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The Hubble constant (𝐻0) tension is one of the major open problems in modern cosmology. This
tension is the discrepancy, ranging from 4 to 6 𝜎, between the 𝐻0 value estimated locally with the
combination of Supernovae Ia (SNe Ia) + Cepheids and the cosmological 𝐻0 obtained through the
study of the Cosmic Microwave Background (CMB) radiation. The approaches adopted in [1] and
[2] are introduced. Through a binning division of the Pantheon sample of SNe Ia [3], the value
of 𝐻0 has been estimated in each of the redshift-ordered bins and fitted with a function lowering
with the redshift. The results show a decreasing trend of 𝐻0 with redshift. If this is not due to
astrophysical biases or residual redshift evolution of the SNe Ia parameters, it can be explained in
light of modified gravity theories, e.g., the 𝑓 (𝑅) scenarios. We also briefly describe the possible
impact of high-𝑧 probes on the Hubble constant tension, such as Gamma-ray bursts (GRBs) and
Quasars (QSOs), reported in [2] and [4], respectively.
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1. Introduction

One of the major goals of modern science is to understand the structure of the universe, relying
on the most accredited paradigm for describing its current state and future evolution. To date,
the strongest candidate for such a purpose is the so-called ΛCDM model for cosmology, based on
the standard FLRW metric [5]. The basic hypothesis under this formulation are: the presence of
the cold - namely, non-relativistic dark matter (CDM) - whose density, in combination with the
baryonic matter, is described by the Ω0𝑚 parameter; the acceleration of the universe driven by the
dark energy which, in turn, is represented by the Ω0Λ parameter. One of the greatest achievements
by the ΛCDM is the capability of predicting the accelerated expansion phase of the universe, as
proven by the works of Riess [6] and Perlmutter [7] through their analysis of SNe Ia, which are
among the best standard candles so far discovered.
Despite all the great success that the ΛCDM achieved in the scientific community, there are still
many unsolved problems related to this model. First of all, the nature of dark matter and dark
energy is not clear. Second, the void energy measurement through quantum mechanics and the
void energy estimated with the cosmological observations differ by 120 orders of magnitude (the
so-called fine-tuning problem). Third, in principle, there is no clear reason why the universe’s dark
matter and dark energy contributions must have the same magnitude order today - the coincidence
problem [8, 9]. It is worth mentioning also the lithium problem [10], namely the discrepancy
between the predicted abundance of primordial lithium as inferred from the CMB observations and
the local observations in the halo stars of our Galaxy. Finally, one of the most intriguing problems
that affect the ΛCDM model is the so-called Hubble constant (𝐻0) tension: this is the discrepancy,
in more than 4 𝜎, between the value of the Hubble constant estimated through the local probes [11]
and the cosmological value inferred with the power spectrum of the CMB [12]. The solution to this
tension is not an easy task, and many suggestions have been provided by the scientific community.
Considering the theoretical scenarios, many researchers have proposed a modification of gravity
[13–27], in particular the 𝑓 (𝑅) theories [28–42], the 𝑓 (𝑇) theories [43–57], or the 𝑓 (𝑄) theories
[58, 59].
It is also important to mention that many alternative cosmological models have been suggested by
the scientific community [60–117].
The modifications can also be theorized on the fundamental constants, or physical observables
[118–123, 123–127], in particular, the gravitational constant [128–137].
Of particular interest are the theoretical frameworks that consider the contribution of dark energy
[138–203], the phantom dark energy [204–207], the dark matter [208–222], the dark radiation
[223–225], the dark energy gravity models [226], the dark fluid models [227, 228], and the models
the dark energy and dark matter interaction between themselves or with the other sectors of the
universe [229–237]. The running or interacting vacuum models are also a proposal for relieving
the Hubble tension [238, 238–249].
Other ideas stem from the early time physics or inflation scenario modifications [250–268], late
time modifications [269–278], fluctuations and perturbation theories [279–285], or even from the
possibility of inhomogeneities in the universe, local underdensities or voids [286–304].
Other discussions have been provided taking into account a modification to the physics of standard
model particles, like the neutrino, [305–318], the gravitino and gravitone conjectures [319, 320]
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or the most exotic scenarios that involve strings [321], axions [322–328], B-meson decays [329],
lepton flavor universality violation [330], and the Planck mass [331].
Not only the theoretical scenarios have been called into question, but of course, the statistical anal-
ysis on the 𝐻0 measurements constitutes a significant fraction of the literature regarding the Hubble
tension [332–342].
The most tricky discussion concerning the Hubble tension must be done considering the probes used
for its measurement: Cepheids [11, 343–354], SNe Ia [355–406], lensed objects [407–417], Cosmic
Chronometers (CCs) [418–421], CMB [12, 422–437], Cosmic Dawn observations [438], galax-
ies clusters and sky-surveys [439–450], large scale structures [451–453], galaxies parallax [454],
Baryon Acoustic Oscillations (BAOs) [455–462], Big Bang Nucleosynthesis (BBN) [463, 464], Tip
of the Red Giant Branch method (TRGB) [465–467], Mira variables [468], Tully-Fisher data [469],
Megamaser [470], Old Astrophysical Objects (OAO) [471–473], SNe Type II [474], gravitational
signals and dark sirens [475–501]. Many papers consider the combination of different astrophysical
probes for testing the cosmological models and investigating the Hubble tension [502–543]. To-
gether with the assessed cosmological probes, new promising standardizable candles like the GRBs
[509, 544–597], the QSOs [598–607], the active galactic nuclei (AGNs) [608–610], the planetary
nebulae luminosity function (PNLF) [611], the Fast Radio Bursts (FRBs) [612–614], J-Branch
Asymptotic Giant Branch stars (JAGB) [615], and the extragalactic radio jets [616] are promising
tools for casting more light on the open cosmological problems.
Other suggestions in literature are given by the model-independent approaches [617–635], cos-
mography [636–648], cosmic triangles schemes [649], machine learning techniques [609, 650],
the ABC algorithm [651], the alternative resolution of Friedmann equations [652, 653] and the
discussion of distance measurement in cosmology [654].
Finally, it is essential to discuss also the presence of biases in the collected data samples [655–661]
since, if this is the case, the biased variables may lead to unreliable cosmological results.
A more complete description of the Hubble constant tension approaches and the basics of cosmo-
logical models can be found in the review papers and books [662–687].
In the current work, we will describe the analysis performed through the use of SNe Ia [1] and
SNe Ia combined with Baryon Acoustic Oscillations (BAOs) [2] to investigate the Hubble constant
tension at local redshifts (𝑧), given that the redshift of SNe Ia is 𝑧𝑆𝑁𝑒𝐼𝑎 ≤ 2.26. We will then show
how the GRBs and QSOs can contribute to the estimation of cosmological parameters and discuss
their application in the 𝐻0 tension problem.

