotations on Sd−1

generated by the boost D and angular momentum Mi j respectively. Other isometries of the global
dS space, i.e. Pi or Ki, do not preserve a single static patch but instead map different static patches
into one another.

3.2 Particles in dSd+1= UIRs of SO(1, d + 1)

Analogous to Wigner’s classification of particles and fields in Minkowski spacetime by unitary
irreducible representations (UIRs) of the Poincaré group, particles and fields in dSd+1 are classified
according to UIRs of the de Sitter group SO(1, d + 1). For an excellent review of the representation
theory of SO(1, d + 1), we refer the reader to [19]. Here we will only do a quick survey for the
dictionary between UIRs of SO(1, d + 1) and QFTs in dSd+1.

A SO(1, d + 1) UIR V[∆,s] is labeled by an SO(d) highest weight s = [s1, s2, . . . , s b d2 c] and a
conformal dimension ∆; the former is nothing but the spin for the quantum field, while the latter is
related to its mass. We focus on scalars and symmetric tensors, i.e. those with s = [s, 0, . . . , 0] and
s ≥ 0 is an integer. For a spin-s field, its mass is related to the conformal dimension through

m2 =

{
∆(d − ∆) , s = 0
(∆ + s − 2)(d + s − 2 − ∆) , s ≥ 1

. (16)

Unitarity requires that the generators (12) to act as anti-hermitian operators on the UIRV[∆,s], i.e.

L†
AB
= −LAB . (17)

In terms of the conformal generators (13), these imply

D† = −D , P†i = −Pi , K†i = −Ki , M†i j = −Mi j . (18)

These conditions will restrict the form of the inner products (with respect to which one defines the
hermitian conjugation) and the allowed values of ∆. Note that (18) is distinct from the unitarity
condition of theLorentzian conformal group SO(2, d)which demands for example P†i = Ki, marking
a fundamental difference between QFTs in de Sitter and anti-de Sitter space.

5
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Principal series representations These UIRs describe massive fields in dSd+1 that are heavy
compared with the dS scale `dS. For a spin-s field, its conformal dimension and mass fall into the
ranges

∆ =
d
2
+ iν , ν ∈ R ⇔ m ≥

{
d
2 for s = 0
s + d

2 − 2 for s ≥ 1
. (19)

Complementary series representations These UIRs describe massive fields in dSd+1 that are
light compared with the dS scale `dS. For a light scalar, it has

0 < ∆ < d ⇔ 0 < m <
d
2

(s = 0) . (20)

For a light spin-s field, the ranges are instead

1 < ∆ < d − 1 ⇔
√
(s − 1)(s + d − 3) < m < s +

d
2
− 2 (s ≥ 1) . (21)

The lower bound
√
(s − 1)(s + d − 3) is known as the Higuchi bound [20].

Exceptional series These UIRs only exist for s ≥ 1 and describe the so-called partially massless
particles [20–31].2 These occur when the conformal dimension and mass hit the exceptional points

∆ = 1 − p ⇔ m2
s,p = (s − 1 − p)(d + s + p − 3) , p = 0, 1, . . . , s − 1 , (22)

The local action describing these fields have the gauge symmetry that reads schematically

φµ1 · · ·µs ∼ φµ1 · · ·µs + ∇(µs−p · · · ∇µs ξµ1 · · ·µp ) + . . . , (23)

where · · · stand for terms with fewer derivatives [30]. We call the integer p "depth", which is equal
to the spin of the gauge parameter. In particular, the usual massless spin-s field has depth p = s− 1.

4. Harish-Chandra character of SO(1, d + 1) and its physics

A useful object to encode the information about a SO(1, d + 1) UIR is the Harish-Chandra
character, defined as a trace of a group element over the representation space V[∆,s]. The general
theory for Harish-Chandra characters and their computations in the case of SO(1, d+1) are reviewed
in [19]. For our purpose, we will focus on the character for the group element generating time
translation in the static patch

χ[∆,s](t) = tr[∆,s] e−iĤt . (24)

We have written in terms of Ĥ = iD̂, which can be interpreted as a hermitian Hamiltonian with
a real spectrum. The character (24) has the property that χ[∆,s](−t) = χ[∆,s](t). In the following
discussion, we will restrict to t > 0 unless specified.

2In the terminology of [19], these UIRs are “exceptional series II". “Exceptional series I" might describe the so-called
shift-symmetric scalars [32], with the shift symmetry gauged.

