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The use of the baryonic acoustic oscillations (BAO) datasets offers a unique opportunity to
connect the early universe and the late one. In this proceeding, we discuss recent results that used
a marginalised likelihood to remove the 𝐻0 − 𝑟𝑑 degeneracy and then tested it on different dark
energy (DE) models. It was found that this approach which does not rely on calibration on 𝑟𝑑

or 𝐻0, allows us to obtain results, comparable to the ones calculated with standard likelihoods.
Here we emphasize on the major differences that we observed for the two different BAO datasets
that we employed – a transversal one, containing only angular BAO measurements, and a mixed
one, containing both angular and radial BAO measurements. We see that the two datasets have
different statistical preferences for DE models and also different preference for the curvature of
the universe.
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1. Introduction

The degeneracy between the Hubble parameter 𝐻0 and the sound horizon horizon 𝑟𝑑 is a known
problem, sometimes called the 𝐻0 − 𝑟𝑑 tension ([1, 2]). For the concordance ΛCDM cosmology,
the sound horizon, which makes the baryonic acoustic oscillations (BAO) a standard ruler, is known
and it depends on the ratio of baryonic to radiative content of the early universe. The problem,
however, is that BAO measurements, both radial and transversal, always measure the quantity 𝐻0𝑟𝑑 .
For this reason, in order to disentangle 𝐻0 and 𝑟𝑑 , it is required either a prior knowledge coming
from the early universes (i.e a choice of 𝑟𝑑) [3], or a prior knowledge coming from the late universe
(i.e. a prior on 𝐻0) [4, 5]. In both cases, choosing a prior on either quantity will bring certain
assumptions in our model, which will effectively lead to a calibration of the BAO measurement
with either the early universe or the late one. While local measurements of 𝐻0 [4, 5] are considered
model-independent and are done with ever increasing precision, thanks to the newer instruments
such as JWST [6] and the improvement of the methods, they are still at odds with the early universe
measurements from the Planck mission [3]. The discrepancy between local universe and the early
universe has been seen in different quantities - the Hubble constant 𝐻0, the 𝜎8 − 𝑆8 and other
anomalies [2]. The tensions in cosmology have challenged our models for years now and have led
to a lot of works looking for ways to resolve the problem or at least to mitigate it (for recent reviews,
see [2, 7]).

In a series of articles [8–11], we considered the applications of different BAO datasets to
constrain cosmological parameters and we looked for a way around the mentioned calibration
leading to the 𝐻0 − 𝑟𝑑 tension. Here we will discuss the approach in [10], in which we used a
marginalisation procedure to integrate out of the likelihood 𝜒2 the factor 𝐻0𝑟𝑑 . This procedure
allows us to completely avoid setting any prior on 𝐻0 and 𝑟𝑑 because our 𝜒2 no longer depends on
them. Then, we use this uncalibrated by early or late universe likelihood, to perform full Bayesian
analysis for different models of dark energy (DE). We find that without any other assumptions, the
BAO datasets cannot constrain well the DE models, but by adding the type IA supernova dataset,
the errors on the DE parameters become smaller. We also find that the two datasets we use have
statistical preference for different cosmological models, which we will discuss in detail.

2. Constraining Dark Energy models

2.1 The equation of state of the Universe

We assume a Friedmann-Lemaître-Robertson-Walker metric, with a standard Friedman equa-
tion (𝐻 (𝑧)/𝐻0) = 𝐸 (𝑧) for :

𝐸 (𝑧)2 = Ω𝑚(1 + 𝑧)3 +Ω𝐾 (1 + 𝑧)2 +ΩΛ(𝑧), (1)

where 𝑧 is the redshift and the scale factor is 𝑎 = 1/(1 + 𝑧), 𝐻 (𝑧) := ¤𝑎/𝑎 is the Hubble parameter
at redshift 𝑧 and 𝐻0 is the Hubble parameter today. Ω𝑚, ΩΛ, and Ω𝐾 are the fractional densities of
matter, DE, and the spatial curvature at redshift 𝑧 = 0.
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We consider two types of dark energy models. First, we consider an expansion of ΛCDM in the
form of the Chevallier-Polanski-Linder parametrization (CPL) ([12–15]) of the 𝑤𝑤𝑎𝐶𝐷𝑀 model:

