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Recently, solutions of the Ishibashi, Kawai, Kitazawa and Tsuchiya matrix theory have been
found, which can be interpreted as 3+1-dimensional quantum geometries describing an effective
Friedmann-Lemaître-Robertson-Walker cosmology with a big bounce. In this paper, we examine
the propagation of a scalar field in an open Friedmann-Lemaître-Robertson-Walker spacetime
arising within this framework. The paper is divided into two parts. In the first one, we perform a
classical investigation by resorting to general-relativity tools where we show that both massless and
massive non-interacting particles can travel across the big bounce. In the second part, we evaluate
the scalar field propagator by means of quantum-field-theory techniques. This analysis reveals
that in the late-time regime the scalar propagator resembles the standard Feynman propagator of
flat Minkowski space, whereas for early times it gives rise to a well-defined correlation between
two points on opposite sheets of the spacetime. The paper is based on Ref. [1].
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1. Introduction

Standard cosmology relies on two theoretical frameworks: the standard model of particle
physics and general relativity [2]. Despite its success, the standard cosmological paradigm suffers
from a series of issues such as the cosmological horizon, the flatness problem, the baryon asymmetry,
the dark energy and dark matter puzzles, and the initial big-bang singularity. The latter problem
can be overcome by resorting to nonsingular bouncing cosmological models, where the big bang is
replaced by a big bounce (BB) as the universe goes from a contracting era to an expanding epoch,
see e.g. Refs. [3–28].

Recently, bouncing cosmological models have been found in the context of the Ishibashi,
Kawai, Kitazawa and Tsuchiya (IKKT) matrix theory [7–9] (see also e.g. Refs. [29–34] for related
work). These solutions describe 3+1-dimensional quantum geometries which can be interpreted
as an effective Friedmann-Lemaître-Robertson-Walker (FLRW) cosmology with a BB. In this
framework, spacetime along with physical fields emerge from the basic matrix degrees of freedom
and the BB singularity of classical geometry is completely under control. The study of scalar fields
propagating in such a background has been initiated for the 1+1-dimensional case in Ref. [35]
and has been extended to 3+1 dimensions in Ref. [1] (the behaviour of fermion fields in a generic
curved background provided by the IKKT model has also been investigated, see Ref. [36]).

In the present paper, we provide a concise summary of the main results in Ref. [1] describing
the propagation of a scalar field in an open FLRW bounce-type quantum spacetime in the framework
of the IKKT matrix theory. After reviewing the background in Sec. 2, in the first part of the paper we
undertake a classical analysis where null and timelike geodesics are studied by exploiting techniques
of general relativity (see Sec. 2); the quantum aspects are considered in the second part of the
paper, where we exploit quantum-field-theory tools to evaluate the scalar field propagator (see Sec.
4). Finally, we draw our conclusions in Sec. 5.

2. The background geometry

In matrix models, a matrix configuration is a collection of 𝐷 hermitian matrices 𝑋𝑎 ∈ End(H),
where 𝑎 = 1, . . . , 𝐷 andH is a separable Hilbert space. The matrices 𝑋𝑎 can be viewed as quantized
embedding functions

𝑋𝑎 ∼ 𝑥𝑎 : M ↩→ 𝑅𝐷 , (1)

where 𝑥𝑎 are the Cartesian coordinate functions on target space 𝑅𝐷 pulled back to M. This
means that the matrices 𝑋𝑎 should be viewed as quantizations of the functions 𝑥𝑎 ∈ C(M).
This is indicated in the above equation with the symbol ∼, which means “semi-classical limit”.
The matrices 𝑋𝑎 generate a noncommutative algebra which is interpreted as quantized algebra of
functions on M. In the semi-classical limit, M carries a Poisson structure {𝑥𝑎, 𝑥𝑏} ∼ −𝑖[𝑋𝑎, 𝑋𝑏].
The embedding map (1) also induces a metric structure on M via the pull-back of the metric in
target space 𝑅𝐷 .