6
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Principal and complementary series For these UIRs, the characters have a very simple form:

χ[∆,s](t) = Dd
s

e−∆t + e−∆̄t

(1 − e−t )d
, ∆̄ ≡ d − ∆ , (25)

where we recall the relation (16) between the mass and conformal dimension. The number

Dd
s =

2s + d − 2
d − 2

(
s + d − 3

s

)
(26)

is the dimension of the spin-s representation of SO(d), or the number of independent polarizations
of a spin-s field.

Exceptional series Due to the presence of gauge invariance, the construction of exceptional series
representations are more intricate than principal or complementary series. This intricacy is also
reflected in their characters. For example, a massless spin-1 field has the character

χ[∆=1,s=1](t) = 1 −
1 − de−t

(1 − e−t )d
+

de−(d−1)t − e−dt

(1 − e−t )d
. (27)

4.1 Quasinormal mode expansion

Recall that a quasinormal mode (QNM) on a static patch satisfies two boundary conditions
[33–35]: it is regular at the location of the observer and is purely outgoing into the horizon. Such
conditions force the energies to take discrete and in general complex values, as opposed to normal
modes whose energies are real and continuous. As pointed out in [11, 36], the Harish-Chandra
character encodes QNMs on a static patch. Explicitly, expanding in powers of e−t , a general
character takes the form

χ[∆,s](t) =
∑
z

Nz e−izt (28)

where z denotes a QNM frequency with degeneracy Nz . For instance, the QNM expansion for the
massive scalar character reads

χ[∆,s=0](t) =
e−∆t + e−∆̄t

(1 − e−t )d
=

∞∑
n=0

∞∑
l=0

Dd
l

[
e−iz∆,n, l t + e−iz∆̄,n, l t

]
, (29)

where

iz∆,n,l = ∆ + 2n + l , iz∆̄,n,l = ∆̄ + 2n + l (30)

are the QNM frequencies labeled by the overtone number n and the SO(d) quantum number l,
with degeneracy Dd

l
= 2l+d−2

d−2
(l+d−3
d−3

)
. The underlying representation theory enables an algebraic

construction of QNMs in dS space, originally pointed out in [37–39] and extended to the (massive
and massless) higher spin fields in [36].

7



P
o
S
(
C
O
R
F
U
2
0
2
2
)
1
3
0

Characters, Quasinormal Modes, and Quantum de Sitter Thermodynamics

4.2 Spectral density and the quasicanonical partition function

The key observation in [11] is that the Fourier-transform of the character (24) can be interpreted
as a spectral density of the Hamiltonian Ĥ:

ρ̃[∆,s](ω) ≡

∫ ∞

−∞

dt
2π

eiωt χ[∆,s](t) =
∫ ∞

0

dt
2π

(
eiωt + e−iωt

)
χ[∆,s](t) = tr[∆,s] δ(ω − Ĥ) , (31)

where in the second step we recall χ[∆,s](−t) = χ[∆,s](t). One should keep in mind that the trace tr
is over the representation spaceV[∆,s], which is distinct from the single-particle trace (10) over the
Fock space in the static patch. Nonetheless, if one replaces the ill-defined DOS ρ(ω) in (9) by (31),
one could define a quasicanonical or renormalized partition function [11]

log Z̃bulk ≡

∫ ∞

0

dt
2t

1 + e−t

1 − e−t
χ[∆,s](t) . (32)

Here we have performed the ω-integral. What is more, [11] finds that for scalars this is precisely
equal to the 1-loop sphere path integral (6), i.e.3

ZPI = Z̃bulk (Scalar) (33)

while for spinning fields the 1-loop sphere path integrals ZPI are given by (32) with “edge" correc-
tions, which we will further discuss in section 5.

4.3 Horizon scattering

A physical picture of the spectral density (31) and the resulting partition function (32) from
the perspective of a single static patch is elaborated (and extended to general static black holes) in
[15]. We use a scalar as an example. For each real energy ω > 0 and SO(d) angular momentum
l ≥ 0, a normal mode takes the form

φωl(t, r,Ω) = e−iωt ψ(r)

r
d−1

2
Yl(Ω) . (34)

HereYl are the (d − 1)-dimensional spherical harmonics with degeneracy Dd
l
satisfying −∇2

Sd−1Yl =
l(l + d − 2)Yl. We require the modes (34) to be regular at the location of the observer. With (34),
the Klein-Gordon equation