2. Data analysis

2.1 The Hubble tension in the Pantheon sample: part I

In this subsection, we summarize the results obtained in [1].
To investigate the 𝐻0 tension through SNe Ia, a binning approach was adopted. The Pantheon
sample [3], a collection of 1048 SNe Ia with a redshift range in 0 < 𝑧𝑆𝑁𝑒𝐼𝑎 ≤ 2.26, was divided
into 3 and 4 equally populated SNe bins ordered in redshift. The division into 3 bins is the best
option for giving each bin a reliable statistical weight, while the 4 bins have been extracted to
compare our results with the ones in [342]. The value of SNe Ia fiducial absolute magnitude 𝑀

was assumed such that the local 𝐻0 in the first bin of each division (first out of 3 and first out of 4)
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is calibrated on the value of 𝐻0 = 73.5 𝑘𝑚 𝑠−1 𝑀𝑝𝑐−1.
For each bin, a 1-dimensional Monte Carlo Markov Chain (MCMC) analysis has been performed
using the Cobaya package1 [688], allowing only 𝐻0 to vary in both the ΛCDM and 𝑤0𝑤𝑎CDM
[63] models. Subsequently, the 𝐻0 values obtained have been fitted with the following parametric
form:

𝑓 (𝑧) = 𝐻0
(1 + 𝑧)𝛼 , (1)

where 𝛼 is the evolutionary parameter for 𝐻0 with redshift and 𝐻0 is the local value of the
Hubble constant obtained with the fitting, namely 𝑓 (𝑧 = 0) = 𝐻0(𝑧 = 0).
The results show that the 𝐻0 has a mild decreasing trend with redshift, with an 𝛼 parameter in the
order of 10−2. More specifically, from the test of the ΛCDM cosmological model, we found out
that 𝛼 = 0.009 ± 0.004 in the 3 bins division, thus 𝛼 is compatible with zero only in 2.0 𝜎. In 4
bins, the parameter 𝛼 = 0.008 ± 0.006 is compatible with zero in 1.5 𝜎. The results of 𝑤0𝑤𝑎CDM
model are compatible in 1 𝜎 with the ones of ΛCDM model and will not be reported. The fitting for
3 and 4 bins in the ΛCDM model are visible in the upper and lower panels of Figure 1, respectively.