ΩΛ (𝑧) = Ω
(0)
Λ

exp
[∫ 𝑧

0

3(1 + 𝑤(𝑧′))𝑑𝑧′
1 + 𝑧′

]
(2)

in which we considered three possible models:

𝑤(𝑧) =


𝑤0 + 𝑤𝑎𝑧 Linear

𝑤0 + 𝑤𝑎
𝑧
𝑧+1 CPL

𝑤0 − 𝑤𝑎 log (𝑧 + 1) Log

, (3)

which recover the ΛCDM for 𝑤0 = −1, 𝑤𝑎 = 0.
As an alternative to ΛCDM, we consider the phenomenologically Emergent Dark Energy

(pEDE) model [16, 17] and its generalization (gEDE). gEDE is described by:

Ω𝐷𝐸 (𝑧) = ΩΛ

1 − tanh(Δ̄ log10( 1+𝑧
1+𝑧𝑡 ))

1 + tanh(Δ̄ log10(1 + 𝑧𝑡 )
, (4)

with pEDE-CDM recovered for Δ̄ = 1, and Λ𝐶𝐷𝑀 for Δ̄ = 0. Here, the transitional redshift 𝑧𝑡 is
found from Ω𝐷𝐸 (𝑧𝑡 ) = Ω𝑚(1 + 𝑧𝑡 )3, see [17].

The radial BAO projection 𝐷𝐻 (𝑧) = 𝑐/𝐻 (𝑧) is found from:

𝐷𝐻

𝑟𝑑
=

𝑐

𝐻0𝑟𝑑

1
𝐸 (𝑧) . (5)

The tangential BAO measurements expressed in terms of the angular diameter distance 𝐷A/𝑟𝑑 are:

𝐷𝐴

𝑟𝑑
=

𝑐

𝐻0𝑟𝑑
𝑓 (𝑧), (6a)

where:
𝑓 (𝑧) = 1

(1 + 𝑧)
√︁
|Ω𝐾 |

sinn
[
|Ω𝐾 |1/2Γ(𝑧)

]
. (6b)

The BAO angular scale measurement 𝜃𝐵𝐴𝑂 (𝑧) needed for the 𝜃𝐵𝐴𝑂 dataset is :

𝜃𝐵𝐴𝑂 (𝑧) = 𝑟𝑑

(1 + 𝑧) 𝐷𝐴(𝑧)
=

𝐻0𝑟𝑑

𝑐
ℎ(𝑧), (7)

with:

ℎ (𝑧) = 1
(1 + 𝑧) 𝑓 (𝑧) (8)

The SNIa measurements are described by their distance modulus which is related to the
luminosity distance (𝐷𝐴 = 𝑑𝐿 (𝑧)/(1 + 𝑧)2) through:

𝜇𝐵 (𝑧) − 𝑀𝐵 = 5 log10 [𝑑𝐿 (𝑧)] + 25 , (9)

where 𝑑𝐿 is measured in units of Mpc, and 𝑀𝐵 is the absolute magnitude.
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2.2 The 𝜒2 redefinition

For the BAO points, we redefine 𝜒2 in a way that isolates 𝑐
𝐻0𝑟𝑑

, i.e. we perform a maginalization
procedure[18–21]. Omitting the details that can be found in [10], the final 𝜒2 becomes:

�̃�2
𝐵𝐴𝑂 = 𝐶 − 𝐵2

𝐴
+ log

(
𝐴

2𝜋

)
. (10)

where:
𝐴 = 𝑓 𝑗 (𝑧𝑖)𝐶𝑖 𝑗 𝑓 𝑖 (𝑧𝑖), (11a)

𝐵 =
𝑓 𝑗 (𝑧𝑖)𝐶𝑖 𝑗𝑣𝑖𝑚𝑜𝑑𝑒𝑙 (𝑧𝑖) + 𝑣

𝑗

𝑚𝑜𝑑𝑒𝑙
(𝑧𝑖)𝐶𝑖 𝑗 𝑓 𝑖 (𝑧𝑖)

2
, (11b)

𝐶 = 𝑣𝑚𝑜𝑑𝑒𝑙𝑗 𝐶𝑖 𝑗𝑣
𝑚𝑜𝑑𝑒𝑙
𝑖 . (11c)

Here ®𝑣𝑜𝑏𝑠 is the vector of the observed points at each 𝑧 (i.e., 𝐷𝑀/𝑟𝑑 , 𝐷𝐻/𝑟𝑑 , 𝐷𝐴/𝑟𝑑 or 𝜃𝐵𝐴𝑂)
and ®𝑣𝑚𝑜𝑑𝑒𝑙 is the theoretical prediction of the model. 𝐶𝑖 𝑗 is the covariance matrix (for uncorrelated
points, it becomes a diagonal matrix with elements equal to the inverse errors 𝜎−2

𝑖
.