(
−∇2 + m2) φ = 0 is equivalent to a scattering problem(
−∂2

x + Vl(x)
)
ψ(x) = ω2ψ(x) , 0 ≤ x < ∞ , (35)

where x = `dS tanh−1 r
`dS

is the tortoise coordinate (we restore the dS length `dS for the rest of this
section). The scattering potential reads explicitly

Vl(x) = −
(d − 2∆ − 1)(d − 2∆ + 1)

4`2
dS cosh2 x

`dS

+
(d + 2l − 3)(d + 2l − 1)

4`2
dS sinh2 x

`dS

. (36)

3Note that either (6) or (32) are UV-divergent and need to be regulated. The equality (33) means that the scheme-
independent part (e.g. the coefficient of the logarithmic divergence) of both sides agree.
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Therefore, normal modes (34) are equivalent to scattering modes for the scattering problem (35):
they describe plane waves come in from the horizon at x = ∞ and get scattered off the potential
(36) centered at the observer (at x = 0) before going back into the horizon. See Fig. 2.

Figure 2: (a) The Penrose diagram for a static patch (b) The scattering potential (36) (black) for a scalar
with ∆ = 1.5 + 0.1i and l = 3 on a static patch in on dS4 , which is hardly distinguishable from the Rindler
potential (red) in (44) for x � 0. All quantities are in units of the dS length `dS or its inverse. The horizon
is at x = ∞. In these diagrams, we indicate the incoming and outgoing waves (37) with black arrows. The
brown lines indicate the brick wall regulator [40] at x = R = 2.5`dS, corresponding to r ≈ 0.987`dS.

Concretely, the solution to (35) that is regular at x = 0 is a mixture of plane waves near horizon

ψl(x →∞) ∼ Aout
l (ω) e

iωx + Ain
l (ω) e

−iωx . (37)

Here for real ω the incoming and outgoing coefficients

Aout
l (ω) =

(
Ain
l (ω)

)∗
=

Γ (i`dSω)

Γ

(
∆+l+i`dSω

2

)
Γ

(
∆̄+l+i`dSω

2

) (38)

are complex conjugates to each other and thus the ratio Sl(ω) ≡ Aout
l
(ω)/Ain

l
(ω) is a pure phase. In

fact, from (38) we see that Sl(ω) is a product of two phases:

Sl(ω) = S
dS
l (ω)S

Rindler(ω) (39)

where

SdS
l (ω) ≡

Γ

(
∆+l−i`dSω

2

)
Γ

(
∆̄+l−i`dSω

2

)
Γ

(
∆+l+i`dSω

2

)
Γ

(
∆̄+l+i`dSω

2

) (40)

has the QNM frequencies (30) as poles and their complex conjugates as zeros. In other words,
QNMs are scattering resonances associated with the scattering problem (35). The other phase

SRindler(ω) =
Γ (i`dSω)
Γ (−i`dSω)

(41)

is l-independent and captures all the Matsubara frequencies

ω = ω±,n = ±i
n
`dS

, n = 1, 2, 3, · · · , (42)

as its poles and zeros.

9
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The near-horizon Rindler-like scattering problem The superscript “Rindler” in (41) means
that it is actually the scattering phase one would obtain by studying the scattering problem for the
same free scalar but on the Rindler-like wedge

ds2 = e−
2

`dS
x
(
−dt2 + dx2

)
+ `2

dSdΩ2
d−1 , −∞ < x < ∞ . (43)

The Rindler horizon corresponds to x = ∞ while spatial infinity corresponds to x = −∞. The
scattering problem analogous to (35) on this wedge is(

−∂2
x + M2

l e−
2

`dS
x
)
ψ(x) = ω2ψ(x) , Ml ≡

√
l(l + d − 2)

`dS
+ m2 . (44)

Solving for the normalizable solution that exponentially decays at x → ∞, one finds that the
scattering phase is given by (41).

Since the metric (43) is nothing but the near-horizon limit of that the full static patch (1), the
full S-matrix (39) can be understood in the following way: it consists of a universal part (41) that
captures the near-horizon region, which knows nothing about the static patch geometry (except its
temperature) and the scalar; the effect of the non-trivial information about the geometry, scalar
mass and angular momentum is to “dress" (41) by an extra non-universal phase (40).