In this paper, we consider the spacetime M3,1 which can be described in the semi-classical
limit as the projection of fuzzy 𝐻4

𝑛 (see Ref. [9] for details). Bearing in mind Eq. (1), this is
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obtained from

𝑥𝑎 : 𝐻4 ↩→ R4,1 (2)

where 𝑎 = 0, ..., 4. The 4-dimensional hyperboloid can be parametrized as follows

𝑥0

𝑥1

𝑥2

𝑥3

𝑥4


= 𝑅


cosh(𝜂)

©«
cosh(𝜒)

sinh(𝜒) sin(𝜃) cos(𝜑)
sinh(𝜒) sin(𝜃) sin(𝜑)

sinh(𝜒) cos(𝜃)

ª®®®®¬
sinh(𝜂)


, (3)

where 𝜂 ∈ R and 𝜒 can be restricted to be positive. Projecting this along the 𝑥4 axis leads to a
2-sheeted cover of the following region

𝑥𝜇𝑥
𝜇 ≤ −𝑅2, (4)

where the upper sheet or “post-BB” is covered by 𝜂 > 0, while the lower sheet or “pre-BB” is
covered by 𝜂 < 0. The BB separates these sheets, and corresponds to 𝑥𝜇𝑥

𝜇 = −𝑅2. This leads to
the following parametrization of M3,1

©«
𝑥0

𝑥1

𝑥2

𝑥3

ª®®®®¬
= 𝑅 cosh(𝜂)

©«
cosh(𝜒)

sinh(𝜒) sin(𝜃) cos(𝜑)
sinh(𝜒) sin(𝜃) sin(𝜑)

sinh(𝜒) cos(𝜃)

ª®®®®¬
. (5)

As shown in Ref. [9], the effective metric on M3,1 is the 𝑆𝑂 (3, 1)-invariant FLRW metric

𝑑𝑠2
𝐺 = 𝐺𝜇𝜈𝑑𝑥

𝜇𝑑𝑥𝜈 = −𝑅2 | sinh(𝜂) |3𝑑𝜂2 + 𝑅2 | sinh(𝜂) | cosh2(𝜂) 𝑑Σ2

= −𝑑𝑡2 + 𝑎2(𝑡)𝑑Σ2 , (6)

where

𝑑Σ2 = 𝑑𝜒2 + sinh2 𝜒(𝑑𝜃2 + sin2 𝜃𝑑𝜑2), (7)

is the invariant length element on the space-like hyperboloids 𝐻3. From Eq. (6), we obtain the
form of the cosmic scale parameter 𝑎(𝜂) and the relation linking the differentials 𝑑𝑡 and 𝑑𝜂, i.e.,

|𝑎(𝜂) | = 𝑅 cosh(𝜂) | sinh(𝜂) |1/2, (8)
𝑑𝑡 = 𝑅 | sinh(𝜂) |3/2𝑑𝜂. (9)

3. Classical analysis: the behaviour of null and timelike geodesics

Before studying the behaviour of null and timelike geodesics, it is worth mentioning that the
spacetime geometry (6) possesses a curvature singularity at 𝜂 = 0, as the analysis of the curvature
invariant shows (see Ref. [1] for details). For instance, the Kretschmann scalar reads as

𝑅𝜇𝜈𝜌𝜎𝑅
𝜇𝜈𝜌𝜎 =

3
32𝑅4 sinh10 (𝜂)

[171 − 60 cosh (2𝜂) + 25 cosh (4𝜂)] , (10)
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and it is seen to blow up at the BB, i.e., at 𝜂 = 0. Despite that, we will see that null and timelike
geodesics are well-defined at the BB, suggesting the presence of a new type of singularity or what
we have dubbed “mild singularity” in Ref. [1].

Let us start with the analysis of null geodesics referring to massless particles whose motion
starts at some negative value of 𝜂, reaches the BB at 𝜂 = 0, and travels away from it for 𝜂 > 0.
Starting from Eq. (6), this dynamics is governed by the differential equation

𝑑𝜒

𝑑𝜂
= | tanh 𝜂 | , (11)

which, with the boundary condition 𝜒(𝜂 = 0) = 0, leads to

𝜒(𝜂) =
{

log (cosh 𝜂) , 𝜂 ≥ 0,
− log (cosh 𝜂) , 𝜂 < 0.

(12)

It is thus clear that null geodesics are continuous at 𝜂 = 0 and hence light is able to travel across the
BB (see Figs. 1 and 2 in Ref. [1]). The same conclusions are valid for timelike geodesics, which
can be parametrized by

𝑑𝜒(𝜂)
𝑑𝜂

=
| tanh 𝜂 |√︁

1 + 𝑎2(𝜂)/Π2
, (13)

whereΠ is the conserved momentum associated to the 𝜒-translational Killing vector field underlying
the geometry (6). The numerical analysis of the solution of the above equation reveals that timelike
geodesics are well-behaved at the BB (see Fig. 4 in Ref. [1]).