2.2 The Hubble tension in the Pantheon sample: part II

In this second subsection, the approach adopted in [2] is reported.
To investigate if this trend is still visible when leaving more cosmological parameters free to vary
and adding another cosmological probe, the BAOs, we performed the following modifications to
the approach shown in [1]:

• the 𝐻0 and Ω0𝑚 were both allowed to vary in the ΛCDM model;

• the same consideration has been done for 𝐻0 and the 𝑤𝑎 parameters in the 𝑤0𝑤𝑎CDM model,
being 𝑤(𝑧) = 𝑤0 + 𝑤𝑎 ∗ 𝑧/(1 + 𝑧) the equation of state in the CPL parametrization;

• A further cosmological probe has been added; namely, the BAOs from [457];

• The Pantheon sample combined with BAOs was divided into 3 bins to avoid the statistical
fluctuations dominating the analysis;

• The fiducial value of SNe Ia absolute magnitude is 𝑀 = −19.25, like in the original release
of Pantheon [3] where the value of 𝐻0 = 70 𝑘𝑚 𝑠−1 𝑀𝑝𝑐−1.

Following the aforementioned approach, the results still show a decreasing trend for 𝐻0 with
redshift and an𝛼 in the order of 10−2. According to theΛCDM model, the value of𝛼 = 0.008±0.006
is compatible with zero in 1.2 𝜎, while in the 𝑤0𝑤𝑎CDM model 𝛼 = 0.033 ± 0.005 is compatible
with zero in only 5.8 𝜎. The fitting for the ΛCDM and the 𝑤0𝑤𝑎CDM models are reported in the
upper and lower panel of Figure 2, respectively.

1https://cobaya.readthedocs.io/en/latest/index.html
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Figure 1: Upper panel. The decreasing trend of 𝐻0 in the 3 bins division of the Pantheon sample. Lower
panel. The decreasing trend of 𝐻0 in the 4 bins division of the Pantheon sample. Both the plots are taken
from [1].

3. Towards a physical interpretation of the Hubble constant trend

We now discuss the possibility of a physical interpretation of the observed profile of 𝐻0 (𝑧).
In other words, we investigate new physics that could account for a redshift evolution of the ΛCDM
model, resulting in a rescaling of the luminosity distance, which reproduces an effective evolution
of the Hubble constant, i.e., 𝐻0(𝑧) ∼ (1 + 𝑧)−𝛼.

In [1], it was argued that a natural framework to obtain the desired effect is the 𝑓 (𝑅) modified
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Figure 2: Upper panel. The decreasing trend of 𝐻0 in the 3 bins division of the Pantheon sample, adding
the BAOs and also allowing Ω0𝑚 to vary. In red is the case where only SNe Ia are present in the bins, while
in blue is the case of SNe Ia + BAOs present. Lower panel. The decreasing trend of 𝐻0 in the 4 bins division
of the Pantheon sample, with BAOs and the variation of 𝐻0 and 𝑤𝑎. The same color coding of the upper
panel is adopted here. The plots are extracted from [2].

gravity in the Jordan frame [689–694], simply because it provides a rescaling of the Einstein constant,
precisely what it would need for an additional redshift dependence for the ΛCDM cosmological
dynamics. The quantity that could be responsible for this rescaling of the Einstein constant is the
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non-minimally coupled scalar field 𝜙 to standard gravity, as it emerges in the Jordan frame. The
dynamics of 𝜙 are influenced by a potential term𝑉 (𝜙), which is entirely fixed by the particular form
of the 𝑓 (𝑅) function we are considering. However, this perspective was investigated in detail in
[2], where some discrepancies for the observed 𝐻0(𝑧). On the one hand, the use of the Hu-Sawicki
model [695, 696], namely one of the most reliable 𝑓 (𝑅) proposal for the description of a dark energy
dynamics, was unable to reproduce the amended luminosity distance for removing the dependence
𝐻0(𝑧) from data, see the plot in Figure 3; on the other hand, the possibility for slow-rolling dynamics
of the scalar field encountered some difficulties. Only in the dark energy-dominated era a viable
model has been derived.