Scattering phases and the spectral density Putting a brick wall cutoff [40] at some large value
x = R and imposing a Dirichlet boundary condition,4 one can compute a smoothed density of states

ρRl (ω) =
R + θ ′

l
(ω)

π
+O

(
1
R

)
, Sl(ω) ≡ e2iθl (ω) , (45)

whose divergence as R→ ∞ is the origin of the ill-definedness of the trace in (7). However, if we
compare our original problem (35) with some reference problem, their difference in DOS is finite
as R→∞:

∆ρl(ω) ≡ ρl(ω) − ρ̄l(ω) =
1

2πi
∂ω log

Sl(ω)

S̄l(ω)
(46)

where ρ̄l(ω) and S̄l(ω) are the DOS and S-matrix for the reference system. The relation (46)
suggests that as opposed to the free energy (9) itself, differences in free energies are well-defined
(up to the usual UV-divergence coming from integrating over all energies):

log Zbulk − log Z̄bulk = −

∫ ∞

0
dω∆ρ(ω) log

(
eβdSω/2 − e−βdSω/2

)
. (47)

A priori, there is no unique choice for the reference system. For instance, we can choose it to be
the one with zero potential (i.e. an empty box with size R), in which case the smoothed density
ρ̄R
l
(ω) = R

π is uniform and has a constant scattering phase.
Uniquely fixing a reference system requires an extra physical input. In the current case, such an

input is provided by demanding (47) to equal the Euclidean path integral (6). As it turns out, such a

4As emphasized in [15], this choice of boundary condition turns out to be irrelevant. In particular, the result (46)
only depends on the asymptotic behavior (37) of the scattering mode (and that in the reference system) but not its value
on the brick wall x = R.

10
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requirement fixes the reference system to be the scattering problem on the Rindler-like wedge (44),
i.e. we choose S̄l to be (41). With this choice,

∆ρdSl (ω) =
1

2πi
∂ω logSdS

l (ω) . (48)

Summing over l ≥ 0, one then recovers the character-regularized DOS (31):

∆ρdS(ω) =

∞∑
l=0

Dd
l ∆ρ

dS
l (ω) =

∫ ∞

0

dt
2π

(
eiωt + e−iωt

)
χ[∆,s=0](t) = ρ̃[∆,s=0](ω) . (49)

Therefore, these considerations imply that the quasicanonical partition function (32) (and therefore
by (33) the Euclidean path integral (6)) should be more accurately thought of as a ratio

Z̃bulk ≡
Zbulk

ZRindler
bulk

, (50)

where Zbulk ≡ “Tr" e−βdSĤ and ZRindler
bulk ≡ “Tr" e−βdSĤRindler are the formally defined canonical

partition functions for the scalar on the static patch and the Rindler-like wedge (43) respectively, at
the dS temperature TdS.

5. 1-loop partition functions for spinning fields

In this section we discuss some of the qualitatively new features that arise as one extends our
previous discussions to spinning fields. We will set the dS length (or sphere radius) `dS to 1.

5.1 Spinning fields on Sd+1

We first highlight the subtleties for their 1-loop path integrals on Sd+1, which have been studied
in detail in [14].

5.1.1 Massive fields

Let us start by looking at the example of a free massive vector, whose sphere path integral is

Z (s=1,m2)
PI =

∫
DA e−S[A] , S[A] =

∫
Sd+1

(
1
4

FµνFµν +
m2

2
AµAµ

)
. (51)

Here S[A] is the Proca action. To proceed, one decomposes the vector A into transverse and
longitudinal components [41–43]

Aµ = AT
µ + ∂µφ , ∇µAT

µ = 0 . (52)

Here is a subtlety that arises on any compact space: to ensure this decomposition to be unique, one
must exclude the normalizable constant mode of the longitudinal scalar φ. In other words, the path
integration measure changes as

DA = JDATD ′φ , (53)
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where the prime denotes the omission of the constant mode, and J is the Jacobian associated with
the change of field variables A→ {AT , φ}. One then substitutes (52), (53) into (51) and finds

Z (s=1,m2)
PI = det(−∇2

(1) + m2 + d)−1/2(m2)1/2 . (54)

Here the functional determinant is familiar and comes from the integration over AT and ∇2
(1) is

the Laplacian acting on transverse vector fields. The factor (m2)1/2, on the other hand, is only
present for Euclidean path integrals on a compact space (in contrast to say E AdS), and arises from
integrating over φ while keeping track of the omitted constant mode.

This remains true for general spinning fields: the path integrations over their longitudinal
componentswill lead to a finite number of factors analogous to the factor (m2)1/2. Such contributions
must be present in order to be consistent with locality.5

5.1.2 Massless gauge fields

Due to gauge invariance, the path integrals are more intricate for massless gauge fields.