4. Quantum analysis: the scalar field propagator in the IKKT matrix model

In this second part of the paper, we perform a quantum analysis by computing the propagator
of a scalar field evolving along the FLRW background (6). The starting point of our study will be
the 2-point function defined by a Gaussian integral in the matrix model, i.e.,

⟨𝜙(𝑥)𝜙(𝑦)⟩ =
∫

𝑑𝑘 ⟨𝜙𝑘 (𝑥)𝜙𝑘 (𝑦)⟩, (14)

where

⟨𝜙𝑘 (𝑥)𝜙𝑘 (𝑦)⟩ =
1
𝑍

∫
𝑑𝜙 𝜙𝑘 (𝑥)𝜙𝑘 (𝑦)𝑒𝑖𝑆 [𝜙𝑘 ] , (15)

𝑍 being the generating functional and 𝑆 the action functional. The necessary details for this
computation will be provided below. As we will see, some interesting effects due to the presence
of the BB at 𝜂 = 0 will emerge.

4.1 Eigenfunctions of the d’Alembertian operator □

The “matrix” d’Alembertian governing the propagation of a scalar fields 𝜙 is given by [1]

□𝜙 =
1
𝑅2

[
3 tanh(𝜂)𝜕𝜂 + 𝜕2

𝜂 − tanh2 𝜂

(
2

tanh 𝜒
𝜕𝜒 + 𝜕2

𝜒

)
− tanh2 𝜂

sinh2 𝜒

(
1

tan 𝜃
𝜕𝜃 + 𝜕2

𝜃 +
1

sin2 𝜃
𝜕2
𝜑

)]
𝜙, (16)
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and its eigenfunctions are defined by the equation

□𝜙 = 𝜆𝜙. (17)

If we solve this equation via the separation ansatz

𝜙(𝜂, 𝜒, 𝜃, 𝜑) = 𝜙(𝜂, 𝜒)𝑌𝑚
𝑙 (𝜃, 𝜑), (18a)

𝜙(𝜂, 𝜒) = 𝑓 (𝜂)𝑔(𝜒), (18b)

𝑌𝑚
𝑙
(𝜃, 𝜑) being the spherical harmonic functions of degree 𝑙 and order 𝑚 (with 𝑙 ≥ |𝑚 |), we end

up with the ordinary differential equations(
𝜕2
𝜂 + 3 tanh(𝜂)𝜕𝜂 − 𝛽 tanh2 𝜂 − 𝜆𝑅2

)
𝑓 (𝜂) = 0, (19a)(

𝜕2
𝜒 + 2

tanh 𝜒
𝜕𝜒 − 𝑙 (𝑙 + 1)

sinh2 𝜒
− 𝛽

)
𝑔(𝜒) = 0, (19b)

whose solutions, with the appropriate boundary conditions, are

𝑓 (𝜂) = (1 − tanh2 𝜂)3/4 [𝑐1P𝜇
𝜈 (tanh 𝜂)

]
, (20)

𝑔(𝜒) =
√︃

coth2 𝜒 − 1
[
𝑐2Q �̃�

𝑙
(coth 𝜒)

]
. (21)

In the above equations, 𝛽 is a real-valued constant, 𝑐1, and 𝑐2 integration constants, P𝜇
𝜈 (𝑥) the

associated Legendre function of the first kind with 𝑥 lying in the interval (−1, 1), and Q𝜇
𝜈 (𝑥) the

associated Legendre function of the second kind with 𝑥 ∈ (1, +∞); moreover,

𝜈 =
1
2

(
2
√︁

1 + 𝛽 − 1
)
, (22)

𝜇 =
1
2

√︃
9 + 4𝛽 + 4𝜆𝑅2, (23)

�̃� =
√︁

1 + 𝛽. (24)

In order to have oscillatory (square-integrable) solutions, we suppose that both the order (23)
of the solution (20) and the order (24) of the solution (21) are purely imaginary, i.e.,