Here, we briefly elucidate the theoretical paradigm that in [697] led to propose a revisedΛCDM
dynamics from 𝑓 (𝑅) gravity, which reproduces the desired 𝐻0(𝑧) behavior. The starting point is
the modified Friedmann equation for an isotropic late Universe, as it emerges in the Jordan frame,
i.e.:

𝐻2 =
𝜒𝜌𝑚

3𝜙
− 𝐻

¤𝜙
𝜙
+ 𝑉

6𝜙
, (2)

where 𝜌𝑚 denotes the energy density of the matter component in the late Universe, setting
𝑐 = 1.

Now, without loss of generality, we can express the scalar field as 𝜙 = 𝜙(𝑧), and we can assume
that for a range 0 < 𝑧 ≪ 1, the potential term remains sufficiently flat to be approximated with
a constant value 𝑉 ≃ 2𝜒𝜌Λ ≃ const with 𝜌Λ being the value of the late universe vacuum energy.
Hence, it is immediate to recognize that the Friedmann equation (2) can be rewritten as:

𝐻2 =
1

𝜙 − (1 + 𝑧) 𝑑𝜙
𝑑𝑧

𝜒

3
(𝜌𝑚 + 𝜌Λ) . (3)

We see that the desired rescaling of the Einstein constant is ensured by the factor 1/[𝜙 −
(1 + 𝑧)𝑑𝜙/𝑑𝑧], which must equate the observed profile 1/(1 + 𝑧)2𝛼. This request fixes 𝜙(𝑧).
Furthermore, the necessary consistency of the dynamics equation governing 𝜙 is checked by
evaluating the derivative of the scalar field potential 𝑉 (𝜙) for low redshifts.

In [697], it was shown that the proposed scenario consistently works, reproducing both an
effective evolution of the Hubble constant and a current cosmic accelerated phase. Furthermore,
the same picture was implemented on a purely numerical level without imposing the existence of a
flat region of the potential, which naturally emerges for 𝑧 < 0.3, i.e., in the dark energy-dominated
Universe.

4. GRBs and QSOs: promising cosmological probes

GRBs are the most energetic phenomena observed in the universe after the Big Bang. Their
origin is cosmological, and they arise from the collapse of massive stars in the case of Long GRBs
(with intrinsic duration > 2 𝑠), while in the case of Short GRBs (< 2 𝑠) the progenitor is believed to
be the merging of two compact objects - such as two neutron stars or a neutron star with a black hole.
GRBs are observed up to high redshifts; the distance record is currently held by GRB 090429B with
a redshift value 𝑧 = 9.4 [578]. It is necessary to invoke reliable correlations between the luminosity
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Figure 3: 𝐻0 versus 𝑧 plot in the case of |𝐹𝑅0 | ≤ 10−7, according to four different values of Ω0𝑚 =

0.298, 0.301, 0.303, 0.305 and combining SNe Ia+BAOs (plot taken from [2]).

or energy of the GRBs and other physical parameters independent of the cosmological model to use
GRBs as standardizable candles.
In the past years, many contributions in this field have been provided focusing on the prompt
properties of GRBs [583–585]. More recently, the idea of considering the afterglow properties
for the search of tight and unbiased correlations has led to the discovery of the 2-dimensional
Dainotti relations [557, 563–568, 574, 698] between the end of the GRB plateau emission 𝑇∗

𝑎 and
the luminosity at the end of the plateau 𝐿𝑎 in the X-rays, optical, and radio wavelengths. Adding
the peak prompt luminosity, 𝐿𝑝, the so-called fundamental plane relation or (Dainotti relation) is
unveiled [509, 545, 548, 560, 561, 570–573, 575, 577, 592, 596, 597, 699–704]. This correlation
can be expressed through the following equation:

𝑙𝑜𝑔10𝐿𝑎 = 𝑎 ∗ 𝑙𝑜𝑔10𝑇
∗
𝑎 + 𝑏 ∗ 𝑙𝑜𝑔10𝐿𝑝 + 𝑐, (4)

being 𝑎, 𝑏 the parameters of the plane and 𝑐 the renormalization constant. It is important to
stress that the physical observables 𝑇∗