The residual group volume Let us start with the example of aU(1) gauge field, with path integral

ZU(1)
PI =

1
Vol(G)

∫
DA e−S[A] , Vol(G) =

∫
Dα =

∏
n

dαn
√

2π
. (55)

The Maxwell action S[A] =
∫
Sd+1

1
4 FµνFµν is invariant under the gauge transformations

Aµ → Aµ + ∂µφ . (56)

The volume Vol(G) of the space of gauge transformations is a path integration over a scalar field α,
the division by which in (55) compensates for the over-counting of gauge-equivalent orbits related
by (56). Proceeding by doing the geometric decomposition (52), Vol(G) would cancel against the
integration

∫
D ′φ over the longitudinal scalar φ. However, as pointed out in [44], as opposed

to
∫
D ′φ, in Vol(G) we do not exclude the constant mode α0 for consistency with locality and

unitarity.6 This implies that the cancellation between Vol(G) and
∫
D ′φ is over-complete, leaving

a residual factor

Vol(U(1))PI =
∫

dα0
√

2π
. (57)

If we take into account the possible interactions of the Maxwell field Aµ with other matter fields,
the mode α0 generates global U(1) symmetries on the matter fields. (57) is therefore the volume of
the global U(1) symmetry group. Taking this into account, one eventually arrives at

ZU(1)
PI = ZGZChar . (58)

The factor

ZChar = (d(d − 2))
1
2

(
det′(−∇2

(0))

det(−∇2
(1) + d)

) 1
2

(59)

5If such contributions are not included, one would find a non-zero logarithmic divergence even in odd dimensions.
6Again, one would find a non-zero logarithmic divergence in odd dimensions if this mode is not included.
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contains a ratio of determinants, where the denominator is the massless limit of the massive
determinant (54); the numerator accounts for the quotient by the pure gauge modes, with the prime
denotes the omission of the constant scalar mode. The subscript “Char” means that this part can be
written in terms of the SO(1, d + 1) characters, which we will come back to in the next section.

The other factor

ZG =
1

Vol(U(1))can
g√

(d − 2)Vol(Sd−1)
(60)

is essentially (57) modulo the numerical factors (d(d − 2))
1
2 in (59). The dependence on the gauge

coupling constant g comes from re-expressing the volume (57)in terms of the volume Vol(U(1))c
measured with respect to a “canonical metric" which normalizes the U(1) generator to unity.

Conformal factor problem and the Polchinski’s phase Another example is linearized Einstein
gravity on Sd+1, which has a long and dramatic history [45–54]. A careful analysis brings the path
integral into the form [14]

ZPI = i−d−3ZGZChar . (61)

The factors ZChar and ZG are analogous to the U(1) case. Specifically,

ZChar =

(
d(d + 2)

) (d+1)(d+2)
4 (d − 1) d+2

2

(2d)1/2
det′(−∇2

(1) − d)1/2

det(−∇2
(2) + 2)1/2

(62)

contains a ratio of determinants capturing the gravition fluctuations and the division by linearlized
diffeomorphisms, while

ZG =
γ
(d+1)(d+2)

2

Vol(SO(d + 2))c
, γ =

√
8πGN

Vol(Sd−1)
(63)

comes from integrating over the Killing vector modes generating the SO(d + 2) isometries. In
particular, ZG depends on the Newton constant GN and the canonical isometry group volume
Vol(SO(d + 2))c. Note that this is the origin for the logarithmic term in the quantum de Sitter
entropy (4).

Compared to the U(1) case, there is a new contribution i−d−3 in the path integral (61). To
understand the origin of this factor, we note that in manipulating the path integral, we decompose
the spin-2 field hµν into

hµν = hTTµν +
1
√

2
(∇µξν + ∇νξµ) +

gµν
√

d + 1
h̃ (64)

where hTTµν is the transverse-traceless part of hµν satisfying ∇λhλµ = 0 = hλλ, ξµ the pure gauge
part of hµν, and h̃ the trace of hµν. For (64) to be unique, we require ξν to be orthogonal to all
Killing vectors and h̃ to be orthogonal to all conformal Killing vectors on Sd+1 . Now, further
expanding these components in terms of spherical harmonics on Sd+1, one finds that all but a finite
number of modes in the trace part h̃ have a negative kinetic term [55]. A standard procedure
[55] to cure this “conformal factor problem" is to Wick-rotate h̃ → ih̃ so that the path integral is

13
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well-defined. However, since a finite number of modes have a positive kinetic term to begin with,
we must Wick-rotate them back, which eventually leads to this overall phase i−d−3 first derived by
Polchinski [54]. As shown in [14], an analogous factor is present for any (partially) massless gauge
fields with spin s ≥ 2.