For the 𝜃𝐵𝐴𝑂 data, the 𝜒2 has the same form, but the coefficients are as follows:

𝐴𝜃 =

𝑁∑︁
𝑖=1

ℎ(𝑧𝑖)2

𝜎2
𝑖

, (12a)

𝐵𝜃 =

𝑁∑︁
𝑖=1

𝜃𝑖
𝐷
ℎ(𝑧𝑖)
𝜎2
𝑖

, (12b)

𝐶𝜃 =

𝑁∑︁
𝑖=1

(
𝜃𝑖
𝐷

)2

𝜎2
𝑖

. (12c)

For the 𝑆𝑁 data, we assumed no prior constraint on 𝑀𝐵, and we integrated the probabilities
over 𝑀𝐵 and 𝐻0 [18, 22–24] to get the marginalized 𝜒2:

�̃�2
𝑆𝑁 = 𝐷 − 𝐸2

𝐹
+ ln

𝐹

2𝜋
, (13)

where:
𝐷 =

∑︁
𝑖

(
Δ𝜇𝐶−1

𝑐𝑜𝑣 Δ𝜇
𝑇
)2

, (14a)

𝐸 =
∑︁
𝑖

(
Δ𝜇𝐶−1

𝑐𝑜𝑣 𝐸

)
, (14b)

𝐹 =
∑︁
𝑖

𝐶−1
𝑐𝑜𝑣 , (14c)

where Δ𝜇 = 𝜇𝑖 − 5 log10 [𝑑𝐿 (𝑧𝑖)), 𝐸 is the unit matrix, and 𝐶−1
𝑐𝑜𝑣 is the inverse covariance matrix

of the dataset [25].
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2.3 Datasets and methods

We use two different BAO datasets, to which we add the binned Pantheon supernovae dataset
with its covariance matrix. The BAO datasets can be found summarized in [10]. First, we use a BAO
dataset, denoted as 𝐵𝐴𝑂, which contains various angular data-points combined with few points
from the most recent to date eBOSS data release (DR16), which come as angular (𝐷𝑀 ) and radial
(𝐷𝐻) measurements and their covariance. The second dataset is denoted as 𝐵𝐴𝑂 𝜃 and it consists
of 15 transversal BAO measurements used for clustering analysis [26]. These points have the
advantage that they are uncorrelated and that they do not assume a fiducial cosmology, particularly
on the Ω𝐾 parameter, which is included in the standard BAO analysis [26]. To the BAO points, we
add the binned Pantheon dataset, which contains 40 supernovae luminosity measurements in the
redshift range 𝑧 ∈ (0.01, 2.3) [27] (called here "SN").

The priors we used can be found in [10]. We use the MCMC nested sampler, implemented in
the open-source package Polychord [28] with the GetDist package [29] to present the results.

2.4 Results

After performing the MCMC, the results we obtained can be summarized as follows. The
BAO-only datasets do not constrain the DE models parameters, particularly the parameter 𝑤𝑎 is
practically unconstrained and 𝑤0 is found with a big error. The only parameter that gets a good
constraint is Ω𝑚. The combined BAO + SN dataset reduces the errors significantly and allows to
put better constraints on 𝑤0 but again, it does not constrain well 𝑤𝑎. The results we get for the DE
models for the combined datasets are in the table below:

Model 𝑤0 𝑤𝑎

BAO +SN
wCDM −0.99 ± 0.05

wwaCDM −1.18 ± 0.14 −0.38 ± 0.67
𝐵𝐴𝑂 𝜃 + 𝑆𝑁

wCDM −1.08 ± 0.14
wwaCDM −1.09 ± 0.09 −0.31 ± 0.74

This result is consistent with the SDSS-IV results [30], which obtains: 𝑤0 = −0.939 ± 0.073,
𝑤𝑎 = −0.31± 0.3 for the combination BAO+SN+CMB, but 𝑤0 = −0.69± 0.15 when only the BAO
dataset is used. We see that our result is comparable to this, even though some precision is lost due
to the marginalization procedure.