𝜇 = ±𝑖𝑠, (25)
�̃� = 𝑖𝑞 , (26)

where

𝑠 =

√︄
−
(
9
4
+ 𝛽 + 𝜆𝑅2

)
> 0, (27)

𝑞2 = − (1 + 𝛽) > 0. (28)

The last equation implies that the degree (22) of the solution (20) is complex and we assume

𝜈 = −1
2
+ 𝑖 |𝑞 |. (29)
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Bearing in mind the above equations, the eigenmodes (18) of the d’Alembertian operator (16) having
the appropriate boundary conditions are

Υ
𝑠±,𝑞
𝑙,𝑚

(𝜂, 𝜒, 𝜃, 𝜑) :=
1√︃

cosh3 𝜂 sinh 𝜒

P±𝑖𝑠
𝜈 (tanh 𝜂) Q𝑖𝑞

𝑙
(coth 𝜒)𝑌𝑚

𝑙 (𝜃, 𝜑), 𝑞 ∈ R, 𝑠 > 0,

(30)

where we have assumed 𝜒 > 0.
As shown in details in Ref. [1], the above eigenfunctions satisfy the following orthogonality

relations:

⟨Υ𝑠′+,𝑞
′

𝑙′ ,𝑚′ ,Υ
𝑠+,𝑞
𝑙,𝑚

⟩ = 𝑒−2𝜋𝑞 (𝜋/2)2

𝑞 sinh (𝜋𝑞) 𝛿𝑙𝑙′𝛿𝑚𝑚′𝛿(𝑞 − 𝑞′)
[
𝑎(𝑞, 𝑠)𝛿(𝑠 + 𝑠′) + 𝑏(𝑞, 𝑠)𝛿(𝑠 − 𝑠′)

]
, (31)

where

𝑎(𝑞, 𝑠) = 2𝜋 cosh(𝜋𝑞)
𝑠 sinh(𝜋𝑠)

1
Γ (𝑖𝑞 − 𝑖𝑠 + 1/2) Γ(−𝑖𝑞 − 𝑖𝑠 + 1/2) = 𝑎(𝑞,−𝑠)∗, (32a)

𝑏(𝑞, 𝑠) = 2 sinh(𝜋𝑠)
𝑠

[
1 + cosh2(𝜋𝑞)

sinh2(𝜋𝑠)

]
= 𝑏(𝑞,−𝑠), (32b)

Γ(𝑥) being the gamma function and 𝛿(𝑥) the Dirac-delta function.
For future purposes, it will be important to consider the following “flat” regime, denoted with

“FR”:

FR : 𝜒 < 1, 𝑞 ≫ 𝑙, (33)

where 𝑞 will be a typical momentum. In this regime and for large times (i.e., 𝜂 → +∞) the
eigenmodes become

Υ
𝑠±,𝑞
𝑙,𝑚

(𝜂, 𝜒, 𝜃, 𝜑) 𝜂→+∞∼
FR

1√︃
cosh3 𝜂

𝑒−𝜋𝑞 𝑗𝑙 (𝑞𝜒) Γ(𝑖𝑞 + 𝑙 + 1)
𝑞𝑙

𝑒±𝑖𝜂𝑠

Γ(1 ∓ 𝑖𝑠)𝑌
𝑚
𝑙 (𝜃, 𝜑), (34)

where 𝑗𝑙 (𝑥) are the spherical Bessel functions.

4.2 The propagator

In order to calculate the propagator of a scalar field 𝜙 having mass 𝑚, we recall that its action
reads as, in the semi-classical limit,

𝑆𝜀 [𝜙] =
∫

Ω𝜙∗(𝑥)
(
−□ − 𝑚2 + 𝑖𝜀

)
𝜙(𝑥), (35)

where

Ω = cosh3(𝜂)𝑑𝜂 sinh2(𝜒)𝑑𝜒 sin(𝜃)𝑑𝜃𝑑𝜑 (36)

is the 𝑆𝑂 (4, 1)-invariant volume form on 𝐻4. If we decompose 𝜙(𝑥) in the basis of the eigenmodes
(30) as follows

𝜙(𝑥) =
∑︁
𝑙,𝑚

∫
𝑑𝑠𝑑𝑞

[
𝜙+Υ𝑠+,𝑞

𝑙,𝑚
(𝑥) + 𝜙−Υ𝑠− ,𝑞

𝑙,𝑚
(𝑥)