𝑎 , 𝐿𝑎, and 𝐿𝑝 have been corrected for selection biases and
redshift evolution effects through the Efron and Petrosian method [656]. First, for the fundamental
plane reference, the platinum sample of X-ray GRBs is chosen [573]. Then, in [705] the simulations
of 1000 GRBs and 1200 GRBs according to the platinum sample properties have been performed.
For each of the two simulated samples, a MCMC analysis with the D’Agostini method [706] has
been done varying the parameters 𝑎, 𝑏, 𝑐, 𝜎,Ω0𝑚, where 𝜎 is the intrinsic scatter of the fundamental
plane relation in Equation 4. The results show how in the case of 1000 GRBs, a value of Ω0𝑚 =

0.280 ± 0.111 is obtained, while in the 1200 GRBs simulated sample, the same parameter is
Ω0𝑚 = 0.270 ± 0.092. The results are reported in Figure 4. According to the rate of GRBs with

8
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plateau observed by the Swift satellite, it is expected that by 2030 the observations of GRBs with
properties similar to the ones from the platinum sample will lead to a standalone estimation of the
Ω0𝑚 parameters comparable with the one reported in [379].

QSOs are very bright active galactic nuclei observed up to redshift 𝑧 = 7.642 [602]. Similarly
to GRBs, to use QSOs as distance measurement tools a statistically reliable correlation between
their luminosity and other parameters is needed. To this end, the use of Risaliti & Lusso (RL)
relation [707] between the X-ray and ultraviolet fluxes of quasars represents a reliable candidate.
The RL relation can be expressed with the following:

𝑙𝑜𝑔10𝐿𝑋 = 𝑔 ∗ 𝑙𝑜𝑔10𝐿𝑈𝑉 + 𝑏, (5)

denoting with 𝑠𝑣 the intrinsic scatter of the correlation. The unbiased nature of this correlation
for QSO has been proved in [4, 708]. The RL relation has been applied to QSOs [4]: assuming a
flat ΛCDM model, combining QSOs and SNe Ia, the results yield different values of 𝐻0 which are
in middle way between the results of SNe Ia and Planck data.

This outcome shows how the use of QSOs may significantly impact the study of the Hubble
tension.

5. Conclusions

The 𝐻0 tension is a long-standing problem that still challenges our current knowledge of
astrophysics and cosmology. In particular, the approach adopted for the analysis of the SNe Ia
Pantheon sample shows a mild decreasing trend of 𝐻0 with redshift. This trend is present in the
data, regardless of the number of bins in which the Pantheon sample has been divided or the number
of parameters allowed to vary or, even more, the presence of a further cosmological probe (BAO)
even binned.
These outcomes could be due to the presence of hidden astrophysical biases or redshift evolution
effects in the SNe Ia data. One of the possible causes can be the evolution of the SNe Ia stretch
parameter with redshift which has already been discussed in [709].
In case results are not due to biases or astrophysical effects, they can be explained through alternative
theoretical scenarios, e.g., the modified gravity theories like the 𝑓 (𝑅) theories of gravity. Since
the Hu-Sawicki model has not fully accounted for the observed 𝐻0 trend, it is likely that this effect
could be still due to modified gravity dynamics, but with different features from the Hu-Sawicki
model.
Finally, we have also shown that GRBs and QSOs are promising tools for the measurement of
cosmological distances and the estimation of cosmological parameters. In the case of GRBs,
the analysis of 1200 events simulated from the fundamental plane relation gives a value Ω0𝑚 =

0.270 ± 0.092, confirming the possibility for the GRBs to reach, by 2030, the same precision on
this parameter as the estimation in [379].
For the QSOs, when these are combined with SNe Ia, mixed outcomes about the Hubble constant
are found.
These phenomena extend the Hubble diagram up to 𝑧 = 7.642 and 𝑧 = 9.4 in the cases of QSOs and
GRBs, respectively: these values are far beyond the current observational limit of SNe Ia, being the

9
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Figure 4: Upper panel. The simulation of 1000 GRBs according to the fundamental plane properties, with
5600 steps elapsed. Lower panel. The simulation of 1200 GRBs, with 4500 steps elapsed. The plots are
taken from [705].
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furthest SNe Ia observed at 𝑧 = 2.26. This important feature of GRBs and QSOs suggests how these
probes can be used to cast more light on open cosmological problems, in particular, the Hubble
tension.
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