A very interesting result we obtained is that the two BAO datasets do not prefer the same DE
models. This becomes very obvious when one uses statistical measures to compare the DE models
we consider to the ΛCDM model. In [10] we use 4 different measures: the Akaike information
criterion (AIC), the Bayesian information criterion (BIC), the deviance information criterion (DIC),
and the Bayes factor (BF) [31]. The AIC and BIC favor systematically the ΛCDM model as the
model with the least number of parameters, with the only exclusion being the pEDE model. For
this reason, in this work, we present only the other two measures DIC and BF.

The DIC estimator is defined as:

DIC = 2(𝐷 (𝜃)) − 𝐷 (𝜃), (15)

5
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where 𝜃 is the vector of parameters being varied in the model, the overline denotes the usual mean
value, and 𝐷 (𝜃) = −2 ln(L(𝜃)) + 𝐶, where 𝐶 is a constant. With this definition, we calculate the
difference ΔDICmodel = DICΛCDM − DICmodel . A positive ΔDIC points to a preference toward the
DE model, negative – toward ΛCDM with |ΔDIC| ≥ 2 signifying a possible tension.

The Bayes factor is defined as:

𝐵𝑖 𝑗 =
𝑝(𝑑 |𝑀𝑖)
𝑝(𝑑 |𝑀 𝑗)

,

where 𝑝(𝑑 |𝑀𝑖) is the Bayesian evidence for model 𝑀𝑖 , which we calculate numerically with
Polychord. We use the 𝑙𝑛(𝐵0𝑖), where "0" is ΛCDM, which we compare with all the other models
(denoted by the index "i") . According to the Jeffry’s scale, 𝑙𝑛(𝐵𝑖 𝑗) < 1 is inconclusive for any of
the models, for 1-2.5 one finds weak support for the model "i" and above 2.5, there is moderate and
strong support for the model "i". A minus sign gives the same for model "j" [32].

Figure 1: The DIC-BF plane for the BAO and BAO + SN points (left) and 𝐵𝐴𝑂 𝜃 and 𝐵𝐴𝑂 𝜃 + 𝑆𝑁 points
(right). We present everywhere the BAO only points with solid spheres, the BAO+SN points with diamonds.

The results from Table 3 and 4 in [10] are presented on Fig. 1, where the solid circle signifies
the BAO dataset and the diamond, the BAO + SN datset. On the left figure, the values of the BAO
+ SN points are divided by 4 in both directions to fit the plot. In order for a model to be better than
ΛCDM in DIC, it has to be in the right side of the plot, in order for it to be better with respect to
BF, it has to be in the lower part of the plot. So the best models to challenge ΛCDM are the ones
in the lower right corner of the plots. We see that for the BAO points, these models are only pEDE
and gEDE. For the BAO+SN points, there is no such model except maybe for wCDM. On the other
hand, the 𝐵𝐴0𝜃 points exhibit a totally different behavior. We see that there are a lot of comparable
to ΛCDM model for the 𝐵𝐴𝑂 𝜃 alone points, but there are also such points for the 𝐵𝐴𝑂 𝜃 + 𝑆𝑁 -
basically all of the CPL models are in the right part of the plot, even though with respect to DIC,
the distance is very small, meaning a not significant preference for DE models. The BF value,
however, signifies some tension with ΛCDM. One can see that this dataset seems to be much more
favorable to the different DE models from statistical point of view. The errors for both datasets are
comparable. Such results have also been found in other model-independent approaches [33, 34].
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Another important difference between the two BAO datasets can be seen is in the Ω𝐾CDM
model. From our results presented in [10] we see that the𝐵𝐴𝑂+𝑆𝑁 dataset prefers a closed universe
(Ω𝐾 = −0.21 ± 0.07), while the 𝐵𝐴𝑂 𝜃 + 𝑆𝑁 dataset prefers a flat one (Ω𝐾 = −0.09 ± 0.15). Such
strong deviation from the flat universe seems questionable, and because of this, we investigate it
further below. We study the dependency of the results on the prior on Ω𝐾 using two priors – the
standard one Ω𝐾 ∈ [−0.3, 0.3] and a "large" one – Ω𝐾 ∈ [−0.7, 3]. One can see the results of the
different priors on Fig. 2. The full posteriors are in the Appendix.
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Figure 2: Posterior distribution forΩ𝑚 andΩ𝐾 for BAO and 𝐵𝐴𝑂 𝜃 datasets to the left and right, respectively