]
, (37)
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then we can write

𝑆𝜀 [𝜙] =
∑︁
𝑙,𝑚

∑︁
𝑙′ ,𝑚′

∫
𝑑𝑠𝑑𝑞𝑑𝑠′𝑑𝑞′

[
− 1
𝑅2

(
𝑞2 − 𝑠2 − 5

4

)
− 𝑚2 + 𝑖𝜀

]
𝑒−2𝜋𝑞 (𝜋/2)2

𝑞 sinh(𝜋𝑞)

× 𝛿𝑙𝑙′𝛿𝑚𝑚′𝛿(𝑞 − 𝑞′)𝛿(𝑠 − 𝑠′)
[
(𝜙′+)∗ (𝜙′−)∗

]
ℬ(𝑞, 𝑠)

[
𝜙+

𝜙−

]
, (38)

where we have exploited Eq. (31) and

ℬ(𝑞, 𝑠) =
[
𝑏(𝑞, 𝑠) 𝑎(𝑞,−𝑠)
𝑎(𝑞, 𝑠) 𝑏(𝑞,−𝑠)

]
. (39)

Therefore, the propagator in momentum space reads as〈(
Φ±) (Φ′±)†〉 = 𝛿𝑙𝑙′𝛿𝑚𝑚′𝛿 (𝑞 − 𝑞′) 𝛿 (𝑠 − 𝑠′) 1

1
𝑅2

(
𝑠2 − 𝑞2 + 5

4

)
− 𝑚2 + 𝑖𝜀

× 4𝑞 sinh(𝜋𝑞)
𝑒−2𝜋𝑞𝜋2 [ℬ(𝑞, 𝑠)]−1 , (40)

while in position space

⟨𝜙(𝑥)𝜙∗(𝑥′)⟩ =
∑︁
𝑙,𝑚

∑︁
𝑙′ ,𝑚′

∫
𝑑𝑠𝑑𝑞𝑑𝑠′𝑑𝑞′

[
Υ

𝑠+,𝑞
𝑙,𝑚

(𝑥) Υ
𝑠− ,𝑞
𝑙,𝑚

(𝑥)
] 〈(

Φ±) (Φ′±)†〉 
(
Υ

𝑠′+,𝑞
′

𝑙′ ,𝑚′ (𝑥′)
)∗(

Υ
𝑠′− ,𝑞

′

𝑙′ ,𝑚′ (𝑥′)
)∗ ,

(41)

where we have adopted the compact notation

Φ± ≡
[
𝜙+

𝜙−

]
. (42)

4.2.1 The propagator in the flat regime and with 𝜂 → +∞

In the flat regime (33) and when 𝜂 goes to infinity, the eigenmodes (30) reduce to (34).
Therefore, starting from Eq. (41) the late-time local propagator can be written as the sum of a
leading piece (denoted by “L”) and a subleading part (denoted by “SL”), i.e.,

⟨𝜙(𝑥)𝜙∗(𝑥′)⟩ 𝜂→+∞∼
FR

⟨𝜙(𝑥)𝜙∗(𝑥′)⟩𝜂→+∞,FR
L + ⟨𝜙(𝑥)𝜙∗(𝑥′)⟩𝜂→+∞,FR

SL . (43)

The leading contribution is [1]

⟨𝜙(𝑥)𝜙∗(𝑥′)⟩𝜂→+∞,FR
L =

4𝑅2

𝜋2

∑︁
𝑙,𝑚

𝑌𝑚
𝑙
(𝜃, 𝜑)

[
𝑌𝑚
𝑙
(𝜃′, 𝜑′)

]∗√︂(
cosh3 𝜂

) (
cosh3 𝜂′

) ∫ +∞

−∞
𝑑𝑠 𝑒𝑖𝑠 (𝜂−𝜂′ )

×
∫ +∞

0
𝑑𝑞

𝑞2 𝑗𝑙 (𝑞𝜒) 𝑗𝑙 (𝑞𝜒′)(
𝑠2 − 𝑞2 + 5

4
− 𝑚2𝑅2 + 𝑖𝜀

) , (44)
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whereas the subleading term is

⟨𝜙(𝑥)𝜙∗(𝑥′)⟩𝜂→+∞,FR
SL =

4𝑅2

𝜋4

∑︁
𝑙,𝑚

𝑌𝑚
𝑙
(𝜃, 𝜑)