5.2 The edge partition function

Finally, let us make a connection with the Lorentzian/canonical picture discussed in Section
4.2 and 4.3. To start with, one can still define a quasicanonical partition function Z̃bulk by replacing
in (32) the character with its spinning counterpart. Z̃bulk still has an interpretation (50) as a ratio
between the static patch and Rindler-like canonical partition functions.7 However, it turns out Z̃bulk
is not equal to the Euclidean path integral ZPI. Instead, ZPI receives some “edge" contributions.

For example, the 1-loop path integral for a massive spin-s field takes the form

log ZPI = log Z̃bulk − log Zedge =

∫ ∞

0

dt
2t

1 + e−t

1 − e−t
(
χbulk(t) − χedge(t)

)
. (65)

Here Z̃bulk is the quasicanonical partition function (32) and we recall that the massive spin-s
character is given by (25). In Zedge, the edge character is explicitly given by

χedge(t) = Dd+2
s−1

e−(∆−1)t + e−(∆̄−1)t

(1 − e−t )d−2 . (66)

The case of massless gauge fields works similarly, except that there is an extra contribution
from the global group volume factor (and the Polchinski’s phase for spin s ≥ 2). For instance, the
U(1) path integral takes the form log ZPI = log ZG + log ZChar, where ZG is given by (60) and

log ZChar = log Z̃bulk − log Zedge =

∫ ∞

0

dt
2t

1 + e−t

1 − e−t
(
χbulk(t) − χedge(t)

)
(67)

with bulk character (27) and edge character

χedge(t) = 1 + e−(d−2)t −
1

(1 − e−t )d−2 . (68)

Comparing (66) with (25), or (68) with (27), we see that the edge characters live in two lower
dimensions than their bulk counterparts. In other words, Zedge is a path integral on a co-dimension-2
sphere, i.e. Sd−1. This suggests that these describe degrees of freedom living on the bifurcation
surface of the dS horizon.

6. Outlook

While the search for a microscopic model for the dS horizon is far from complete, it could
be informative to take a closer examination of the low-energy effective field theory. In this note,
we have discussed the 1-loop Euclidean path integrals around the round sphere saddle, envi-
sioning the prospect of constraining microscopic models. Conceptually, we have clarified their
Lorentzian/canonical interpretation (at least for scalars), all thanks to the powerful tools from
SO(1, d + 1) representation theory. We would like to conclude with commenting on two intriguing
future directions.

7To see this explicitly, one could repeat the analysis done in [56] for the case of massive higher-spin field on static
BTZ or massive vector on Nariai.
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Algebra of observables The canonical partition function (7) can be viewed as the normalization
of the reduced density matrix obtained by tracing out the global Bunch-Davis state along the
antipodal static patch. This assumes that the global Hilbert space factorizes. From an algebraic
QFT viewpoint (reviewed in [57] and discussed in the context of static patch in [58]), such a
factorization does not really exist; the algebra of observables for a QFT in a static patch is a Type
III von Neumann algebra, which does not admit a trace. The infinity of the single-particle DOS
ρ(ω) in (10) is a manifestation of this non-existence of the trace and thus non-factorization of the
global Hilbert space. It is then curious that a version of a trace and therefore quasicanonical free
energy (32) can be defined using the SO(1, d + 1) Harish-Chandra character. Of course, this does
not contradict the considerations in the previous paragraph: as discussed in Section 4.3, (32) is not
really a free energy but instead a “renormalized" one. In any case, it would be very interesting to
further understand the results presented in this article in terms of algebra of observables associated
with a static patch.

Edge modes In section 5, we discussed a bulk-edge split for spinning path integrals, which
certainly resonates with studies of entanglement entropy in gauge theories and gravity. In the early
work [59], Kabat found a “contact term” in the conical entropy for Maxwell theory on black holes,
which sparked an extensive investigation (see [60–78] for a partial list) into the proper interpretation
for such a contribution as coming from “edge” degrees of freedom living on the the bifurcation
surface Sd−1. In our case of Sd+1 path integrals, while the physical meaning for the bulk part Zbulk
is clear, that for the edge part Zedge is obscure at this point. With the inspirations from these past
works, one might be able to clarify the canonical picture for Zedge, and it would be very interesting
to do so.
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