From the figure, one can see that there is a significant difference with respect to the constraints
on Ω𝐾 and Ω𝑚 for the two datasets. The 𝐵𝐴𝑂 𝜃 points, with and without the addition of the SN
points are centered around 0 and the 𝐵𝐴𝑂 𝜃 points alone basically do not constrain Ω𝐾 at all.
Notably, in the negative direction, there is a problem with the integration, thus the prior is smaller,
so the best constraint we find is |Ω𝐾 | < 1. For the BAO points, on the other hand, we see that the
mean value is centered at negative Ω𝐾 and adding the SN points do not help. One can consider two
possible explanations of this result. Either it is due to the fact that we lose sensitivity to the Ω𝐾

parameter in this marginalised form of the 𝜒2, especially for the SN points. Or this is a result of the
specific processing of the 𝐵𝐴𝑂 𝜃 dataset that cleaned up any fiducial cosmology, particularly with
respect to the spatial curvature, rendering it insensitive to this parameter. Or maybe we are seeing
both effects simultaneously, with the marginalisation removing an important leverage on the value
of Ω𝐾 . Note, on the figure we have denoted the flat cosmology with a line and also, the Planck
matter density Ω𝑚. One can see that in the BAO+SN case, the negative curvature is achieved on
the price of higher Ω𝑚, which leads also to higher ΩΛ, since due to the marginalization procedure,
there is no other parameter to compensate for the non-zero Ω𝐾 .

The discussion on the value of Ω𝐾 is not new [2, 35–38]. Recently, [39] studied different DE
cosmologies and found that there are indications of negative Ω𝐾 in most of them. An interesting
study from the point of view of renormalization group approach argues that the flat universe is the
only one offering scale-free, non-singular background for cosmological perturbations[40]. From the
literature we see that while the deviation from the flat universe is usually small, model-independent
approaches seem to give larger deviations, similar to the ones we obtained, for example [35, 41, 42].
Also while strange that adding the SN data leads to bigger Ω𝐾 , it can be seen also in [39] where
CMB+BAO has bigger Ω𝐾 than CMB+Pantheon. The Planck data alone also seem to prefer a
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closed universe [3].

2.5 Discussion

We have summarized our results on the use of a 𝜒2 marginalization procedure on a BAO + SN
datasets that we utilized to study different DE modes. The results on the DE models are very similar
to the already published in the literature, which shows that our procedure can be useful for studying
alternatives to the ΛCDM model. On the other hand, it also allowed us to study the difference
between the two BAO datasets that we chose to investigate – an angular one that is claimed to be
cleaned up from the fiducial cosmology (𝐵𝐴𝑂 𝜃 ) and a mixed radial and angular (𝐵𝐴𝑂). One can
see that in terms of DE models, the 𝐵𝐴𝑂 𝜃 dataset leads to significantly less preference for ΛCDM
which we demonstrate with the help of different statistical measures comparing the models. In
terms of Ω𝐾CDM, the two sets of points also possess different behavior, with 𝐵𝐴𝑂 𝜃 preferring a
flat universe, while 𝐵𝐴𝑂 alone having a strong preference for a closed one. We cannot tell to what
extend the latter is a numerical artifact due to the fact we marginalize over 𝐻0𝑟𝑑 , which may make
it much less numerically sensitive to the curvature of the universe. On the other hand, this approach
may offer a way to study how measurements processing affects their bias towards certain models
and to allow for a better comparison between different datasets.
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Figure 3: Posterior distribution for Ω𝑚 and Ω𝐾 for BAO (left panel) and BAO+SN (right panel) datasets
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Figure 4: Posterior distribution for Ω𝑚 and Ω𝐾 for 𝐵𝐴𝑂 𝜃 (left) and 𝐵𝐴𝑂 𝜃+SN (right) datasets
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