[
𝑌𝑚
𝑙
(𝜃′, 𝜑′)

]∗√︂(
cosh3 𝜂

) (
cosh3 𝜂′

) ∫ +∞

−∞
𝑑𝑠 𝑒𝑖𝑠 (𝜂+𝜂

′ )

×
∫ +∞

0
𝑑𝑞

𝑗𝑙 (𝑞𝜒) 𝑗𝑙 (𝑞𝜒′) 𝑞2𝑠 cosh(𝜋𝑞) sinh(𝜋𝑠)(
𝑠2 − 𝑞2 + 5

4
− 𝑚2𝑅2 + 𝑖𝜀

)
× Γ

(
1
2
− 𝑖𝑞 − 𝑖𝑠

)
Γ

(
1
2
+ 𝑖𝑞 − 𝑖𝑠

)
Γ2 (𝑖𝑠) . (45)

The most important result of this section is that Eq. (44) resembles, up to an 𝜂-dependent
normalization factor, the usual local Feynman propagator on a flat four-dimensional spacetime.

4.2.2 The propagator in the flat regime and with 𝜂 → 0

The behaviour of the scalar field near the BB can be understood by considering the features of
the propagator for small times, i.e., when 𝜂, 𝜂′ → 0. For early times and in the flat regime (33), the
eigenfunctions (30) become

Υ
𝑠±,𝑞
𝑙,𝑚

(𝜂, 𝜒, 𝜃, 𝜑) 𝜂→0∼
FR

√
𝜋 2±𝑖𝑠 𝑒±𝑖𝜂𝑠

Γ

(
3
4
− 𝑖𝑞

2
∓ 𝑖𝑠

2

)
Γ

(
3
4
+ 𝑖𝑞

2
∓ 𝑖𝑠

2

) 𝑒−𝜋𝑞 𝑗𝑙 (𝑞𝜒) Γ(𝑖𝑞 + 𝑙 + 1)
𝑞𝑙

𝑌𝑚
𝑙 (𝜃, 𝜑) ,

(46)

and hence the early-time propagator assumes the form [1]

⟨𝜙(𝑥)𝜙∗(𝑥′)⟩ 𝜂,𝜂′→0∼
FR

4𝑅2
∑︁
𝑙,𝑚

𝑌𝑚
𝑙 (𝜃, 𝜑)

[
𝑌𝑚
𝑙 (𝜃′, 𝜑′)

]∗ +∞∫
−∞

𝑑𝑠

+∞∫
0

𝑑𝑞
𝑞2 𝑗𝑙 (𝑞𝜒) 𝑗𝑙 (𝑞𝜒′) 𝑒𝑖𝑠 (𝜂−𝜂′ )(
𝑠2 − 𝑞2 + 5

4
− 𝑚2𝑅2 + 𝑖𝜀

)
× −𝑖𝑠

[cosh(𝜋𝑞) − 𝑖 sinh(𝜋𝑠)]
1����Γ (

3
4
+ 𝑖𝑞

2
+ 𝑖𝑠

2

)
Γ

(
3
4
+ 𝑖𝑞

2
− 𝑖𝑠

2

)����2 . (47)

This propagator leads to a well-defined propagation between two points located on opposite
sheets of the spacetimeM3,1 near the BB, while for for larger |𝜂 | and |𝜂′ | this is suppressed compared
to the case of two points on the same sheet. This means that the quantum analysis performed in
this section agrees, at least qualitatively, with the classical investigation of Sec. 3, as we have found
again that a scalar field can travel through the BB without hindrance whatsoever.

5. Conclusions

In this paper, we have studied the propagation of a scalar field on a quantum version of a 3+1-
dimensional bouncing FLRW spacetime provided by the framework of the IKKT matrix models.
The paper has been morally divided into two parts, a classical and a quantum one, which lead to
the same conclusion: a scalar field 𝜙 is able to travel across the BB located at 𝜂 = 0. It should be
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taken into account that our analysis is restricted to non-interacting test particles on the background
geometry. This is of course not entirely satisfactory, due to the singular behaviour of the density of
matter near the BB, which would lead to modifications of the background. The inclusion of these
effects along with the induced Einstein-Hilbert action deserves further consideration in a separate
paper.
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